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Welcome to Trigonometry with CalcChat® & CalcView®, Eleventh Edition. I am excited to offer 

you a new edition with more resources than ever that will help you understand and master trigonometry. 
This text includes features and resources that continue to make Trigonometry a valuable learning tool 
for students and a trustworthy teaching tool for instructors. 


Trigonometry provides the clear instruction, precise mathematics, and thorough coverage that you expect for 
your course. Additionally, this new edition provides you with free access to a variety of digital resources: 


¢ GO DIGITAL—direct access to digital content on your mobile device or computer 
¢ CalcView.com—video solutions to selected exercises 
¢ CalcChat.com—worked-out solutions to odd-numbered exercises and access to online tutors 


¢ LarsonPrecalculus.com—companion website with resources to supplement your learning 


These digital resources will help enhance and reinforce your understanding of the material presented 
in this text and prepare you for future mathematics courses. CalcView® and CalcChat® are also 
available as free mobile apps. 


Features 


NEW GO DIGITAL 
Scan the QR codes #7 on the pages of this text to GO DIGITAL on 
your mobile device. This will give you easy access from anywhere to 


re? 
instructional videos, solutions to exercises and Checkpoint problems, GO DIGITAL 
Skills Refresher videos, Interactive Activities, and many other resources. 


UPDATED = CalcView ° 


The website CalcView.com provides video solutions 
of selected exercises. Watch instructors progress 
step-by-step through solutions, providing guidance 

to help you solve the exercises. The CalcView mobile 
app is available for free at the Apple® App Store® 

or Google Play™ store. You can access the video 
solutions by scanning the QR Code® at the 

beginning of the Section exercises, or visiting the 
CalcView.com website. 


@ & Youle <> 


UPDATED (=; CalcChat° 


Solutions to all odd-numbered exercises and tests are provided for free at CalcChat.com. Additionally, 
you can chat with a tutor, at no charge, during the hours posted at the site. For many years, millions of 
students have visited my site for help. The CalcChat mobile app is also available as a free download 
at the Apple® App Store® or Google Play™ store. 


App Store is a service mark of Apple Inc. Google Play is a trademark of Google Inc. 
QR Code is a registered trademark of Denso Wave Incorporated. 
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REVISED LarsonPrecalculus.com 

All companion website features have been 
updated based on this revision, including 
two new features: Skills Refresher and 
Review & Refresh. Access to these features 


is free. You can view and listen to worked-out 
solutions of Checkpoint problems in English 
or Spanish, explore examples, download data 


sets, watch lesson videos, and much more. 


NEW Skills Refresher 


This feature directs you to an instructional video 
where you can review algebra skills needed to master 
the current topic. Scan the on-page code «; or go to 


LarsonPrecalculus.com to access the video. 


Preface 


 pavinapa lil, A ome anu 
eer owe ro] « wmeece m 


WELCOME TO LARSONPRECALCULUS.COM 


Video sofotions af 
LarsonPrecatculus.com 


Review & Refresh >» 


Evaluating an Expression In Exercises 89-92, 
evaluate the expression. (If not possible, state the reason.) 


$-7 16 — 6 
“12-18 “6-11 
3-3 t—(—1) 

1. 92. 
l3=6 a 9-9 


Identifying x- and y-Intercepts In Exercises 93 and 
94, identify x- and y-intercepts of the graph. 


93. y 


Sketching the Graph of an Equation In Exercises 
95-98, test for symmetry and graph the equation. Then 
identify any intercepts. 
5. 2e+yl 
97. ye xr+2 


96. 3x - y= 7 
8B. y=e2-x 


REVISED Algebra Help 


b>>> SKILLS REFRESHER 


For a refresher on finding 
the sum, difference, 

product, or quotient of two 
polynomials, watch the video 
at LarsonPrecalculus.com. 


NEW Review and Refresh 

These exercises will help you to reinforce previously learned 
skills and concepts and to prepare for the next section. View and 
listen to worked-out solutions of the Review & Refresh exercises 
in English or Spanish by scanning the code **{ on the first page 
of the section exercises or go to LarsonPrecalculus.com. 


NEW Vocabulary and Concept Check 

The Vocabulary and Concept Check appears at the beginning 
of the exercise set for each section. It includes fill-in-the-blank, 
matching, or non-computational questions designed to help 
you learn mathematical terminology and to test basic 
understanding of the concepts of the section. 


NEW Summary and Study Strategies 

The “What Did You Learn?” feature is a section-by-section 
overview that ties the learning objectives from the chapter to the 
Review Exercises for extra practice. The Study Strategies give 
concrete ways that you can use to help yourself with your 

study of mathematics. 


These notes reinforce or expand upon concepts, help you learn how to study mathematics, address 
special cases, or show alternative or additional steps to a solution of an example. 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


viii Preface 


REVISED Exercise Sets 


The exercise sets have been carefully and extensively examined to ensure they are rigorous and 
relevant, and include topics our users have suggested. The exercises have been reorganized and 
titled so you can better see the connections between examples and exercises. Multi-step, real-life 
exercises reinforce problem-solving skills and mastery of concepts by giving you the opportunity 
to apply the concepts in real-life situations. Two new sets of exercises, Vocabulary and Concept 
Check and Review & Refresh, have been added to help you develop and maintain your skills. 


Section Objectives 


A bulleted list of learning objectives provides you the opportunity to preview what will be 


presented in the upcoming section. 


Side-By-Side Examples 

Throughout the text, we present solutions to 
many examples from multiple perspectives— 
algebraically, graphically, and numerically. 
The side-by-side format of this pedagogical 
feature helps you to see that a problem can 
be solved in more than one way and to see 
that different methods yield the same result. 
The side-by-side format also addresses 

many different learning styles. 


Solve 4 


EXAMPLE 7 


2ins 


Algebraic Sotution 


a Checkpoint |p) Aacto-video sokition in Englinty & Spanisty at LarsonPrecalcubes com 


Solve 7 


Ina 


Sink 


2inn=4 


Zina ! 


€ 
t¢ 


+= 047 


Solving a Logarithmic Equation 


4 and approximate the reseik to three decimal places. 


$ and appronimane the reselt to three decimal places a 


Graphical Solution 


Se. the solution 6 oc ~ 0.607. 


Sketch the graph of each linear equation. 
a. yusxt2 b. y=-3 

3 

y=mx+b Or) 
* esiaall 
Slope y-intercept rigontal 
fo, b) 
ys 
<-> 


Technology 


Checkpoints 

Accompanying every example, the Checkpoint 
problems encourage immediate practice and 
check your understanding of the concepts 
presented in the example. View and listen 

to worked-out solutions of the Checkpoint 
problems in English or Spanish at 
LarsonPrecalculus.com. Scan the 

on-page code © to access the solutions. 


The technology feature gives suggestions for effectively using tools such as calculators, graphing 
utilities, and spreadsheet programs to help deepen your understanding of concepts, ease lengthy 
calculations, and provide alternate solution methods for verifying answers obtained by hand. 


Historical Notes 


These notes provide helpful information regarding famous mathematicians and their work. 
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Summarize (Section 3.2) 


1. Explain how to use transformations to sketch graphs of polynomial functions 


(page 252). For an example of sketching transformations of monomial 
functions, see Example |. 

2. Explain how to apply the Leading Coefficient Test (page 253). For an 
example of applying the Leading Coefficient Test, see Example 2. 

3. Explain how to find real zeros of polynomial functions and use them as 
sketching aids (page 255). For examples involving finding real zeros of 
polynomial functions, see Examples 3-5. 

4. Explain how to use the Intermediate Value Theorem to help locate real 
zeros of polynomial functions (page 258). For an example of using the 
Intermediate Value Theorem, see Example 6. 


Algebra of Calculus 

Throughout the text, special emphasis is given to the 
algebraic techniques used in calculus. Algebra of Calculus 
examples and exercises are integrated throughout the text 
and are identified by the symbol fi : 


Error Analysis 
This exercise presents a sample solution that contains a 
common error which you are asked to identify. 


How Do You See It? 

The How Do You See It? feature in each section presents 
a real-life exercise that you will solve by visual inspection 
using the concepts learned in the lesson. This exercise is 
excellent for classroom discussion or test preparation. 


Project 

The projects at the end of selected sections involve in-depth 
applied exercises in which you will work with large, real-life 
data sets, often creating or analyzing models. These projects 
are offered online at LarsonPrecalculus.com. 


Collaborative Project 

You can find these extended group projects at 
LarsonPrecalculus.com. Check your understanding 

of the chapter concepts by solving in-depth, real-life 
problems. These collaborative projects provide an 
interesting and engaging way for you and other students 
to work together and investigate ideas. 


Preface ix 


Summarize 

The Summarize feature at the end of 
each section helps you organize the 
lesson’s key concepts into a concise 
summary, providing you with a 
valuable study tool. Use this feature 

to prepare for a homework assignment, 
to help you study for an exam, or as a 
review for previously covered sections. 


86. 5 HOW DO YOU SEE IT? The graph 
represents the height h of a projectile after 
t seconds. 


a 

3 
2 

i=} 
& 
S 
pc 
ep 

oO 
| 


0 10/15 2.0125 
Time (in seconds) 
(a) Explain why h is a function of t. 


(b) Approximate the height of the projectile 
after 0.5 second and after 1.25 seconds. 


(c) Approximate the domain of h. 
(d) Is ta function of h? Explain. 
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Instructor Resources 


* ¢ CENGAGE | WEBASSIGN 


Built by educators, WebAssign from Cengage is a fully customizable online 
solution for STEM disciplines. WebAssign includes the flexibility, tools, and 
content you need to create engaging learning experiences for your students. The 
patented grading engine provides unparalleled answer evaluation, giving students 
instant feedback, and insightful analytics highlight exactly where students are 
struggling. For more information, visit cengage.com/webassign. 


Complete Solutions Manual 

This manual contains solutions to all exercises from the text, including 

Chapter Review Exercises and Chapter Tests, and Practice Tests with solutions. 
The Complete Solutions Manual is available on the Instructor Companion Site. 


Cengage Testing Powered by Cognero® 

Cengage Testing, Powered by Cognero®, is a flexible online system that allows 

you to author, edit, and manage test bank content online. You can create multiple 
versions of your test in an instant and deliver tests from your LMS or exportable PDF 
or Word docs you print for in-class assessment. Cengage Testing is available 

online via cengage.com. 


Instructor Companion Site 

Everything you need for your course in one place! Access and download 
PowerPoint® presentations, test banks, the solutions manual, and more. 
This collection of book-specific lecture and class tools is available 
online via cengage.com. 


Test Bank 
The test bank contains text-specific multiple-choice and free response test forms 
and is available online at the Instructor Companion Site. 


LarsonPrecalculus.com 

In addition to its student resources, LarsonPrecalculus.com also has resources to 
help instructors. If you wish to challenge your students with multi-step and group 
projects, you can assign the Section Projects and Collaborative Projects. You can 
assess the knowledge of your students before and after each chapter using the 
pre- and post-tests. You can also give your students experience using an online 
graphing calculator with the Interactive Activities. You can access these features 
by going to LarsonPrecalculus.com or by scanning the on-page code @ =. 


MathGraphs.com 

For exercises that ask students to draw on the graph, I have provided free, 
printable graphs at MathGraphs.com. You can access these features by going to 
MathGraphs.com or by scanning the on-page code : |; at the beginning of the 
section exercises, review exercises, or tests. 
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Student Resources 


*.'¢ CENGAGE | WEBASSIGN 


Prepare for class with confidence using WebAssign from Cengage. This online 
learning platform, which includes an interactive eBook, fuels practice, so that you 
truly absorb what you learn and prepare better for tests. Videos and tutorials walk 
you through concepts and deliver instant feedback and grading, so you always know 
where you stand in class. Focus your study time and get extra practice where you 
need it most. Study smarter with WebAssign! Ask your instructor today how you can 
get access to WebAssign, or learn about self-study options at cengage.com/webassign. 


Student Study Guide and Solutions Manual 

This guide offers step-by-step solutions for all odd-numbered text exercises, 
Chapter Tests, and Cumulative Tests. It also contains Practice Tests. For more 
information on how to access this digital resource, go to cengage.com 


Note-Taking Guide 

This is an innovative study aid, in the form of a notebook organizer, that helps 
students develop a section-by-section summary of key concepts. For more 
information on how to access this digital resource, go to cengage.com 


LarsonPrecalculus.com 

Of the many features at this website, students have told me that the videos are 
the most helpful. You can watch lesson videos by Dana Mosely as he explains 
various mathematical concepts. Other helpful features are the data downloads 
(editable spreadsheets so you do not have to enter the data), video solutions of the 
Checkpoint problems in English or Spanish, and the Student Success Organizer. 
The Student Success Organizer will help you organize the important concepts 
of each section using chapter outlines. You can access these features by going 
to LarsonPrecalculus.com or by scanning the on-page code «=. 

CalcChat.com 

This website provides free step-by-step solutions to all odd-numbered exercises 
and tests. Additionally, you can chat with a tutor, at no charge, during the hours 
posted at the site. You can access the solutions by going to CalcChat.com or by 
scanning the on-page code « = on the first page of the section exercises, review 
exercises, or tests. 


CalcView.com 

This website has video solutions of selected exercises. Watch instructors progress 
step-by-step through solutions, providing guidance to help you solve the exercises. 
You can access the videos by going to CalcView.com or by scanning the on-page 
code : = on the first page of the section exercises, review exercises, or tests. 


MathGraphs.com 

For exercises that ask you to draw on the graph, I have provided free, printable 
graphs at MathGraphs.com. You can access the printable graphs by going to 
MathGraphs.com or by scanning the on-page code : = on the first page of 

the section exercises, review exercises, or tests. 
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2 Chapter P_ Prerequisites 


P.1 Review of Real Numbers and Their Properties 


© Represent and classify real numbers. 

© Order real numbers and use inequalities. 

© Find the absolute values of real numbers and find the distance 
between two real numbers. 

© Evaluate algebraic expressions. 

© Use the basic rules and properties of algebra. 


Real Numbers 


Real numbers can describe quantities in everyday life such as age, miles per gallon, 
and population. Real numbers are represented by symbols such as 


Real numbers can represent 


many real-life quantities. For —5, 9,0, = 0.666. .., 28.21, /2, 2m, and 23/—32. 
example, in Exercises 47-50 3 
on page 13, you will use real Three commonly used subsets of real numbers are listed below. Each member in 
numbers to represent the these subsets is also a member of the set of real numbers. (The three dots, called an 
federal surplus or deficit. ellipsis, indicate that the pattern continues indefinitely.) 
{l, 2,3,4,.. A Set of natural numbers 
{0, 1,2,3,4,.. ip Set of whole numbers 
{. .., 73, -2, -1,0,1,2,3,.. } Set of integers 


A real number is rational when it can be written as the ratio p/q of two integers, 
where gq # 0. For example, the numbers 


Real oe 0.3333... = 0.3, a 0.125, and a 1.126126. . . = 1.126 
numbers 3 8 it 
are rational. The decimal form of a rational number either repeats (as in @ = 3.145) 
| or terminates (as in 5 = 0.5). A real number that cannot be written as the ratio of two 
Irrational Rational integers is irrational. The decimal form of an irrational number neither terminates nor 
AUEIESS purer repeats. For example, the numbers 
| J2 = 14142135...~ 141 and 7m = 3.1415926... ~ 3.14 
Integers Noninteger 
fractions are irrational. (The symbol ~ means “is approximately equal to.”) Figure P.1 shows 
(positive and several common subsets of the real numbers and their relationships to each other. 
negative) 
Classifying Real Numbers 
Negative Whole _ 
integers numbers Determine which numbers in the set {— 13, - af 5;)= "1; —}, 0, 2 2, 1, 7} are 


(a) natural numbers, (b) whole numbers, (c) integers, (d) rational numbers, and 


(e) irrational numbers. 
Natural Zero F 
numbers Solution 
ee ee ee es a. Natural numbers: {7} b. Whole numbers: {0, 7} 


Figure P.1 c. Integers: {— 13, —1, 0, 7} d. Rational numbers: { —13,-1, —, 0, 2 7 
e. Irrational numbers: { = of 5 J a, rt} 


Sf Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Repeat Example 1| for the set {—n, -} a + /2, —7.5, —1, 8, —29\, |_| 


SSE) baci , ‘ 
Scan the ae to access digital content available for this page. 
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P.1 Review of Real Numbers and Their Properties 3 


Real numbers are represented graphically on the real number line. When you draw 
a point on the real number line that corresponds to a real number, you are plotting the 
real number. The point representing O on the real number line is the origin. Numbers 
to the right of 0 are positive, and numbers to the left of 0 are negative, as shown in 
Figure P.2. The term nonnegative describes a number that is either positive or zero. 


Origin 
Negative ; , Positive 
‘ 7 T t T T ¢ T T T -— : P 
direction 4 3 2 -] 0 1 2 3 4 direction 


The real number line 
Figure P.2 


As illustrated in Figure P.3, there is a one-to-one correspondence between real numbers 
and points on the real number line. 


5. 
~3 0.75 T —2.4 2 
-e— +—et o> +—e- t-e— = 
=3. -=2) =] 0 1 2 3 —3 <2 -l 0 1 2 3 
Every real number corresponds to exactly Every point on the real number line 
one point on the real number line. corresponds to exactly one real number. 
Figure P.3 


EXAMPLE 2 Plotting Points on the Real Number Line 


Plot the real numbers on the real number line. 


a. 7 b. 2.3 c. 3 d. —1.8 


Solution The figure below shows all four points. 


-18 -7 = 2.3 
‘oo. ae ee 
-2 -1 0 1 2 3 


a. The point representing the real number 
—— = —1,75 Write in decimal form. 


lies between — 2 and — 1, but closer to — 2, on the real number line. 


b. The point representing the real number 2.3 lies between 2 and 3, but closer to 2, on 
the real number line. 


c. The point representing the real number 


; = 0.666... Write in decimal form. 


lies between 0 and 1, but closer to 1, on the real number line. 


d. The point representing the real number — 1.8 lies between —2 and — 1, but closer to 
—2, on the real number line. Note that the point representing — 1.8 lies slightly to 
the left of the point representing — - 


VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Plot the real numbers on the real number line. 


relay > _ 3 
GO DIGITAL a. b. — 1.6 c. d. 0.7 | 
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4 Chapter P_ Prerequisites 


Ordering Real Numbers 


One important property of real numbers is that they are ordered. If a and b are real 
numbers, then a is less than b when b — a is positive. The inequality a < b denotes 
the order of a and b. This relationship can also be described by saying that b is greater 


: 2 ,__, than aand writing b > a. The inequality a < b means that a is less than or equal to b, 
= 0 1 2 and the inequality b = a means that b is greater than or equal to a. The symbols <, >, 
a < bif and only if a lies to the left <, and = are inequality symbols. 
of b. Geometrically, this implies that a < b if and only if a lies to the left of b on the 
Figure P.4 real number line, as shown in Figure P.4. 
EXAMPLE 3 Ordering Real Numbers 
: ; : : = Place the appropriate inequality symbol (< or >) between the pair of real numbers. 
: : id 
(a) a. —3,0 b. —2, —4 Cc. 4>3 
Solution 
° t ° {—> 
4 3 2 1 0 a. On the real number line, —3 lies to the left of 0, as shown in Figure P.5(a). So, you 
(b) can say that —3 is less than 0, and write —3 < 0. 
b. On the real number line, —2 lies to the right of — 4, as shown in Figure P.5(b). So, 
; 7 you can say that —2 is greater than —4, and write —2 > —4. 
: - : . c. On the real number line, j lies to the left of = as shown in Figure P.5(c). So, you can 
(c) say that ri is less than = and write i < 7 
. 3 
Figure P.5 VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Place the appropriate inequality symbol (< or >) between the pair of real numbers. 
aci,=3 b. 3,7 c. —§,-2 
EXAMPLE 4 Interpreting Inequalities 
p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 
2 Describe the subset of real numbers that the inequality represents. 
XS 
——_j — 8s ax<=2 b -2<x<3 
° : . : : Solution 
(a) , ; 
a. The inequality x < 2 denotes all real numbers less than or equal to 2, as shown in 
—2<Sx<3 Figure P.6(a). In the figure, the bracket at 2 indicates 2 is included in the interval. 
—_+—+—+—_+—+—]—- «_ b. The inequality —2 < x < 3 means that x > —2andx < 3. This “double inequality” 
=2.. 1 0 1 2 3 denotes all real numbers between —2 and 3, including —2 but not including 3, as 
(b) shown in Figure P.6(b). In the figure, the bracket at —2 indicates — 2 is included in 
Figure P.6 the interval, and the parenthesis at 3 indicates that 3 is not included in the interval. 


JS Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Describe the subset of real numbers that the inequality represents. 


ax >—3 b0<x<4 |_| 


Inequalities can describe subsets of real numbers called intervals. In the bounded 
intervals on the next page, the real numbers a and b are the endpoints of each interval. 
The endpoints of a closed interval are included in the interval, whereas the endpoints 
of an open interval are not included in the interval. 


ORES a3 
GO DIGITAL 


d, or duplic 


ng. All Rights Rese 


Copyright 2022 Cengage Learning. All Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


P.1. Review of Real Numbers and Their Properties 5 


Bounded Intervals on the Real Number Line | 

Let a and b be real numbers such that a < b. | 

Notation Interval Type Inequality Graph 

[a, b] Closed a<x<b Be a 
a 

(a, b) Open a<x<b ——_—}-« 
a b 

La, b) as<xsx<b —_—-- : 
a b 

(a, b] a<x<b ~—} +: 
a b 


The reason that the four types of intervals above are called bounded is that each 
has a finite length. An interval that does not have a finite length is unbounded. Note 
in the unbounded intervals below that the symbols °°, positive infinity, and — ©, 
negative infinity, do not represent real numbers. They are convenient symbols used to 
describe the unboundedness of intervals such as (1, 0©) or (— 00, 3]. 


Unbounded Intervals on the Real Number Line i 


: . Let a and b be real numbers. 
Whenever you write an interval 


containing 00 or — 00, always Notation Interval Type Inequality Graph 
use a parenthesis and never a [a, 00) xa —_—-« 
bracket next to these symbols. a 
This is because ©O and — © are (a, ©) Open x>a _—— « 
never included in the interval. a 
(e oO, b | 66 3S b ——_} - x 
b 
(—©0, b) Open x<b —_}-« 
b 
SH 
a (—90, 00) Entire real line —00 <x< 00 <> x 
Hee get ids 
ee 
GO DIGITAL 
EXAMPLE 5 Representing Intervals 
Verbal Algebraic Graphical 
a. All real numbers greater than (-1,3)or-l1 <x<3 See Figure P.7(a). 
— 1 and less than 3 
b. All real numbers greater than [2,00) orx = 2 See Figure P.7(b). 
or equal to 2 
c. All real numbers less than or (—00, 2Jorx < 2 See Figure P.7(c). 


equal to 2 


d. All real numbers greater than (-—3,5]or-3 <x <5 See Figure P.7(d). 
—3 and less than or equal to 5 


Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


x 
3-2-1 0 1 2 3 4°55 a. Represent the interval [—2, 5) verbally, as an inequality, and as a graph. 
(d) b. Represent the statement “x is less than 4 and at least —2” as an interval, an 
Figure P.7 inequality, and a graph. a 
Copyright 2022 Cengage Learning. All Rights R d, in whole or in part. WCN 02-200-203 
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6 Chapter P_ Prerequisites 


Absolute Value and Distance 


The absolute value of a real number is its magnitude, or the distance between the origin 
and the point representing the real number on the real number line. 


Definition of Absolute Value i 


If a is a real number, then the absolute value of a is 


_ fa, az0O 
|a| = 


5 Notice in this definition that the absolute value of a real number is never negative. 
— __,, For example, if a = —5, then |—5| = —(—5) = 5, as shown in Figure P.8. The 
5 i : iB ; i absolute value of a real number is either positive or zero. Moreover, 0 is the only real 
: number whose absolute value is 0. So, |0| = 0. 
Absolute value as the distance from the 
origin 
Figure P.8 Properties of Absolute Values ) 
1. |a| = 0 2. |-al = |a| 
a| _ al 
3. lab] = b 4. | =—, b#0 
| = lal|o =p 
EXAMPLE 6 Finding Absolute Values 
2 2 
. |- 15} = 15 b. |x| = = 
a. |-15| e-3 
ce. |—4.3| = 4.3 d. —|—6| = —(6) = -6 


Ye Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Evaluate each expression. 


3 2 
a |1| b. | Cc. (-3i d. |0.7| 
EXAMPLE 7 Evaluating an Absolute Value Expression 
|x| 


Evaluate — for (a) x > O and (b) x < 0. 
x 


Solution 


x 
a. If x > 0, then x is positive and |x| = x. So, id =~ =), 
x 


XxX — 
b. If x < 0, then x is negative and |x| = —x. So, bl = =H], 
x x 


VY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


|x + 3| 
Evaluate Tag for (a) x > —3 and (b) x < —3. oi 


Bet | 
GO DIGITAL 
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e— t t t t [—*—> 
=3 .=2) =1 0 1 2 3 4 


The distance between —3 and 4 is 7. 
Figure P.9 


One application of finding the 
distance between two points on 
the real number line is finding a 
change in temperature. 


GO DIGITAL 


P.1. Review of Real Numbers and Their Properties 7 


The Law of Trichotomy states that for any two real numbers a and J, precisely 
one of three relationships is possible: 


a=b, a<b, or a>pb. Law of Trichotomy 


In words, this property tells you that if a and b are any two real numbers, then a is equal 
to b, a is less than b, or a is greater than b. 


EXAMPLE 8 Comparing Real Numbers 


Place the appropriate symbol (<, >, or =) between the pair of real numbers. 


a. |—4| |3| b. |—10| |10| G=|—7| [=a 
Solution 

a. |—4| > |3| because |—4] = 4 and |3| = 3, and 4 is greater than 3. 

b. |—10| = |10| because |—10| = 10 and |10| = 10. 

c. —|—7| < |—7| because —|—7| = —7 and |—7| = 7, and —7 is less than 7. 


PY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Place the appropriate symbol (<, >, or =) between the pair of real numbers. 


=| |4| b. —|-4| —|4| c |=3| al || a 


a. 


Absolute value can be used to find the distance between two points on the real 
number line. For example, the distance between — 3 and 4 is 


I-3- 4] =|-7 
= 7 Distance between —3 and 4 


as shown in Figure P.9. 


Distance Between Two Points on the Real Number Line +) 


Let a and b be real numbers. The distance between a and b is 


d(a, b) = |b — al = |a — Dl. 


EXAMPLE 9 Finding a Distance 


Find the distance between — 25 and 13. 


Solution 
The distance between — 25 and 13 is 

|—25 — 13] = |—38] = 38. Distance between —25 and 13 
The distance can also be found as follows. 


|13 = (—25)| = |38| = 38 Distance between — 25 and 13 
ff Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the distance between each pair of real numbers. 
a. 35 and — 23 b. —35 and —23 c. 35 and 23 a 
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Algebraic Expressions 


One characteristic of algebra is the use of letters to represent numbers. The letters are 
variables, and combinations of letters and numbers are algebraic expressions. Here 
are a few examples of algebraic expressions. 

4 
x? + 


5x, 2x — 3, Ix + y 


2’ 


Definition of an Algebraic Expression ) 


An algebraic expression is a collection of letters (variables) and real 
numbers (constants) combined using the operations of addition, subtraction, 
multiplication, division, and exponentiation. 


The terms of an algebraic expression are those parts that are separated by addition. 
For example, x2 — 5x + 8 = x? + (—5x) + 8 has three terms: x? and —5x are the 
variable terms and 8 is the constant term. For terms such as x2, —5x, and 8, the 
numerical factor is the coefficient. Here, the coefficients are 1, —5, and 8. 


ONES Identifying Terms and Coefficients 


Algebraic Expression Terms Coefficients 
1 1 1 
a. 5x 7 5x, 7 5, 7 
b. 2x7 — 6x + 9 2x?, — 6x, 9 2, -—6,9 
3... A 3 1 
eo 4 Be eae Se 
ce T+ oxt ay ae ay aaa | 


mY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Identify the terms and coefficients of —2x + 4. 


The Substitution Principle states, “If a = b, then b can replace a in any 
expression involving a.” Use the Substitution Principle to evaluate an algebraic 
expression by substituting values for each of the variables in the expression. The next 
example illustrates this. 


> \ ZR Sah = Evaluating Algebraic Expressions 


Value of Value of 
Expression Variable Substitution Expression 
a. —3x + 5 c=3 —3(3) +5 -9+5=-4 
b. 3x? + 2x — 1 x=-1 3(— 1)? + 2(—-1) - 1 3-2-1=0 
2x _ 2(—3) —6_ 
“tl as =5+ 1 a 


Note that you must substitute the value for each occurrence of the variable. 
i Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Evaluate 4x — 5 when x = 0. 
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Basic Rules of Algebra ) 


P.1. Review of Real Numbers and Their Properties 9 


Basic Rules of Algebra 


There are four arithmetic operations with real numbers: addition, multiplication, 
subtraction, and division, denoted by the symbols +, x or*, —, and + or /, 
respectively. Of these, addition and multiplication are the two primary operations. 
Subtraction and division are the inverse operations of addition and multiplication, 
respectively. 


Definitions of Subtraction and Division i 


Subtraction: Add the opposite. Division: Multiply by the reciprocal. 


1 
If b # 0, then a/b = o() = 


& 

< 

In these definitions, —b is the additive inverse (or opposite) of b, and 1/b is the 
multiplicative inverse (or reciprocal) of b. In the fractional form a/b, a is the 


numerator of the fraction and b is the denominator. 


The properties of real numbers below are true for variables and algebraic 
expressions as well as for real numbers, so they are often called the Basic Rules of 
Algebra. Formulate a verbal description of each of these properties. For example, the 
first property states that the order in which two real numbers are added does not affect 
their sum. 


| Leta, b, and c be real numbers, variables, or algebraic expressions. 


Property 


Example 


Commutative Property of Addition: 
Commutative Property of Multiplication: 
Associative Property of Addition: 
Associative Property of Multiplication: 


Distributive Properties: 


Additive Identity Property: 
Multiplicative Identity Property: 
Additive Inverse Property: 


Multiplicative Inverse Property: 


at+tb=b+t+a 

ab = ba 

(a+ b)+c=at+(b+c) 
(ab)c = a(bc) 


ab + c) = ab +ac 
(a + b)e = ac + be 
at+O=a 
arl=a 
a+(—a)=0 
1 
ae*-=1, a#0 
a 


4x + x? = x? + 4x 

(4 — x)x? = x2(4 — x) 

(x +5) +x? =x+4 (5 + x?) 
(2x + 3y)(8) = (2x)(y - 8) 
3x(5 + 2x) = 3x°5 + 3x° 2x 
(V8) y= yee ey 

sy? + 0 = Sy? 

(4x2)(1) = 4x? 

5x? + (—5x3) = 0 


oe (5 ;) = 


Subtraction is defined as “adding the opposite,” so the Distributive Properties are 
also true for subtraction. For example, the “subtraction form” of alb + c) = ab+ac 
is a(b — c) = ab — ac. Note that the operations of subtraction and division are neither 
commutative nor associative. The examples 

7-3#43-7 and 20+4#4-+ 20 
show that subtraction and division are not commutative. Similarly 
5—-(3-—2)#(5-3)-2 and 16+ (4+2)4 (16+ 4) +2 


demonstrate that subtraction and division are not associative. 


its Rese 
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10 Chapter P Prerequisites 


Identifying Rules of Algebra 


Identify the rule of algebra illustrated by the statement. 


a. (5x3)2 = 2(5x3) b. (4x + 3) — (4x + 3) =0 
e Tee = 1, x40 d. (2 + 5x2) + x2 = 2 + (5x2 + x2) 
Solution 


a. This statement illustrates the Commutative Property of Multiplication. In other 
words, you obtain the same result whether you multiply 5x? by 2, or 2 by 5x°. 


b. This statement illustrates the Additive Inverse Property. In terms of subtraction, this 
property states that when any expression is subtracted from itself, the result is 0. 


c. This statement illustrates the Multiplicative Inverse Property. Note that x must be a 
nonzero number. The reciprocal of x is undefined when x is 0. 


d. This statement illustrates the Associative Property of Addition. In other words, to 
form the sum 2 + 5x? + x?, it does not matter whether 2 and 5x?, or 5x? and x? are 
added first. 


i Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Identify the rule of algebra illustrated by the statement. 
aox+9=9+%x b. 5(x3 + 2) = (5x3)2 c. (2 + 5x?)y? = 2+ y? + 5x? + y? 


Notice the difference between a 
the opposite of a number and a 
negative number. If a is already Properties of Negation and Equality | 
negative, then its opposite, —a, N 
is positive. For example, if Let a, b, and c be real numbers, variables, or algebraic expressions. 
a= —5, then Property Example 
—a=—(—S)=5. 1. (-l)a = -a (-1)7 = -7 
2. —(-—a) =a —(-—6) =6 
3. (—a)b = —(ab) = a(—b) (—5)3 = —(5 * 3) = 5(-3) 
4. (—a)(—b) = ab (—2)(—x) = 2x 
5. —(a + b) = (—a) + (-d) —(x + 8) = (—x) + (-8) 
=-x-—8 
ome 6. Ifa =b,thenatc=betHe. A+ 3=054+3 
Re aie 7. If a = b, then ac = be. 4+2=16+2 
[mlesaa EX emt ter = ae — 1 
GO DIGITAL 8. Ifa t+c=b+c,thena = b. 14-1= 5-1 WM 1425 
9. If ac = bc andc # 0, thena = b. 3x =3°-4 mm x=4 
The “or” in the Zero-Factor Properties of Zero i 
Property includes the possibility ; ; : \ 
that either or both factors may Let a and b be real numbers, variables, or algebraic expressions. 
be zero. This is an inclusive 1l.at+O=aanda—-0O=a 2.a-0=0 
or, and it is generally the 
way the word “or” is used in 3. 0 =0, a#0 4. es is undefined. 
mathematics. a 0 
5. Zero-Factor Property: If ab = 0, then a = 0 orb = 0. 
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In Property 1, the phrase 

“if and only if’ implies two 
statements. One statement is: If 
a/b = c/d, then ad = bc. The 
other statement is: If ad = bc, 
where b # 0 and d # O, then 
a/b = c/d. 


aed 
lee: 
GO DIGITAL 
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Properties and Operations of Fractions | 


Let a, b, c, and d be real numbers, variables, or algebraic expressions such that 
b # Oandd # 0. 


1. Equivalent Fractions: = aa and only if ad = be. 
a —a a —a a 
2. Rules of Signs: —— = = d = 
ules of Signs: ~ > b = a Ss 


3. Generate Equivalent Fractions: 5 = = c#0 
(G 


4. Add or Subtract with Like Denominators: : ae 


5. Add or Subtract with Unlike Denominators: : ae ; = 


ac 


oes 
b d_ bd 


N 


. Multiply Fractions: 


d d 
7. Divide Fractions: ; ae a c#0 
(G 


@ 
d b 


SG \\ iE SeER) §©=Properties and Operations of Fractions 


ee i eee 
"5 3-5 15 a cs 2 & 3° 3K 


Property 7 


of Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


. x 2x 
: a+ 
b. Add fractions 10 5 |_| 


If a, b, and c are integers such that ab = c, then a and b are factors or divisors of c. 
A prime number is an integer that has exactly two positive factors—itself and 1—such 
as 2, 3,5, 7, and 11. The numbers 4, 6, 8, 9, and 10 are composite because each can be 
written as the product of two or more prime numbers. The number | is neither prime 
nor composite. The Fundamental Theorem of Arithmetic states that every positive 
integer greater than | is prime or can be written as the product of prime numbers in 
precisely one way (disregarding order). For example, the prime factorization of 24 is 
24=2°2°2+3., 


Summarize (Section P.1) 


1. Explain how to represent and classify real numbers (pages 2 and 3). For 
examples of representing and classifying real numbers, see Examples | and 2. 


2 


a. Multiply fractions: 5 x 


2. Explain how to order real numbers and use inequalities (pages 4 and 5). For 
examples of ordering real numbers and using inequalities, see Examples 3-5. 

3. State the definition of the absolute value of a real number (page 6). For 
examples of using absolute value, see Examples 6-9. 

4. Explain how to evaluate an algebraic expression (page 8). For examples 
involving algebraic expressions, see Examples 10 and 11. 

5. State the basic rules and properties of algebra (pages 9-11). For examples 
involving the basic rules and properties of algebra, see Examples 12 and 13. 
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12 Chapter P Prerequisites 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


P.1 Exercises 


| orm 
GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-4, fill in the blanks. 


1. The decimal form of an 
2. The point representing 0 on the real number line is the 
3. The 
4 


number neither terminates nor repeats. 


of an algebraic expression are those parts that are separated by addition. 


. The states that if ab = 0, then a = Oorb = 0. 


5. Is |3 — 10| equal to |10 — 3|? Explain. 
6. Match each property with its name. 
(a) Commutative Property of Addition 
(b) Additive Inverse Property 
(c) Distributive Property 
(d) Associative Property of Addition 
(e) Multiplicative Identity Property 


Skills and Applications 


Classifying Real Numbers In Exercises 7-10, 
determine which numbers in the set are (a) natural 
numbers, (b) whole numbers, (c) integers, (d) rational 
numbers, and (e) irrational numbers. 


7. {-9, 5, 5, a we 0, 8, =a, 2, —11} 

8. {/5, -7, -4, 0, 3.14, 3, —3, 12, 5} 

9, {2.01, 0.6, — 13, 0.010110111. . ., 1, —6} 
10. {25, -17, —2, /9, 3.12, 47, 18, —11.1, 13} 


Plotting and Ordering Real Numbers In Exercises 
11-16, plot the two real numbers on the real number 
line. Then place the appropriate inequality symbol 
(< or >) between them. 


11. —4,-8 12, 1,% 

5.2 8 3 
13. 63 14, —7,-5 
15. —5.2, -8.5 16. —%, —4.75 


Interpreting an Inequality In Exercises 17-20, 
describe the subset of real numbers that the inequality 
represents. 
7x <5 

19, -2<x<2 


18. x < 0 

20.0<x <6 
Representing an Interval In Exercises 21-24, 
represent the interval verbally, as an inequality, and as 
a graph. 
21. [4, 00) 
23. [—5, 2) 


22. (—©0, 2) 
24. (-1, 2] 


A blue exercise number indicates that a video solution can be seen at CalcView.com. 


®asit=a2 

(ii) a(b + c) = ab + ac 

iii) a+b=bt+a 

(iv) a + (-a) = 0 

(v) (a+ b)+c=at+(bt+oc) 


Representing an Interval In Exercises 25-28, 
represent the statement as an interval, an inequality, 
and a graph. 

25. y is nonpositive. 

26. y is no more than 25. 

27. tis at least 10 and at most 22. 

28. k is less than 5 but no less than — 3. 


Evaluating an Absolute Value Expression In 
Exercises 29-38, evaluate the expression. 


29. |—10| 30. |0| 
31. |3 — 8} 32. |6 — 2| 
33, |=1| —|—2| 34. —3 — |-3| 
35. -5|=5| 36. —4|—4| 
|x -e 2] |x — 1| 
a. eg ES 38 rs ca 


Comparing Real Numbers In Exercises 39-42, place 
the appropriate symbol (<, >, or =) between the pair 
of real numbers. 
39. |—4| |4| 
41. —|—-6| |—6| 


40. —5 —|5| 

42. —|-2| —|2| 
Finding a Distance In Exercises 43-46, find the 
distance between a and b. 

43. a = 126,b = 75 44. a = —20,b = 30 

45. a = —3,b =0 46.a=-4,b=-% 
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Federal Deficit 
In Exercises 47-50, use the bar graph, which shows 
the receipts of the federal government (in billions 
of dollars) for selected years from 2012 through 
2018. In each exercise, 
you are given the 
expenditures of the 
federal government. 
Find the magnitude 
of the surplus or 
deficit for the year. 
(Source: U.S. Office 

of Management and 
Budget) 


3368 6 3322-9 


3021.5 


| 2450.0 


Receipts 
(in billions of dollars) 
ww 
So 
Ss 
t 


> 


T T T T 
2012 2014 2016 2018 
Year 


Year Receipts,R Expenditures, E |R-E| 
47. 2012 $3526.6 billion 
48. 2014 $3506.3 billion 
49. 2016 $3852.6 billion 
50. 2018 $4109.0 billion 


Identifying Terms and Coefficients In Exercises 
51-54, identify the terms. Then identify the coefficients 
of the variable terms of the expression. 


52. 6x? — 5x 
54. 3./3x2 + 1 


51. 7x + 4 
53. 4x7 + 0.5x — 5 
Evaluating an Algebraic Expression In Exercises 


55 and 56, evaluate the expression for each value of x. 
(if not possible, state the reason.) 


55, 4° — 3x 2 (a) x=0 (b) x= -1 
x= 2 
56. (a) x =2 (b) x = —2 


Operations with Fractions In Exercises 57-60, 
perform the operation. (Write fractional answers in 
simplest form.) 


2x x 3x x 
ar] 38.5 +5 
3x 5 2x . 6 
ane: a 


© Gary718/Shutterstock.com 
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Exploring the Concepts 


True or False? In Exercises 61 and 62, determine 
whether the statement is true or false. Justify your answer. 


61. Every nonnegative number is positive. 
62. Ifa < Oand b < 0, then ab > O. 


63. Error Analysis Describe the error. 
5(2x+3)=5+2x+3=10r+3 XX 


64.\_) HOW DO YOU SEE IT? Match each 
description with its graph. Explain. 


(i) 
1.87 188 189 1.90 1.91 1.92 1.93 


(ii) 


e e oe e SS 
ESTES SMES SSS IESO RIED IES 2a E93 


(a) The price of an item is within $0.03 of $1.90. 
(b) The distance between the prongs of 

an electric plug may not differ from 

1.9 centimeters by more than 0.03 centimeter. 


65. Conjecture Make a conjecture about the value of the 
expression 5/n as n approaches 0. Explain. 

66. Conjecture Make aconjecture about the value of the 
expression 5/n as n increases without bound. Explain. 


. _ Video solutions at 
Review & Refresh » LarsonPrecalculus.com 


Finding the Least Common Denominator In 
Exercises 67-70, find the least common denominator. 


x 3x 4x 1 5 
9 acer a oe 
3° 4 sad i aa 
3x 12 1 3 6x 
. 9%.” | 70. > > 
ae goa oe 4 


Factoring Completely In Exercises 71-80, completely 
factor the expression. 


71. 3x4 — 48x? 72. 9x4 — 12x? 

73. x3 — 3x2 + 3x-9 74, x? — 5x? — 2x + 10 
75. 6x3 — 27x? — 54x 76. 12x? — 16x? — 60x 
77. x*+ — 3x7 +2 78. x*+ — 7x? + 12 

79, 9x4 — 37x27 +4 80. 4x4 — 37x27 +9 


Evaluating an Expression In Exercises 81-84, 
evaluate the expression for each value of x. 


81. /2x+7-—x (a) x=-3 (b)x=1 


82. x + /40 — 9x (a) x=4 (b) x = —9 
83. |x? — 3x| + 4x — 6 (a) x=-3 (b) x=2 
84. |x? + 4x| — 7x — 18 (a) x=-3 (b) x=-9 
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14 Chapter P_ Prerequisites 


P.2 Solving Equations 


Linear equations have many 
real-life applications, such as 
in forensics. For example, in 
Exercises 101 and 102 on 
page 25, you will use linear 
equations to determine height 
from femur length. 


© Identify different types of equations. 

© Solve linear equations in one variable and rational equations. 

© Solve quadratic equations by factoring, extracting square roots, completing 
the square, and using the Quadratic Formula. 

© Solve polynomial equations of degree three or greater. 

© Solve radical equations. 

© Solve absolute value equations. 


Equations and Solutions of Equations 


An equation in x is a statement that two algebraic expressions are equal. For example, 
3x —-5 =7,x2 —x—- 6 =0,and af 2x = Aare equations in x. To solve an equation in 
x means to find all values of x for which the equation is true. Such values are solutions. 
For example, x = 4 is a solution of the equation 3x — 5 = 7 because 3(4) — 5 = 7 is 
a true statement. 

The solutions of an equation depend on the kinds of numbers being considered. 
For example, in the set of rational numbers, x7 = 10 has no solution because there is no 
rational number whose square is 10. In the set of real numbers, however, the equation 
has the two solutions x = ./10 and x = —\/10. The domain is the set of all real 
numbers for which the equation is defined. 

An equation that is true for every real number in the domain of the variable is an 
identity. For example, 


x2 — 9 = (x + 3)(x — 3) Identity 
is an identity because it is a true statement for any real value of x. The equation 


x 1 inn 
eo a entit 
3x2 3x - 


is an identity because it is true for any nonzero real value of x. 
An equation that is true for just some (but not all) of the real numbers in the domain 
of the variable is a conditional equation. For example, the equation 


x—-9=0 Conditional equation 


is conditional because x = 3 and x = —3 are the only values in the domain that satisfy 
the equation. 

A contradiction is an equation that is false for every real number in the domain of 
the variable. For example, the equation 


2x -4=2x4+1 Contradiction 


is a contradiction because there are no real values of x for which the equation is true. 


Linear and Rational Equations 


Definition of a Linear Equation in One Variable ) 


A linear equation in one variable x is an equation that can be written in the 
standard form ax + b = O, where a and b are real numbers with a # 0. 


Some examples of linear equations in one variable that are written in the standard 
form ax + b = O are 3x + 2 = Oand5x —9 = 0. 


© iStockPhoto.com/Nastasic 
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HISTORICAL NOTE 


This ancient Egyptian 
papyrus, discovered in 1858, 
contains one of the earliest 

examples of mathematical 
writing in existence. The 
papyrus itself dates back to 
around 1650 B.C., but it is 
actually a copy of writings 
from two centuries earlier. 
The algebraic equations on 
the papyrus were written in 
words. Diophantus, a Greek 
who lived around A.D. 250, 
is often called the Father of 
Algebra. He was the first to 
use abbreviated word forms 
in equations. 


Ps 


re 
GO DIGITAL 


After solving an equation, you 
should check each solution 

in the original equation. For 
instance, to check the solution 
to Example 1(a), substitute 2 
for x in the original equation 
and simplify. 


pe Write original 
3x 6 9 0 equation. 
3(2) — 6 = 0 Substitute 2 for x. 


0 = 0 Solution checks. J 


Check the solution to 
Example 1(b) on your own. 
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15 


A linear equation in one variable has exactly one solution. To see this, consider the 
steps below. (Remember that a # 0.) 


ax + b=0 Original equation 
ax = —b Subtract b from each side. 
b _ 
x= 7-7 Divide each side by a. 
a 
It is clear that the last equation has only one solution, x = —b/a, and that this equation 


is equivalent to the original equation. So, you can conclude that every linear equation 


in one variable, written in standard form, has exactly one solution. 


To solve a conditional equation in x, isolate x on one side of the equation using 
a sequence of equivalent equations, each having the same solution as the original 
equation. The operations that yield equivalent equations come from the properties of 
equality reviewed in Section P.1. 


Generating Equivalent 


Equations | 


of the steps listed below. 


Given Equation 
2x—-x=4 


1. Remove symbols of grouping, 


combine like terms, or simplify 
fractions on one or both sides 
of the equation. 


Add (or subtract) the same 
quantity to (or from) each side 
of the equation. 


Multiply (or divide) each 
side of the equation by the 


same nonzero quantity. 


b 


the equation. 


Interchange the two sides of = 5 


An equation can be transformed into an equivalent equation by one or more 


Equivalent 
Equation 
x=4 
x=5 
x=3 
6S 2) 


“ 


EXAMPLE 1 Solving Linear Equations 


a. 3x -6=0 
3x = 6 
x=2 

b. 5x + 4 = 3x - 8 

2x+4= —-8 
2x = —12 
x=-6 


Original equation 

Add 6 to each side. 

Divide each side by 3. 
Original equation 

Subtract 3x from each side. 
Subtract 4 from each side. 


Divide each side by 2. 


JS Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve each equation. 
a. 7 — 2x = 15 


© The Print Collector/Alamy 


b. 7x —-9=5x+7 
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b>>> SKILLS REFRESHER 


For a refresher on how to find 
the least common denominator 
(LCD) of two or more rational 
expressions, watch the video 
at LarsonPrecalculus.com. 


ae 


GO DIGITAL 


Recall that the least common 
denominator of two or more 
fractions consists of the 
product of all prime factors 

in the denominators, with 
each factor given the highest 
power of its occurrence in any 
denominator. For instance, in 
Example 3, the factored forms 
of the denominators are x — 2, 
x + 2, and (x + 2)(x — 2). The 
factors x — 2 and x + 2 each 
appear once, so the LCD is 

(x + 2)(x — 2). 


Chapter P_ Prerequisites 


A rational equation involves one or more rational expressions. To solve a rational 
equation, multiply every term by the least common denominator (LCD) of all the terms. 
This clears the original equation of fractions and produces a simpler equation. 


EXAMPLE 2 Solving a Rational Equation 


x 3x 
—4+—=2, 
Solve 3 mn 2 


Solution 


The LCD is 12, so multiply each term by 12. 


x 3x 

3 + a =2 Write original equation. 
x 3x 

(12) 3 + (12) ra = (12)2 Multiply each term by the LCD. 
4x + 9x = 24 Simplify. 
13x = 24 Combine like terms. 
24 a / 
x= B Divide each side by 13. 


The solution is x = ee Check this in the original equation. 
Sf Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


4. 1 
Salve 5 3 = 4 + 


5 a 


wl] n 


When multiplying or dividing an equation by a variable expression, it is possible 
to introduce an extraneous solution, which is a solution that does not satisfy the 
original equation. So, it is essential to check your solutions. 


EXAMPLE 3 An Equation with an Extraneous Solution 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


3 6x 


BONG kg 
Solution 
The LCD is (x + 2)(x — 2). Multiply each term by the LCD. 
om Blige ee 4 oie Bp a Oe =) 
x—-2 x+2 x4 
x+2=3(¢-2)— 6x, x# +2 
x+2=3x—-6- 6x 
x+2=-—3x-6 
4x = —8 
x=-2 Extraneous solution 
In the original equation, x = —2 yields a denominator of zero. So, x = —2 is an 


extraneous solution, and the original equation has no solution. 
i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


XxX 12 
=5+ 
x—4 7 x—4 ~ 


Solve 
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It is possible to solve 
every quadratic equation 
by completing the square or 


using the Quadratic Formula. 


GO DIGITAL 


P.2. Solving Equations 17 


Quadratic Equations 
A quadratic equation in x is an equation that can be written in the general form 
ax? + bx +c =0 General form 


where a, b, and c are real numbers with a # 0. A quadratic equation in x is also called 
a second-degree polynomial equation in x. 

You should be familiar with the four methods for solving quadratic equations 
listed below. 


Solving a Quadratic Equation ) 
Factoring 
If ab = 0, then a = Oorb = 0. Zero-Factor Property 
Example: xr —x-6=0 
(x — 3)(« + 2) =0 
x-3=>0 > x=3 
x+2=0 ™@ x=-2 


Extracting Square Roots 


If w2 = c, where c > 0, thenu = + /c. Square Root Principle 
Example: (x + 3)? = 16 
x+3= 24 
Go 3 4 
x=1 or x=-7 


Completing the Square 
If x7 + bx = c, then 


x? + bx + (2) =crt (2) Add (3) to each side. 
b\? b? 
(x ate 2) =ct a 
Example: r+ 6x =5 
$2 SE Gye de 2 = 6) tb ee Add (S) to each side. 
(x + 3)? = 14 


x+3=2+/14 
F=—2= Via 


Quadratic Formula 


If ax? + bx + c = 0, then x = 


Example: 2x? + 3x —1=0 
=32/? 2406) 
2(2) 


—3+ /17 
4 
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>>>» SKILLS REFRESHER Solving Quadratic Equations by Factoring 


For a refresher on factoring 


quadratic polynomials, watch the 9 2° + 9x +7 = 3 Original equation 
video at LarsonPrecalculus.com. 22 +90x +4=0 Write in general form. 
(2x + 1)(x + 4) =0 Factor. 
2x+1=0 @ x= —} Set Ist factor equal to 0. 
x+4=0 © x=-4 Set 2nd factor equal to 0. 
The solutions are x = —5 and x = —4. Check these in the original equation. 
b. 6x? — 3x =0 Original equation 
3x(2x — 1) = 0 Factor. 
3x = 0 = x=0 Set Ist factor equal to 0. 
2x-1=0 DW x= 4 Set 2nd factor equal to 0. 


The solutions are x = 0 and x = - Check these in the original equation. 


Ys Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve 2x? — 3x + 1 = 6 by factoring. | 


Note that the method of solution in Example 4 is based on the Zero-Factor Property 
from Section P.1. This property applies only to equations written in general form (in 
which the right side of the equation is zero). So, collect all terms on one side before 
factoring. For example, in the equation (x — 5)(x + 2) = 8, it is incorrect to set each 
factor equal to 8. Solve this equation correctly on your own. Then check the solutions 
in the original equation. 


EXAMPLE 5 Extracting Square Roots 


a. 4x7 = 12 Original equation 
r= 3 Divide each side by 4. 
x=t J3 Extract square roots. 
The solutions are x = \/3 and x = — /3. Check these in the original equation. 
b. (x = 3)? =7 Original equation 
x-3= of 7 Extract square roots. 
x=3+/7 Add 3 to each side. 


The solutions are x = 3 + \/7. Check these in the original equation. 


c. (3x _ 6)? — 18=0 Original equation 
(3x = 6)? = 18 Add 18 to each side. 
3x —-6 = +3 a a Extract square roots. 
3x =6+3 2 Add 6 to each side. 
When extracting square roots -2+ /2 cid cides 
in Example 5(c), note that a ~ Cry a ee 
+./18 = &,/3 22S +32. The solutions are x = 2 + ,/2. Check these in the original equation. 


ny Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve (a) 3x7 = 36 and (b) (x — 1)? = 10 by extracting square roots. | 
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Note that when you complete 
the square to solve a quadratic 
equation, you are rewriting the 
equation so it can be solved 
by extracting square roots, as 
shown in Example 6. 


Ans aid 
GO DIGITAL 


P.2. Solving Equations 19 


When solving quadratic equations by completing the square, you must add (b/2)? 
to each side in order to maintain equality. When the leading coefficient is not 1, divide 
each side of the equation by the leading coefficient before completing the square, as 
shown in Example 7. 


Completing the Square: Leading Coefficient Is 1 


Solve x? + 2x — 6 = 0 by completing the square. 


Solution 
x27 +2x-6=0 
x7 +2x=6 
Pt+extP?=6+2 


ik 


Write original equation. 
Add 6 to each side. 
Add 1? to each side. 


(Half of 2)? 
(x +1)? =7 Simplify. 
xt1=2+ JT Extract square roots. 
x=-lt ft Subtract | from each side. 


The solutions are 
x=-1+ af 7. 


Check these in the original equation. 


i Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve x? — 4x — 1 = 0 by completing the square. 


Completing the Square: Leading Coefficient Is Not 1 


Solve 3x? — 4x — 5 = 0 by completing the square. 


Solution Note that the leading coefficient is 3. 


3x7 - 4x —-5 =0 


Write original equation. 


3x? — 4x = Add 5 to each side. 
ego Divide each side by 3 
3 3 ivide each side by 3. 
4 2\2 2 2 
x? 3% + (-2) = : + (-2) Add (-3) to each side. 
—, 
(Half of —4)? 
( al 2) = a Simplif 
X 3 9 implity. 
2 19 
x — 3 = ee Extract square roots. 
2 19 ; 
x= 3 = we Add ; to each side. 


Check these in the original equation. 


of Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve 3x” — 10x — 2 = 0 by completing the square. 
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When you use the Quadratic 
Formula, remember that before 
applying the formula, you 
must first write the quadratic 
equation in general form. 


EXAMPLE 8 The Quadratic Formula: Two Distinct Solutions 


Use the Quadratic Formula to solve x7 + 3x = 9. 


Solution 
+ 3x =9 Write original equation. 
x7 + 3x-9=0 Write in general form. 
—b+ ./b? — 4ac 
x= Quadratic Formula 
2a 
= aie (3)? = 4(1)(—9) Substitute 1 for a, 3 for b, 
ae 2(1) and —9 for c. 
3+ /45 a 
x= Simplify. 
2 
-3+3/5 
x= 32305 Simplify. 


The two solutions are 
-3+3/5 =3 = 3./5 
x = ———_ and x = ——. 
2 2 
Check these in the original equation. 


Y Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use the Quadratic Formula to solve 3x? + 2x = 10. 


EXAMPLE 9 The Quadratic Formula: One Solution 


Use the Quadratic Formula to solve 8x7 — 24x + 18 = 0. 


Solution 
8x2 — 24x + 18 = 0 Write original equation. 
2 _ = Divide out common 
Ax Lax +9=0 factor of 2. 
—b + /b? — 4ac 
X= a Quadratic Formula 
— (* 12) = J> 12)? <x 4(4)(9) Substitute 4 for a, 
me 2(4) —12 for b, and 9 for c. 
12+. 
x= Bevo Simplify. 
x= 2 Simplif 
== implify. 
2 


This quadratic equation has only one solution: x = 3. Check this in the original equation. 
Sf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Use the Quadratic Formula to solve 18x? — 48x + 32 = 0. | 

Note that you could have solved Example 9 without first dividing out a common 


factor of 2. Substituting a = 8, b = —24, and c = 18 into the Quadratic Formula 
produces the same result. 
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A common mistake when 
solving an equation such as 

that in Example 10 is to divide 
each side of the equation by the 
variable factor x*. This loses the 
solution x = 0. When solving 

a polynomial equation, always 
write the equation in general 
form, then factor the polynomial 
and set each factor equal to 
zero. Do not divide each side 
of an equation by a variable 
factor in an attempt to simplify 
the equation. 


GO DIGITAL 
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Polynomial Equations of Higher Degree 


Sometimes, the methods used to solve quadratic equations can be extended to solve 
polynomial equations of higher degrees. 


ONES ~=Solving a Polynomial Equation by Factoring 
Solve 3x* = 48x”. 


Solution First write the polynomial equation in general form. Then factor the 
polynomial, set each factor equal to zero, and solve. 


3x4 = 48x? Write original equation. 
3x4 — 48x? = Write in general form. 
3x? (x? — 16) =0 Factor out common factor. 
3x2(x ae A)(x = 4) =0 Factor difference of two squares. 
3x7 = = x«=0 Set Ist factor equal to 0. 
x+4=0 DD x=-4 Set 2nd factor equal to 0. 
x-4=0 WD x«=4 Set 3rd factor equal to 0. 


Check these solutions by substituting in the original equation. 


Check 
3(0) = 48(0)2 =>» =0=0 O checks. 
3(—4)4 2 48(—4)? => 768 = 768 —4 checks. ¥ 
3(4)4 Z 48(4)2 D> 768 = 768 4 checks. / 


So, the solutions are 


x=0, x=-—4, and x=4. 
VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve 9x* — 12x? = 0. 


ON" 8 =Seh §=Solving a Polynomial Equation by Factoring 


Solve x3 — 3x? — 3x + 9=0. 


Solution 
x — 3x7 - 3x+9=0 Write original equation. 
x(x 3) 3(x 3) =0 Group terms and factor. 
(x = 3)(x2 = 3) =0 (x — 3) is acommon factor. 
x-3=0 = =3 Set Ist factor equal to 0. 
?-3=0 DD «=H als Set 2nd factor equal to 0. 


The solutions are x = 3, x = i, and x = —/ 3. Check these in the original 
equation. 


YY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve each equation. 
a. x3 — 5x7 — 2x + 10 = 0 
b. 6x7 — 27x? — 54x = 0 a 


d, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


22 Chapter P Prerequisites 


When an equation contains two 
radical expressions, it may not 
be possible to isolate both of 
them in the first step. In such 
cases, you may have to isolate 
radical expressions at two 
different stages in the solution, 
as shown in Example 12(b). 


p>>> SKILLS REFRESHER 


For a refresher on how to 
simplify radical expressions 
with real numbers, watch the 
video at LarsonPrecalculus.com. 


GO DIGITAL 


Radical Equations 


A radical equation is an equation that involves one or more radical expressions. A 
radical equation can often be cleared of radicals by raising each side of the equation to 
an appropriate power. This procedure may introduce extraneous solutions, so checking 
your solutions is crucial. 


ON" 8 =era8 ~=Solving Radical Equations 


a. /2x+7—-x=2 Original equation 


J2x+7=x+2 Isolate radical. 


at 7=x4+ 444+ 4 Square each side. 
0=x7+ 2x - 3 Write in general form. 
0 = (x + 3)(x — 1) Factor. 
xt+3=0 wD x=-3 Set Ist factor equal to 0. 
x-1=0 => x=1 Set 2nd factor equal to 0. 


Checking these values shows that the only solution is x = 1. 


b. /2x —-5 -— /x-3=1 Original equation 
J/2x-5= /x—-34+1 Isolate /2x — 5. 
2x-5=x-3+2/x-34+1 Square each side. 
x-3=2/x-3 Isolate 2\/x — 3. 
x? — 6x + 9 = 4(x — 3) Square each side. 
x? — 10x + 21=0 Write in general form. 
(x — 3) — 7) =0 Factor. 
x-3=0 © x«=3 Set Ist factor equal to 0. 
x-7=0 © x=7 Set 2nd factor equal to 0. 


The solutions are x = 3 and x = 7. Check these in the original equation. 
A Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve — \/40 — 9x +2 =x. 


CNB SNES) ©=6Solving an Equation Involving a Rational Exponent 
(x = 4)?/ 3 = 25 Original equation 


3 (x = 4)? = 25 Rewrite in radical form. 


(x — 4)? = 15,625 Cube each side. 
x—-—4= +125 Extract square roots. 
x= 129, x= —-121 Add 4 to each side. 
The solutions are x = 129 and x = —121. Check these in the original equation. 


if Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve (x — 5)?/3 = 16. P| 
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Absolute Value Equations 


An absolute value equation is an equation that involves one or more absolute value 
expressions. To solve an absolute value equation, remember that the expression 
inside the absolute value bars can be positive or negative. This results in two separate 
equations, each of which must be solved. For example, the equation |x — 2| = 3 results 
in the two equations x — 2 = 3 and —(x — 2) = 3, which implies that the original 


equation has two solutions: x = 5 andx = —1. 

ON" 8a 3) Solving an Absolute Value Equation 
Solve |x? — 3x| = —4x + 6. 
Solution 


The variable expression inside the absolute value signs can be positive or negative, so 
you must solve the two quadratic equations 


x? -—3x=-4x+6 and —(? — 3x) = -4x +6. 


First Equation 
x? — 3x = —-4x + 6 Use positive expression. 
wr+x-6=0 Write in general form. 
(x + 3)(x — 2) =0 Factor. 
x+3=0 ™» x=-3 Set Ist factor equal to 0. 
x-2=0 => x=2 Set 2nd factor equal to 0. 


Second Equation 


— (x2 _- 3x) = —-4x+ 6 Use negative expression. 
x —-—7T7x+6=0 Write in general form. 
(x = 1)(x = 6) =0 Factor. 
x-1=0 = x=1 Set Ist factor equal to 0. 
x-6=0 > x=6 Set 2nd factor equal to 0. 


Check the values in the original equation to determine that the only solutions are 
x= —3andx = 1. 


SY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve |x? + 4x| = 7x + 18. Hi 


Summarize (Section P.2) 


1. State the definitions of an identity, a conditional equation, and a contradiction 
(page 14). 

2. State the definition of a linear equation in one variable (page 14). For examples 
of solving linear equations and rational equations, see Examples 1-3. 


3. List the four methods for solving quadratic equations discussed in this section 
(page 17). For examples of solving quadratic equations, see Examples 4-9. 


4. Explain how to solve a polynomial equation of degree three or greater 
(page 21), a radical equation (page 22), and an absolute value equation 
(page 23). For examples of solving these types of equations, see 
Examples 10-14. 


geet 


ome 
GO DIGITAL 
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24 Chapter P Prerequisites 


See CalcChat.com for tutorial help and worked-out solutions ae ke 
to odd-numbered exercises. gta 


P.2 Exercises 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blank. 


1. An is a statement that equates two algebraic expressions. 


2. A linear equation in one variable x is an equation that can be written in the standard form 


3. List four methods that can be used to solve a quadratic equation. 
4. Describe the step needed to remove the radical from the equation /x + 2 = x. 


Skills and Applications 


Solving a Linear Equation In Exercises 5-12, solve 
the equation and check your solution. (If not possible, 
explain why.) 

5. 2x + 11 = 15 

7. 7 — 2x = 25 

9. 3x-5=2x+7 

11. x — 3(2x + 3) = 8 — 5x 
12. 9x — 10 = 5x + 2(2x — 5) 


6. 7x + 2 = 23 
8. 7-x=19 
10. 4y + 2 — 5y =7 — 6y 


Solving a Rational Equation In Exercises 13-24, 
solve the equation and check your solution. (If not 
possible, explain why.) 


3x 4x x Xx 3x 
~Soges ~2-5=34+5 
13 8 3 4 14. = 5 3 10 
5x-4 2 10x + 3 1 
rey eet a; sx +6 2 
7 i622 aaa 13. 6+ é =0 
x x x = 5 
x 4 7 8x 
Weta eee. Oe yee 
2 1 2 
21. = + 
(x-4)(*-2) x-4 x-2 
12 3 2 
22. = 
(x-1(ex+3) x-1 2x4+3 
1 1 10 
ag" oes x- 9 
24. 1 3 4 


+ = 
x-2 x+3 x+x-6 


Solving a Quadratic Equation by Factoring In 
Exercises 25-34, solve the quadratic equation by 
factoring. 


25. 6x? + 3x = 0 26. 8x? — 2x = 0 
27. x7 + 10x + 25 =0 28. x7 — 2x -8=0 
29. 3 + 5x — 2x7 = 30. 4x7 + 12x + 9=0 
31. 16x77 -9=0 32. —x* + 4x =3 


33.32 +8r+20=0 34 gx? -x-16=0 


Extracting Square Roots In Exercises 35-44, 
solve the equation by extracting square roots. When a 
solution is irrational, list both the exact solution and its 
approximation rounded to two decimal places. 


35. x7 = 49 36. x7 = 43 

37. 3x? = 81 38. 9x? = 36 

39. (x — 4)? = 49 40. (x + 9)? = 24 
41. (2x — 1)? = 18 42. (4x + 7)2 = 44 


43. (x — 7)? = (x + 3)? 44, (x + 5)? = (x + 4)? 


Completing the Square In Exercises 45—54, solve 
the quadratic equation by completing the square. 


45. x? + 4x - 32 =0 46. x? — 2x —-3 =0 


47. x? +4x+2=0 48. x7 + 8x+ 14=0 
49. 6x? — 12x = -3 50. 4x2 -— 4x = 1 
51.7+2x-xv= 52. -r+x-1=0 


53. 2x7 + 5x - 8 =0 54. 3x7 — 4x -7=0 


Using the Quadratic Formula In Exercises 55-68, 
use the Quadratic Formula to solve the equation. 


55. 2x7 +x-1=0 56. 2x7 -x-1=0 
57. 9x7 + 30x + 25 = 0 58. 28x — 49x? = 4 
59. 2x7 —-7x+1=0 60. 3x +27 -1=0 
61. 4x? + 6x = 8 62. 16x27 + 5 = 40x 
63. 2+ 2x -x =0 64. x? + 10+ 8x = 0 
65. 8t = 5+ 27 66. 25h? + 80h = —61 
67. (y — 5)? = 2y 68. (z + 6)? = —2z 


Choosing a Method In Exercises 69-78, solve the 
equation using any convenient method. 

69. x7 — 2x -1=0 70. 14x? + 42x = 0 

71. (x + 2)? = 64 72. x7 — 14x + 49 =0 

73. x2-x-P=0 74, 2 + 3x-2=0 

75. 3x +4=2x7-7 76. (x + 1)? = x? 

77. 4x7 + 2x +4=2x4+ 8 


78. a*x? — b? = 0, a and b are real numbers 
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Solving a Polynomial Equation In Exercises 79-84, 
solve the equation. Check your solutions. 

79. 6x* — 54x? = 0 80. 5x? + 30x? + 45x = 0 
81. x39 + 2x? — 8x = 16 82. 3 — 3x7 -x = -3 
83. x4 — 4x7 +3=0 84. x4 — 13x? + 36 =0 
Solving a Radical Equation In Exercises 85-92, 
solve the equation, if possible. Check your solutions. 

85. ./5x — 10 =0 86. /3x + 1=7 

87. 4+ 3/2x-9 =0 88. 3/12 -—x -3 =0 
89. /x+8=2+x 90. 2x = /-5x + 24-3 
91. /x-—34+1= Vx 

92. 2/x+1—-/2x+3=1 


Solving an Equation Involving a_ Rational 
Exponent In Exercises 93-96, solve the equation. 
Check your solutions. 


93. & — 53? =8 94, (x2 — x — 22)3/2 = 27 
95. 3x(x — 1)'/2 + 2(x — 1337/2 = 0 
96. 4x2(x — 1)! + 6x(x — 147 = 0 


Solving an Absolute Value Equation In Exercises 
97-100, solve the equation. Check your solutions. 


97. |2x — 5| = 11 98. |3x + 2| =7 
99. |x41|=x2=5 100. |x — 15| = x* — 15x 


Forensics 
In Exercises 101 and 
102, use the following 
information. The 
relationship between 
the length of an 
adult’s femur (thigh 
bone) and the height 
of the adult can be 
approximated by the linear equations 


y= 0.514x — 14.75 Female 
y= 0.532x — 17.03 Male 


where y is the length of the 
femur in inches and x is the 
height of the adult in inches 
(see figure). 


101. A crime scene investigator discovers a femur 
belonging to an adult human female. The bone is 
18 inches long. Estimate the height of the female. 


. Officials search a forest for a missing man who 
is 6 feet 3 inches tall. They find an adult male 
femur that is 23 inches long. Is it possible that 
the femur belongs to the missing man? 


© iStockPhoto.com/Nastasic 
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Exploring the Concepts 


True or False? In Exercises 103 and 104, determine 
whether the statement is true or false. Justify your 
answer. 


103. The equation 2(x + 3) = 3x + 3 has no solution. 


104. If (2x — 3)(x + 5) = 8, then either 2x — 3 = 8 or 
x+5=8. 


105. Error Analysis Describe the error. 


A quadratic equation that has solutions 
x = 2andx = 4is 


(x+2)(*%+4)=0 @ #+6x+8=0. xX 


a glass cube partially filled with water. 


(a) What does the 
expression x?(x — 3) 


represent? 

(b) Given x?(x — 3) = 320, x ft 
explain how to find the 
volume of the cube. 


107. Think About It Are (3x+2)/5=7 and 
x + 9 = 20 equivalent equations? Explain. 

108. Think About It To solve the equation 3x* = 3 — x 
using the Quadratic Formula, what are the values of 
a, b, and c? 


Video solutions at 


Review & Refresh ») LarsonPrecalculus.com 


Plotting Points on the Real Number Line In 
Exercises 109 and 110, plot the real numbers on the real 
number line. 

109. (a) 3 (b) 4 
110. (a) 8.5 (b) § 


(c) -3 
(c) —4.75 


(d) —5.2 

(@) -3 
Simplifying Radical Expressions In Exercises 111 
and 112, simplify the radical expression. 

111. /25 + 20 112. ./284 + 321 
Evaluating an Expression In Exercises 113-116, 


evaluate the expression for each value of x. (If not 
possible, state the reason.) 


113. 4x — 6 (ayx=-1 (6b) x=0 
114. 9 — 7x (a)x=-3 (b)x=3 
115. 23 (a)x=-3 (b) x=0 
116. —3x-4 (a) x =0 (b) x = —2 


Simplifying an Expression In Exercises 117 and 118, 
simplify the expression. 


117. =x Fe {=aP 118. =x (=x) + (=a) 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


26 Chapter P_ Prerequisites 


P.3 The Cartesian Plane and Graphs of Equations 


The Cartesian plane can help you 
visualize relationships between 
two variables. For example, in 
Exercise 44 on page 37, given 
how far north and west one city 
is from another, plotting points 
to represent the cities can help 
you visualize these distances and 
determine the flying distance 
between the cities. 


| 


GO DIGITAL 


y 
A 
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(-1, 2)e-+ 
17,0) 1,0) 
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e@-----++ 
(-2,-3) _,| 
Figure P.12 


© Plot points in the Cartesian plane. 

© Use the Distance Formula to find the distance between two points. 
© Use the Midpoint Formula to find the midpoint of a line segment. 
© Sketch graphs of equations. 

© Find x- and y-intercepts of graphs of equations. 

© Use symmetry to sketch graphs of equations. 

© Write equations of circles. 


The Cartesian Plane 


Just as you can represent real numbers by points on a real number line, you can 
represent ordered pairs of real numbers by points in a plane called the rectangular 
coordinate system, or the Cartesian plane, named after the French mathematician 
René Descartes (1596-1650). 

Two real number lines intersecting at right angles form the Cartesian plane, as 
shown in Figure P.10. The horizontal real number line is usually called the x-axis, and 
the vertical real number line is usually called the y-axis. The point of intersection of 
these two axes is the origin, and the two axes divide the plane into four quadrants. 


y-axis y-axis 
A 


Quadrant IT ij Quadrant I 


“| (Wertical Directed distance 
Origin 1+ “number line) 
t t [+-—~@——} t [-—> X-axis | 
el if 2. 3 py) 
-1+ (Horizontal Directed 
>|. number line) Y { distance 
a > X-axis 
Quadrant III Quadrant IV 
The Cartesian plane Ordered pair (x, y) 


Figure P.10 Figure P.11 


Each point in the plane corresponds to an ordered pair (x, y) of real numbers x and 
y, called coordinates of the point. The x-coordinate represents the directed distance 
from the y-axis to the point, and the y-coordinate represents the directed distance from 
the x-axis to the point, as shown in Figure P.11. 

The notation (x, y) denotes both a point in the plane and an open interval on the real 
number line. The context will tell you which meaning is intended. 


EXAMPLE 1 Plotting Points in the Cartesian Plane 


Plot the points (— 1, 2), (3, 4), (0, 0), (3, 0), and (— 2, —3). 


Solution To plot the point (—1, 2), imagine a vertical line through —1 on the 
x-axis and a horizontal line through 2 on the y-axis. The intersection of these two lines 
is the point (— 1, 2). Plot the other four points in a similar way, as shown in Figure P.12. 


A i Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Plot the points (—3, 2), (4, —2), (3, 1), (0, —2), and (—1, —2). |_| 
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The scatter plot in Example 2 
is only one way to represent 
the data graphically. You could 
also represent the data using a 
bar graph or a line graph. Use 
a graphing utility to represent 
the data given in Example 2 
graphically. 
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The beauty of a rectangular coordinate system is that it allows you to see 
relationships between two variables. It would be difficult to overestimate the 
importance of Descartes’s introduction of coordinates in the plane. Today, his ideas are 
in common use in virtually every scientific and business-related field. 

In the next example, data are represented graphically by points plotted in a 
rectangular coordinate system. This type of graph is called a scatter plot. 


EXAMPLE 2 Sketching a Scatter Plot 


The table shows the numbers WN (in millions) of AT&T wireless subscribers from 2013 


through 2018, where ¢ represents the year. Sketch a scatter plot of the data. (Source: 
AT&T Inc.) 
eeyey Year, t 2013 | 2014 | 2015 | 2016 | 2017 | 2018 


Subscribers, NV 110 121 129 134 141 153 


Spreadsheet at LarsonPrecalculus.com 


Solution 


Before sketching the scatter plot, represent each pair of values in the table by an ordered 
pair (¢, N), as shown below. 


(2013, 110), (2014, 121), (2015, 129), (2016, 134), (2017, 141), (2018, 153) 


To sketch the scatter plot, first draw a vertical axis to represent the number of 
subscribers (in millions) and a horizontal axis to represent the year. Then plot a point 
for each ordered pair, as shown in the figure below. In the scatter plot, the break in the 
t-axis indicates omission of the numbers less than 2013, and the break in the N-axis 
indicates omission of the numbers less than 100 million. Also, the scatter plot shows 
that the number of subscribers has increased each year since 2013. 


AT&T Wireless Subscribers 


N 
2 150 : 
9 e 140 eee ee 
2s e 
a o 130 e 
x E 120 e 
BE 
E 110 C) 
Zz 100 
t t t t t +—> t 
2013 2014 2015 2016 2017 2018 
Year 
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The table shows the numbers N of Costco stores from 2014 through 2019, where ¢ 


represents the year. Sketch a scatter plot of the data. 


(Source: Costco Wholesale Corp.) 


2015 


2016 


2017 


2018 


2019 


686 


715 


741 


762 


782 


Spreadsheet at LarsonPrecalculus.com 


Another way to make the scatter plot in Example 2 is to let t = 1 represent the year 
2013. In this scatter plot, the horizontal axis does not have a break, and the labels for 
the tick marks are | through 6 (instead of 2013 through 2018). 
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The Distance Formula 


Before developing the Distance Formula, recall from the Pythagorean Theorem that, 


c 
@ for a right triangle with hypotenuse of length c and sides of lengths a and b, you have 
a+ b=? Pythagorean Theorem 
b as shown in Figure P.13. (The converse is also true. That is, if a + b? = c?, then the 
The Pythagorean Theorem: triangle is a right triangle.) 
2+P=2 Consider two points (x,, y,) and (x, y,) that do not lie on the same horizontal or 
Figure P.13 vertical line in the plane. With these two points, you can form a right triangle (see 
Figure P.14). To determine the distance d between these two points, note that the 
length of the vertical side of the triangle is |y, — y,| and the length of the horizontal 
y side is |x, — x,|. By the Pythagorean Theorem, 
A 
ie = be _ x; |? =P ly, _ Se Pythagorean Theorem 
ly | d= af lis = eile = ly, = ¥" Distance d must be positive. 
d= Js = Pe + (yy = y,)°- Property of exponents 


wz 


This result is the Distance Formula. Note that for the special case in which the two 
»x points lie on the same horizontal or vertical line, the Distance Formula still works. 


mal xX 


|x.- x,| | 


The Distance Formula ) 
Figure P.14 \ 
The distance d between the points (x,, y,) and (x,, y,) in the plane is 


d= WE St) ay 


EXAMPLE 3 Finding a Distance 


Find the distance between the points (— 2, 1) and (3, 4). 


Algebraic Solution Graphical Solution 


Let (x,, y,) = (—2,1) and (x, y,) = (3,4). Then apply the | Use centimeter graph paper to plot the points A(—2, 1) 
Distance Formula. and B(3, 4). Carefully sketch the line segment from A 
to B. Then use a centimeter ruler to measure the length 
of the segment. 


d= Rie _ ei? + (y> = y,)? Distance Formula 
= /B _ (—2)F i (4 _ 1)? Substitute for x,, y,, x», and y. 


= \/(5)? + (3)? Simplify. 
= ./34 Simplify. 
= 5.83 Use a calculator. 


So, the distance between the points is about 5.83 units. 


Check 
a Z 57 + 37 Pythagorean Theorem 
(/34)? Es 5? + 3? Substitute for d. 
34 = 34 Distance checks. W 


The line segment measures about 5.8 centimeters. So, 
the distance between the points is about 5.8 units. 


WY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com F 
Find the distance between the points (3, 1) and (—3, 0). |_| rete 
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When the Distance Formula is used, it does not matter which point is (x,, y,) and 
which is (x>, Yo), because the result will be the same. For instance, in Example 3, let 
(x1, y,) = (3, 4) and (x, y.) = (—2, 1). Then 


d= /(-2-37 +0 - 4% = /(-5)?? + (—3)? = /34 ~ 5.83. 


Verifying a Right Triangle 


' Show that the points (2, 1), (4, 0), and (5, 7) are vertices of a right triangle. 
a 06.7) Solution 
oa / ' The three points are plotted in Figure P.15. Use the Distance Formula to find the lengths 
5+ | of the three sides. 
a+ ae a d= JS -2P +7 = 1P = 9 + 36 = 45 
ail d,= J/4—2P + 0-1P = /441= 5 
2-- 
d=v5 d,= /6—47 + 7-02 = /1 + 49 = /50 
leering, 
gee - (4, 2 | Using the converse of the Pythagorean Theorem and the fact that 
i235 4564 (d,)? + (d,)? = 45+ 5 = 50 = @,? 
Figure P.15 


you can conclude that the triangle is a right triangle. 
SY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Show that the points (2, — 1), (5, 5), and (6, —3) are vertices of a right triangle. 


Finding the Length of a Pass 


Football Pass A football quarterback throws a pass from the 28-yard line, 40 yards from the sideline. 
A A wide receiver catches the pass on the 5-yard line, 20 yards from the same sideline, as 
shown in Figure P.16. How long is the pass? 


ZB 30+ (40, 28) 
S o54 Solution 
=| 
a The length of the pass is the distance between the points (40, 28) and (20, 5). 
Q 15+ 
5 10+ (20, 5) d= JG = x,)? F (y, = y,)? Distance Formula 
Ase = /(40 _ 20)? + (28 -_ 5)? Substitute for x), y,, X, and y. 
5 10 15 20 25 30 35 40 = /20? + 23? Simplify. 
Distance (in yards) eee aree, 
- = \/400 + 529 Simplify. 
Figure P.16 oe 
= ,/929 Simplify. 
= 30 Use a calculator. 
So, the pass is about 30 yards long. 
ra Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
A football quarterback throws a pass from the 10-yard line, 10 yards from the sideline. 
A wide receiver catches the pass on the 32-yard line, 25 yards from the same sideline. 
How long is the pass? | 
In Example 5, the horizontal and vertical scales do not normally appear on a 
lee football field. When you use coordinate geometry to solve real-life problems, however, 
ice: Fant ae you may place the coordinate system in any way that helps you solve the problem. 
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e- -3+ 


(—5, -3) Midpoint 
as 6 —_ 
Figure P.17 
Microsoft Corp. 
y Revenues 
A 


(2019, 125.8) 


120 + 
(2018, 111.25) 


Revenues (in billions of dollars) 


100 -- 
(2017, 96.7) 
90 +- 
< 
t t }+—> x 
2017 2018 2019 
Year 
Figure P.18 
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The Midpoint Formula 


To find the midpoint of the line segment that joins two points in a coordinate plane, 
find the average values of the respective coordinates of the two endpoints using the 
Midpoint Formula. 


The Midpoint Formula | 


The midpoint of the line segment joining the points (x,, y,) and (x5, y,) is 


x, + X, 128) 
a” 8) : 


Midpoint = ( 


For a proof of the Midpoint Formula, see Proofs in Mathematics on page 118. 


Finding the Midpoint of a Line Segment 


Find the midpoint of the line segment joining the points 
(—5,—-3) and (9,3). 
Solution Let (x,, y,) = (—5, —3) and (x, y,) = (9, 3). 


X, +x yy ty. 
Midpoint = ( : 5) 2 1 >) :) Midpoint Formula 
= Substitute for x ; d 
) ' >) ubstitute for x), y, X5, and y5. 
= (2, 0) Simplify. 


The midpoint of the line segment is (2, 0), as shown in Figure P.17. 
ny Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the midpoint of the line segment joining the points (— 2, 8) and (4, — 10). 


EXAMPLE 7 Estimating Annual Revenues 


Microsoft Corp. had annual revenues of about $96.7 billion in 2017 and about $125.8 
billion in 2019. Estimate the revenues in 2018. (Source: Microsoft Corp.) 


Solution One way to solve this problem is to assume that the revenues followed 
a linear pattern. Then, to estimate the 2018 revenues, find the midpoint of the line 
segment connecting the points (2017, 96.7) and (2019, 125.8). 


x, + x, oF 
Midpoint = ( : 5) 2 2 >) 2) Midpoint Formula 
2017 + 2019 96.7 + 125.8 : 
= 5) - 5) Substitute for x,, x5, y,, and y. 
= (2018, 111.25) Sieiglity, 


So, you would estimate the 2018 revenues to have been about $111.25 billion, as shown 
in Figure P.18. (The actual 2018 revenues were about $110.36 billion.) 


Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The Proctor & Gamble Co. had annual sales of about $65.1 billion in 2017 and about 
$67.7 billion in 2019. Estimate the sales in 2018. (Source: Proctor & Gamble Co.) 
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To graph an equation involving 
x and y on a graphing utility, 
use the procedure below. 

1. If necessary, rewrite the 
equation so that y is isolated 
on the left side. 

2. Enter the equation in the 
graphing utility. 

3. Determine a viewing window 
that shows all important 
features of the graph. 

4. Graph the equation. 


One of your goals in this course 
is to learn to classify the basic 
shape of a graph from its 
equation. For instance, you will 
learn that a linear equation can 
be written in the form 


y=mx+b 


and its graph is a line. Similarly, 
the quadratic equation in 
Example 8 has the form 


y=axrrt+ bxt+c 


and its graph is a parabola. 


Oy ee 
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The Graph of an Equation 


Earlier in this section, you used a coordinate system to graphically represent the 
relationship between two quantities as points in a coordinate plane. Next, you will 
review some basic procedures for sketching the graph of an equation in two variables. 

Frequently, a relationship between two quantities is expressed as an equation in 
two variables. For example, y = 7 — 3x is an equation in x and y. An ordered pair 
(a, b) is a solution or solution point of an equation in x and y when the substitutions 
x =a and y= 5 result in a true statement. For example, (1,4) is a solution of 
y = 7 — 3x because 4 = 7 — 3(1) is a true statement. 

The graph of an equation is the set of all points that are solutions of the equation. 
The basic technique used for sketching the graph of an equation is the point-plotting 
method. To sketch a graph using the point-plotting method, first, when possible, rewrite 
the equation so that one of the variables is isolated on one side of the equation. Next, 
construct a table of values showing several solution points. Then, plot these points in a 
rectangular coordinate system. Finally, connect the points with a smooth curve or line. 


Sketching the Graph of an Equation 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Sketch the graph of y = x? — 2. 
Solution 


The equation is already solved for y, so begin by constructing a table of values. 


x —2 -1 0 I 2 3 
p= =) i -1 -2 -1 2 7 
(x, y) (—2, 2) | (-1,-1) | ©, —2) | G,-1) | @2) | G7) 


Next, plot the points given in the table, as shown in Figure P.19(a). Finally, connect the 
points with a smooth curve, as shown in Figure P.19(b). 


, 
A 
7 ‘a7 
6—- 
4+ 
(2,27 “[  °@,2) 
pt 
ae) 2 4 
C1,-)* 7 °Q-1 
(0, -2) 
(a) (b) 
Figure P.19 
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Sketch the graph of each equation. 

a y=xe+3 

b y=1- x | 
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Intercepts of a Graph 


Solution points of an equation that have zero as either the x-coordinate or the 
y-coordinate are called intercepts. They are the points at which the graph intersects or 
touches the x- or y-axis. It is possible for a graph to have no intercepts, one intercept, 
or several intercepts, as shown in the graphs below. 


y y y y 
VY x vA x iS x Oo. x 
No x-intercepts Three x-intercepts One x-intercept No intercepts 
One y-intercept One y-intercept Two y-intercepts 


Note that an x-intercept can be written as the ordered pair (a, 0) and a y-intercept 
can be written as the ordered pair (0, b). Sometimes it is convenient to denote the 
x-intercept as the x-coordinate a of the point (a, 0) or the y-intercept as the y-coordinate 
b of the point (0, b). Unless it is necessary to make a distinction, the term intercept will 
refer to either the point or the coordinate. 


Finding Intercepts | 


1. To find x-intercepts, let y be zero and solve the equation for x. 


2. To find y-intercepts, let x be zero and solve the equation for y. 


EXAMPLE 9 Finding x- and y-Intercepts 


Find the x- and y-intercepts of the graph of y = x7 — 4x. 


Solution To find the x-intercepts of the graph of y = x? — 4x, let y = 0 and solve 


for x. 
y= x — 4x Write original equation. 
0 = x3 — 4x Substitute 0 for y. 
0= x(x? = 4) Factor out common factor. 
O= x(x + 2Y(x = 2) Factor difference of two squares. 


The solutions of this equation are x = 0, —2, and 2. 
So, the x-intercepts are (0, 0), (—2, 0), and (2, 0). y 
To find the y-intercept, let x = 0 and solve for y. 


y= x? — 4x Write original equation. 
y = (0)? — 4(0) Substitute 0 for x. 
y=0 Simplify. 


This equation has one solution, y = 0. So, the 
y-intercept is (0, 0). Check each intercept by 
sketching a graph, as shown at the right. 


a Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the x- and y-intercepts of the graph of y = —x? — 5x. oi 
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(3,7) 


y-Axis symmetry 
Figure P.20 


P.3. | The Cartesian Plane and Graphs of Equations 33 


Symmetry 


Graphs of equations can have symmetry with respect to one of the coordinate axes or 
with respect to the origin. Symmetry with respect to the x-axis means that when you 
fold the Cartesian plane along the x-axis, the portion of the graph above the x-axis 
coincides with the portion below the x-axis. Symmetry with respect to the y-axis or the 
origin can be described in a similar manner. The graphs below show these three types 
of symmetry. 


(-x, -y) 


x-Axis symmetry y-Axis symmetry Origin symmetry 
Knowing the symmetry of a graph before attempting to sketch it is helpful because 
you need only half as many solution points to sketch the graph. Graphical and algebraic 


tests for these three basic types of symmetry are described below. 


Tests for Symmetry i 


Graphical Algebraic 


1. A graph is symmetric with 1. The graph of an equation is 


respect to the x-axis if, whenever 
(x, y) is on the graph, (x, —y) is also 
on the graph. 

2. A graph is symmetric with 
respect to the y-axis if, whenever 
(x, y) is on the graph, (—.x, y) is also 
on the graph. 

3. A graph is symmetric with 
respect to the origin if, whenever 
(x, y) is on the graph, (—x, —y) is 
also on the graph. 


symmetric with respect to the 
x-axis when replacing y with —y 
yields an equivalent equation. 


. The graph of an equation is 


symmetric with respect to the 
y-axis when replacing x with —x 
yields an equivalent equation. 


. The graph of an equation is 


symmetric with respect to the 
origin when replacing x with —x 
and y with —y yields an 
equivalent equation. 


Using the graphical tests for symmetry, the graph of y = x? — 2 is symmetric 


with respect to the y-axis because (x, y) and (—.x, y) are on its graph, as shown in 


Figure P.20. To verify this algebraically, replace x with —x in y = x2 — 2 
y= (=x)2 = 2 4? = 2 


Replace x with —x in y = x? — 2. 


and note that the result is an equivalent equation. To support this result numerically, 
create a table of values (see below). 


(x,y) | (—3,7) | (-2, 2) (1,1) | (2,2) 
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Figure P.21 


Figure P.22 
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Using Symmetry as a Sketching Aid 


Use symmetry to sketch the graph of x — y* = I. 


Solution Of the three tests for symmetry, the test for x-axis symmetry is the only 
one satisfied, because x — (—y)? = 1 is equivalent to x — y? = 1. So, the graph is 
symmetric with respect to the x-axis. Find solution points above (or below) the x-axis 
and then use symmetry to obtain the graph, as shown in Figure P.21. 


Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use symmetry to sketch the graph of y = x* — 4. 


Sketching the Graph of an Equation 


Sketch the graph of y = |x — 1]. 


Solution This equation fails all three tests for symmetry, so its graph is not 
symmetric with respect to either axis or to the origin. The absolute value bars tell you 
that y is always nonnegative. Construct a table of values. Then plot and connect the 
points, as shown in Figure P.22. Notice from the table that x = 0 when y = 1. So, the 
y-intercept is (0, 1). Similarly, y = 0 when x = 1. So, the x-intercept is (1, 0). 


x -2 -1 0 1 2 3 4 
y=|x-]| 3 2 1 0 1 a 3 
(x, y) (—2,3) | (-1,2) | @ 1) | (,0) | @,1) | G2) | G3) 
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Sketch the graph of y = |x — 2]. a 


Circles 


A circle is the set of all points in a plane that are the same distance from a fixed point. 
The fixed point is the center of the circle, and the distance between the center and a 
point on the circle is the radius, as shown in the figure. 


Center: (h, k) 


Point on 
circle: (x, y) 


x 


Definition of a circle 


You can use the Distance Formula to write an equation for the circle with center 
(h, k) and radius r. Let (x, y) be any point on the circle. Then the distance between 
(x, y) and the center (h, k) is \/(x — h)? + (y — k)? = r. By squaring each side of this 
equation, you obtain the standard form of the equation of a circle. 
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Standard Form of the Equation of a Circle | 


A point (x, y) lies on the circle of radius r and center (h, k) if and only if 


(G= AP tt (y= BP = 


To find h and k from the 
standard form of the equation 
of a circle, you may want to 
rewrite one or both of the 


quantities in parentheses. For 
example, x + 1 = x — (—1). > @ Verse §©6Writing the Equation of a Circle 


The point (3, 4) lies on a circle whose center is at (— 1, 2), as shown in Figure P.23. 
Write the standard form of the equation of this circle. 


From this result, the standard form of the equation of a circle with radius r and 
center at the origin, (h, k) = (0, 0), is x2 + y? = r?. When r = 1, the circle is called 
the unit circle. 


; Solution 
The radius of the circle is the distance between (— 1, 2) and (3, 4). 
r= J/(x—h)? + (y — kb? Distance Formula 
= /3-( DP + G4 - 2) Substitute for x, y, h, and k. 
= /P+ 7? Simplify. 
= /16+4 Simplify. 
= ,/20 Radius 
4 Using (h, k) = (—1, 2) and r = ./20, the equation of the circle is 
(x — Ah’? + (y-—kh? =r? Equation of circle 
ena [x — (-DP + (y - 2)? = (20) Substitute for h, k, and r. 
(x + 1)? + (y — 2)? = 20. Standard form 
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The point (1, —2) lies on a circle whose center is at (— 3, — 5). Write the standard form 
of the equation of this circle. | 


Summarize (Section P.3) 


1. Describe the Cartesian plane (page 26). For examples of plotting points in the 
Cartesian plane, see Examples 1 and 2. 

2. State the Distance Formula (page 28). For examples of using the Distance 
Formula to find the distance between two points, see Examples 3-5. 

3. State the Midpoint Formula (page 30). For examples of using the Midpoint 
Formula to find the midpoint of a line segment, see Examples 6 and 7. 

4. Explain how to sketch the graph of an equation (page 31). For an example of 
sketching the graph of an equation, see Example 8. 

5. Explain how to find the x- and y-intercepts of a graph (page 32). For an 
example of finding x- and y-intercepts, see Example 9. 

6. Explain how to use symmetry to graph an equation (pages 33 and 34). For an 
example of using symmetry to graph an equation, see Example 10. 

7. State the standard form of the equation of a circle (page 35). For an example 
of writing the standard form of the equation of a circle, see Example 12. 
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See CalcChat.com for tutorial help and worked-out solutions 


P . 3 Exe rcises to odd-numbered exercises. 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-6, fill in the blanks. 
1. An ordered pair of real numbers can be represented in a plane called the rectangular 
coordinate system or the plane. 


2. Finding the average values of the respective coordinates of the two endpoints of a line 
segment in a coordinate plane is also known as using the 


3. An ordered pair (a, b) is a of an equation in x and y when the substitutions x = a 
and y = b result in a true statement. 

4. The set of all solution points of an equation is the of the equation. 

5. The points at which a graph intersects or touches an axis are the of the graph. 

6. A graph is symmetric with respect to the if, whenever (x, y) is on the graph, (— x, y) 


is also on the graph. 


7. Define each of the following terms: x-axis, y-axis, origin, quadrants, x-coordinate, y-coordinate. 


8. Explain how to use the Distance Formula to write an equation for the circle with center (h, k) 
and radius r. 


Skills and Applications 


Approximating Coordinates of Points In Exercises Sketching a Scatter Plot In Exercises 21 and 22, 
9 and 10, approximate the coordinates of the points. sketch a scatter plot of the data shown in the table. 
9. y 10. y 21. The table shows the numbers y of Dollar General stores 
6 Gea at for each year x from 2013 through 2019. (Source: 
aa c CTL : 
at * of Dollar General Corporation) 
D es 
° 27 D i i | i a i i =] 
ees ee ee ee or Gr ane as | Sea Number of Stores, y 
6-4-2 + 2 4 548 
o.oo <e Lo e| 2013 11,132 
= ae 2| 2014 11,789 
Si acta ata se ; 22) 2015 12,483 
eee e ah re bia ane In Exercises se 2016 13,320 
oP cat 32) 2017 14,609 
M4, (2,4),.3, = 1),.(=6, 2),(—4, 0), (= 1, 8), (15, =3.5) “"! 9018 15,472 
12, (1, —5), (-2, -7), (3, 3), (—2, 4), (0, 5), (3) 2019 16,368 
Finding the Coordinates of a Point In Exercises 13 22. The table shows the annual revenues y (in billions of 
and 14, find the coordinates of the point. dollars) for Amazon.com for each year x from 2012 


13. The point is three units to the left of the y-axis and four through 2019. (Source: Amazon.com) 


units above the x-axis. 


14, The point is on the x-axis and 12 units to the left of the DA my Month, x Annual Revenue, y 
y-axis. = 2012 61.1 
os F 2 2013 74.5 
Determining Quadrant(s) for a Point In Exercises 4 aa 36.6 

15-20, determine the quadrant(s) in which (x, y) could ae : 

be located. Se 2015 107.0 
89 2016 136.0 
15. x > Oandy < 0 16. x < Oandy < 0 BS 017 1779 
17. x= —4 and y = 0 18. x< 0 and y _ 7 2018 232.9 
19.x+y=0,x#0,y#0O 20. x > 0 2019 280.5 
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Finding a Distance In Exercises 23-28, find the 
distance between the points. 
23. (—2, 6), GB =) 

25. (1, 4), (—5, -1) 

27. (4, 4), (2, -1) 


Verifying a Right Triangle In Exercises 29 and 30, 
(a) find the length of each side of the right triangle and 
(b) show that these lengths satisfy the Pythagorean 
Theorem. 


24. (8, 5), (0, 20) 
26. (1, 3), (3, —2) 
28. (9.5, —2.6), (—3.9, 8.2) 


29, 30. 
A A 
ul 6+ 
al + (9, 4) 
L (13, 5) 4. 
4+ (1, 0) LG.) 
Tt Z SO ee 
+ 4 8 (13,0) TCL 6 8 
“al T 


Verifying a Polygon In Exercises 31-34, show that 
the points form the vertices of the polygon. 

31. Right triangle: (4, 0), (2, 1), (—1, —5) 

32. Right triangle: (— 1, 3), (3, 5), (5, 1) 

33. Isosceles triangle: (1, — 3), (3, 2), (—2, 4) 

34. Isosceles triangle: (2, 3), (4, 9), (—2, 7) 


Plotting, Distance, and Midpoint In Exercises 
35-42, (a) plot the points, (b) find the distance between 
the points, and (c) find the midpoint of the line segment 
joining the points. 

35. (6, —3), (6, 5) 

37. (1, 1), (9, 7) 

39. (—1, 2), (5, 4) 

40. (2, 10), (10, 2) 

41. (—16.8, 12.3), (5.6, 4.9) 
42. (3, 1), (3,3) 


43. Sports A soccer player passes the ball from a point 
that is 18 yards from the endline and 12 yards from the 
sideline. A teammate who is 42 yards from the same 
endline and 50 yards from the same sideline receives 
the pass. (See figure.) How long is the pass? 


36. (1, 4), (8, 4) 
38. (1, 12), (6, 0) 


Distance (in yards) 


10 20 30 40 50 60 
Distance (in yards) 


© Song_about_summer/Shutterstock.com 
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44. Flying Distance 
An airplane flies from 
Naples, Italy, in a 
straight line to Rome, 
Italy, which is about 
120 kilometers north 
and 150 kilometers 
west of Naples. How para 
far does the plane fly? 24aa am mane 


45. Sales Walmart had sales of $500.3 billion in 2017 
and $524.0 billion in 2019. Use the Midpoint Formula 
to estimate the sales in 2018. Assume that the sales 


followed a linear pattern. (Source: Walmart, Inc.) 


46. Earnings per Share The earnings per share for 
Facebook, Inc. were $7.57 in 2018 and $8.56 in 2019. 
Use the Midpoint Formula to estimate the earnings 
per share in 2020. Assume that the earnings per share 
followed a linear pattern. (Source: Facebook, Inc.) 


Determining Solution Points In Exercises 47-50, 

determine whether each point lies on the graph of the 

equation. 

Points 

(a) (2, 0) (b) (—2, 8) 

(a) (0, 2) (b) (5, 3) 
( 
( 


Equation 
47, y=x*°-—3x+2 
48. y= /x+4 
49. y=4-|x-2| 
50. 2x? + 5y? = 8 


(a) (1, 5) (b) (6, 0) 
(a) (6, 0) (b) (0, 4) 
Sketching the Graph of an Equation In Exercises 


51-54, complete the table. Use the resulting solution 
points to sketch the graph of the equation. 


51. y= —2x +5 - -iloli1l2 


win 


52. y+ 1 = 3x 


53. y+ 3x = x? 


54. y=5— x? 
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38 Chapter P Prerequisites 


Finding x- and y-Intercepts In Exercises 55-64, find 
the x- and y-intercepts of the graph of the equation. 


55. y= 5x -6 56. y= 8 — 3x 
57. y= /x +4 58. y= /2x-1 
59. y = [3x — 7| 60. y= —|x + 10| 
61. y = 2x7 — 4x 62. y = x* — 25 
63. y =6-—x 64. 2 =x+1 


Testing for Symmetry In Exercises 65-72, use the 
algebraic tests to check for symmetry with respect to 
both axes and the origin. 


65. x2 -y=0 66. x — y? = 

67. y= x 68. y= xt - x? +3 
x 1 

oe ae | Oe aera 

71. xy? + 10=0 72. xy=4 


Using Symmetry as a Sketching Aid In Exercises 
73-76, assume that the graph has the given type of 
symmetry. Complete the graph of the equation. To print 
an enlarged copy of the graph, go to MathGraphs.com. 


73. y-Axis symmetry 74. x-Axis symmetry 


4 t 
4+ 
; 4 
2-- 
po} tie T Lou. 
(i Sica 
== i + 2 4 68 
—2- 
—-4+ 
76. y-Axis symmetry 
t+» x 
-4 2 +7 2 
—2+ 
-4+ af. 


Sketching the Graph of an Equation In Exercises 
77-88, test for symmetry and graph the equation. Then 
identify any intercepts. 


77. y= —3x4+1 78. y= 2x — 3 
79, y=x? — 2x 80. y = —x? — 2x 
81. y= x + 3 82. y= x -1 
83. y= /x —3 84. y= /1—x 
85. y = |x — 6| 

86. y= 1 — |x| 

87. x=y?-1 

88. x = y? — 5 


Writing the Equation of aCircle In Exercises 89-96, 
write the standard form of the equation of the circle with 
the given characteristics. 


89. Center: (0, 0); Radius: 3 


90. Center: (0, 0); Radius: 7 

91. Center: (—4, 5); Radius: 2 

92. Center: (1, —3); Radius: \/11 

93. Center: (3, 8); Solution point: (—9, 13) 


94. Center: (—2, —6); Solution point: (1, — 10) 
95. Endpoints of a diameter: (3, 2), (—9, —8) 
96. Endpoints of a diameter: (11, —5), (3, 15) 


Sketching a Circle In Exercises 97-102, find the 
center and radius of the circle with the given equation. 
Then sketch the circle. 

97, x° + y? = 25 

98. x? + y? = 36 

99. (x — 1)? + (y + 3)? =9 

100. x2 + (y- 1)? =1 

101. (x4? + (y—HP= 3 

102. (x — 2)? + (y+ 3) =* 


103. Depreciation A hospital purchases a new magnetic 
resonance imaging (MRI) machine for $1.2 million. 
The depreciated value y (reduced value) after t years 
is given by y = 1,200,000 — 80,0007, 0 < ¢ < 10. 
Sketch the graph of the equation. 

104. Depreciation You purchase an all-terrain vehicle 
(ATV) for $9500. The depreciated value y (reduced 
value) after f years is given by y = 9500 — 1000z, 
0 <= t = 6. Sketch the graph of the equation. 


105. Electronics The resistance y (in ohms) of 
1000 feet of solid copper wire at 68 degrees Fahrenheit 


is given by 
10,370 
az 2 
x 


where x is the diameter of the wire in mils (0.001 inch). 
(a) Complete the table. 


x | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 


y 


(b) Use the table of values in part (a) to sketch a graph 
of the model. Then use your graph to estimate the 
resistance when x = 85.5. 


(c) Use the model to confirm algebraically the 
estimate you found in part (b). 

(d) What can you conclude about the relationship 
between the diameter of the copper wire and the 
resistance? 
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PB 106. Population Statistics The table shows the life 


expectancies of a child (at birth) in the United States 
for selected years from 1950 through 2020. (Source: 
Macrotrends LLC) 


| a Life Expectancy, y 


| 1950 68.14 

5| 1960 69.84 

=| 1970 70.78 

3| 1980 73.70 
25| 1990 75.19 
==! 2000 76.75 
2010 78.49 

2020 78.93 


A model for the life expectancy during this period is 
y = (68.0 + 0.332)/(1 + 0.0022), 0 < t S$ 70, where 
y represents the life expectancy and ¢ is the time in 
years, with t = 0 corresponding to 1950. 


(a) Use a graphing utility to graph the data from the 
table and the model in the same viewing window. 
How well does the model fit the data? Explain. 

(b) Determine the life expectancy in 1990 both 
graphically and algebraically. 

(c) Use the graph to determine the year when life 
expectancy was approximately 70.1. Verify your 
answer algebraically. 

(d) Identify the y-intercept of the graph of the model. 
What does it represent in the context of the problem? 

(e) Do you think this model can be used to predict 
the life expectancy of a child 50 years from now? 
Explain. 


Exploring the Concepts 


True or False? In Exercises 107 and 108, determine 
whether the statement is true or false. Justify your answer. 


107. The graph of a linear equation cannot be symmetric 
with respect to the origin. 

108. If the point (x,y) is in Quadrant II, then the point 
(2x, —3y) is in Quadrant III. 


109. Think About It When plotting points on the 
rectangular coordinate system, when should you use 
different scales for the x- and y-axes? Explain. 

110. Think About It What is the y-coordinate of any 
point on the x-axis? What is the x-coordinate of any 
point on the y-axis? 

111. Error Analysis Describe the error. 

The graph of x = 3y? is symmetric 
with respect to the y-axis because x 
7=3(=)) = oy 


The symbol a. indicates an exercise or a part of an exercise in which 
you are instructed to use a graphing utility. 


The Cartesian Plane and Graphs of Equations 39 


HOW DO YOU SEE IT? 


The graph shows pas 
the circle with the 
equation x* + y* = 1. 

Describe the types 9 ee 
of symmetry that 
you observe. Br 


113. Proof Prove that the diagonals of the parallelogram 
in the figure intersect at their midpoints. 


y 


(b, c) (a+b, c) 


(0,0) = (a, 0) 


114. Using the Midpoint Formula A line segment has 
(x,, y,) as one endpoint and (x,,,, y,,) as its midpoint. 
Find the other endpoint (x,, y,) of the line segment in 
terms of x,, y,, X,,, and y,,. Then use the result to find 
the missing point. 


(a) tr y,) — (1, =) 
iit — 4, =1) 
(%, yy) = 


(b) (x1, 1) = (=5, 11) 
(Xn Ym) = (2, 4) 
(Xo, y>) = 


Video solutions at 


Review & Refresh '» LarsonPrecalculus.com 


Evaluating an Expression In Exercises 115-118, 
evaluate the expression. (If not possible, state the reason.) 


us, 2 116, 22 
12 — 18 6= 11 

“in 2? ng, 1) 
4-0 g=5 


Solving for y In Exercises 119-122, solve the equation 
for y. 

119. 3y+5=0 
121. 5x + 2y =8 


120. 2x — 3y = 5 
122. x + 3y+8=0 


123. Cost, Revenue, and Profit A manufacturer can 
produce and sell x electronic devices per week. The 
total cost C (in dollars) of producing x electronic 
devices is C = 93x + 35,000, and the total revenue R 
(in dollars) is R = 135x. 


(a) Find the profit P in terms of x. 


(b) Find the profit obtained by selling 5000 electronic 
devices per week. 


124. Rate Acopier copies at a rate of 50 pages per minute. 
(a) Find the time required to copy one page. 
(b) Find the time required to copy x pages. 
(c) Find the time required to copy 10,000 pages. 
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40 Chapter P Prerequisites 


P.4 Linear Equations in Two Variables 


© Use slope to graph linear equations in two variables. 

© Find the slope of a line given two points on the line. 

© Write linear equations in two variables. 

© Use slope to identify parallel and perpendicular lines. 

© Use slope and linear equations in two variables to model and solve 
real-life problems. 


Using Slope 
The simplest mathematical model relating two variables x and y is the linear equation 
y=mxt+b Linear equation in two variables x and y 


where m and b are constants. The equation is called /inear because its graph is a line. 
(In mathematics, the term line means straight line.) By letting x = 0, you obtain 


y=m(0)+b=b. 


So, the line crosses the y-axis at y = b, as shown in Figure P.24. In other words, the 
y-intercept is (0, b). The steepness, or slope, of the line is m. 


Linear equations in two 


variables can help you model y=mx + b 

and solve real-life problems. I i 

For example, in Exercise 90 Slips Prneseeeys 

on page 51, you will use a The slope of a nonvertical line is the number of units the line rises (or falls) vertically 


surveyor’s measurements to find 
a linear equation that models a 
mountain road. 


for each unit of horizontal change from left to right. When the line rises from left to 
right, the slope is positive (see Figure P.24). When the line falls from left to right, the 
slope is negative (see Figure P.25). 


>< 
> 


y-intercept — 


! ‘| m units, 
m<0O 


m units, 


(0, b) 


ne mJ m>0 
— y-intercept 
1 unit 
> xX > xX 
Positive slope, line rises Negative slope, line falls 
Figure P.24 Figure P.25 


The Slope-Intercept Form of the Equation of a Line } 


The linear equation y = mx + bis in slope-intercept form. The graph of the 
equation y = mx + b isa line whose slope is m and whose y-intercept is (0, b). 


Slope is undefined. 

Figure P.26 Once you determine the slope and the y-intercept of a line, it is relatively simple to 
sketch its graph. In the next example, note that none of the lines is vertical. A vertical 
line has an equation of the form 


x=a Vertical line 


where a is a real number. The equation of a vertical line cannot be written in the form 
; y = mx + b because the slope of a vertical line is undefined (see Figure P.26). 


GO DIGITAL 
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P.4 Linear Equations in Two Variables 41 


EXAMPLE 1 Graphing Linear Equations 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Sketch the graph of each linear equation. 


a y=2x+1 
b. y=2 
«exty=2 
Solution 


a. Because b = 1, the y-intercept is (0, 1). Moreover, the slope is m = 2, so the line 
rises two units for each unit the line moves to the right, as shown in Figure P.27(a). 

b. By writing this equation in the form y = (0)x + 2, you find that the y-intercept is 
(0, 2) and the slope is m = 0. A slope of 0 implies that the line is horizontal—that 
is, it does not rise or fall, as shown in Figure P.27(b). 


c. By writing this equation in slope-intercept form 


xty=2 Write original equation. 
y=-x+2 Subtract x from each side. 
y= (- 1)x 2 Write in slope-intercept form. 
you find that the y-intercept is (0, 2). Moreover, the slope is m = —1, so the line 


falls one unit for each unit the line moves to the right, as shown in Figure P.27(c). 


y 
A 
5 — 
4 a 
2 
(0,2) m=0 
1 = 
x ; {+—> x 
1 2 3 4 5 4.5 
(a) When m is positive, the line rises. (b) When m is 0, the line is horizontal. (c) When m is negative, the line falls. 


Figure P.27 
A Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of each linear equation. 
a y=3x+2 b. y= —-3 ce 4x + y=5 a 


From the lines shown in Figures P.26 and P.27, you can make several 
generalizations about the slope of a line. 
1. A line with positive slope (m > 0) rises from left to right. [See Figure P.27(a).] 
2. A line with negative slope (m < 0) falls from left to right. [See Figure P.27(c).] 
3. A line with zero slope (m = 0) is horizontal. [See Figure P.27(b).] 
4. A line with undefined slope is vertical. (See Figure P.26.) 
From the slope-intercept form of the equation of a line, you can see that a 


ol aE horizontal line (m = 0) has an equation of the form 
ey 


Frets y=(O)x+b or y=b. Horizontal line 


Op 
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Be sure you understand that 
the definition of slope does 
not apply to vertical lines. For 
instance, consider the points 
(3, 5) and (3, 1) on the vertical 
line shown in Figure P.26. 
Applying the formula for 


slope, you obtain 


Because division by zero 
is undefined, the slope of a 
vertical line is undefined. 


5-1 4 


ee ee 


m 


id 
TAL 


Finding the Slope of a Line 


Given an equation of a line, you can find its slope by writing the equation in 
slope-intercept form. When you are not given an equation, you can still find the slope 
by using two points on the line. For example, consider the line passing through the 
points (x,, y,) and (x,, y,) in the figure below. 


As you move from left to right along this line, a change of (y, — y,) units in the vertical 
direction corresponds to a change of (x, — x,) units in the horizontal direction. That is, 


= = rise 


Y, — y, = change in y 


change in x = run. 


The ratio of (y, — y,) to (x, — x,) represents the slope of the line that passes through 
the points (x,, y,) and (x5, y,). 


Bal 
x) 


_ changeiny rise V2 — 


1 
etepe change in x 


run xX, — 


Definition of the Slope of a Line | 


The slope m of the nonvertical line through (x,, y,) and (x5, y) is 


My Sil 


XX 


m= 


where x, # Xx. 


When using the formula for slope, the order of subtraction is important. Given 
two points on a line, you are free to label either one of them as (x,, y,) and the other 
as (x,, y>). Once you do this, however, you must form the numerator and denominator 
using the same order of subtraction. 


et JI. 2 ee eee x 
Xy  %y x) ~ Xq x ~ X 
———— i ts Z oe J 
Correct Correct Incorrect 


For example, the slope of the line passing through the points (3, 4) and (5, 7) is 


Eee aes ae ea a 
Mme Qos 2 
or 
Mi = Vo. Ae T= 3 8 
m= : 
Kx 3-5 2 2 


Rights Reserved. May nc copied, scanned, or duplicatec hole or in part. WCN 02-200-2 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppre 


d content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


P.4 Linear Equations in Two Variables 43 


p>>> SKILLS REFRESHER Finding the Slope of a Line Through Two Points 


For a refresher on simplifying 
rational expressions, watch the 
video at LarsonPrecalculus.com. a. (—2, 0) and (3, 1) b. (—1, 2) and (2, 2) 


c. (0, 4) and (1, —1) d. (3, 4) and (3, 1) 


Solution 


Find the slope of the line passing through each pair of points. 


a. Letting (x,, y,) = (—2, 0) and (x5, y,) = (3, 1), you find that the slope is 


eM. IO. _ 1 
R= %, Salas 


b. The slope of the line passing through (—1, 2) and (2, 2) is 


n= See Figure P.28(a). 


3 u 0 See Figure P.28(b 

m= =-=0. ; , 

7 ea 1) 3 ee Figure (b) 
c. The slope of the line passing through (0, 4) and (1, — 1) is 
ea ak te =5 See Figure P.28 

m 1=6 I * ee Figure P.28(c). 


d. The slope of the line passing through (3, 4) and (3, 1) is 


m 3-3 a ee Figure P.28(d). 


Division by 0 is undefined, so the slope is undefined and the line is vertical. 


y y 
A 
4+ 4 
3+ i 3 m=0 
m= 5 
2-4 
3, D 
1+ 
(-2, 0) saa 
x i t+——+—_}—> x 
=%. =] 1 2 3 a2 =] 1 2 3 
-1+ -1 
(a) (b) 
y 
A 
4 (3, 4) 
3-7 Slope is 
2 + undefined. 
1+ (3, 1) 
Ly x — p> x 
4 -1 1 2 4 
-1+ 


(d) 


Figure P.28 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the slope of the line passing through each pair of points. 


a. (—5, —6) and (2, 8) b. (4, 2) and (2, 5) 
c. (0, 0) and (0, —6) d. (0, —1) and (3, — 1) a 
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Writing Linear Equations in Two Variables 


When you know the slope of a line and you | 
also know the coordinates of one point on the 

line, you can find an equation of the line. 
For example, in the figure at the right, let 
(x,, y,) be a point on the line whose slope is 
m. When (x, y) is any other point on the line, 
it follows that 


(%,,.)) 


aes 


X— Xy . > X 


This equation in the variables x and y can be 
rewritten in the point-slope form of the 
equation of a line. 


Point-Slope Form of the Equation of a Line ) 


The equation of the line with slope m passing through the point (x,, y,) is 


y—y, = mx — x,). Point-slope form 


EXAMPLE 3 Using the Point-Slope Form 


] Find the slope-intercept form of the equation of the line that has a slope of 3 and passes 
t— }-»x through the point (1, —2). 
-2 -1 4 
Se Solution Use the point-slope form with m = 3 and (x,, y,) = (1, —2). 
~2-4 y-y= m(x — X,) Point-slope form 
acl yr (— 2) = 3(x _ 1) Substitute for m, x,, and y,. 
: y+2=3x-3 Simplify. 
ra] y=3x-—5 Write in slope-intercept form. 
“2 The slope-intercept form of the equation of the line is y = 3x — 5. Figure P.29 shows 
Figure P.29 the graph of this equation. 
yf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Find the slope-intercept form of the equation of the line that has the given slope and 
passes through the given point. 
When you find an equation of a. m = 2, (3, -7) bm- = (1, 1) c. m = 0, (1,1) | 
the line that passes through two 3 


given points, you only need to 
substitute the coordinates of one 
of the points in the point-slope 
form. It does not matter which 
point you choose because both pre 2 ol L eae 
points will yield the same result. Xy — X, 


The point-slope form can be used to find an equation of the line passing through 
two points (x,, y,) and (x, y>). To do this, first find the slope of the line. 


Then use the point-slope form to obtain the equation. 


yo V1 ; 
yy —— (x= x1) Two-point form 
ORO aa 
Fister This is sometimes called the two-point form of the equation of a line. 
opsee 
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Figure P.30 


The standard viewing window 
on some graphing utilities 
does not give a true geometric 
perspective because the screen 
is rectangular, which distorts 
the image. So, perpendicular 
lines will not appear to be 
perpendicular, and circles will 
not appear to be circular. To 
overcome this, use a square 
setting, in which the horizontal 
and vertical tick marks have 
equal spacing. On many 
graphing utilities, a square 
setting can be obtained when 
the ratio of the range of y to the 
range of x is 2 to 3. 
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Parallel and Perpendicular Lines 


The slope of a line is a convenient way for determining whether two lines are parallel 
or perpendicular. Specifically, nonvertical lines with the same slope are parallel, and 
nonvertical lines whose slopes are negative reciprocals are perpendicular. 


Parallel and Perpendicular Lines ) 


1. Two distinct nonvertical lines are parallel if and only if their slopes are 


equal. That is, 
m, = Mm). Parallel <> Slopes are equal. 


2. Two nonvertical lines are perpendicular if and only if their slopes are 
negative reciprocals of each other. That is, 


1 
i = =S6 Perpendicular <G=> Slopes are negative reciprocals. 
ty 
Note that mym, = —1. 


EXAMPLE 4 Finding Parallel and Perpendicular Lines 


Find the slope-intercept form of the equations of the lines that pass through the point 
(2, — 1) and are (a) parallel to and (b) perpendicular to the line 2x — 3y = 5. 


Solution Write the equation 2x — 3y = 5 in slope-intercept form. 


2x — 3y = 5 Write original equation. 
y g q 
—3y = -2x +5 Subtract 2x from each side. 
2 5 dried F i 
yYr3xX 7 3 Write in slope-intercept form. 


Notice that the line has a slope of m = e 


a. Any line parallel to the given line must also have a slope of 2 Use the point-slope 
. ae = 
form with m = 3 and (x,, y,) = (2, — 1). 


y- (CD =ie-2) 


Write in point-slope form. 


yt1=3x-} Simplify. 
y= ox = f Write in slope-intercept form. 


Notice the similarity between the slope-intercept form of this equation and the 
slope-intercept form of the given equation, y = oy = 2 


b. Any line perpendicular to the given line must have a slope of -3 (because 
—> is the negative reciprocal of 2). Use the point-slope form with m = -3 
and (x, y,) = (2, —1). 


y— (-1) = -3@ - 2) 
y+l=-}x+3 


Write in point-slope form. 
Simplify. 

ae 
ye px t+ 2 


Write in slope-intercept form. 


The graphs of all three equations are shown in Figure P.30. 
ff Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the slope-intercept form of the equations of the lines that pass through the point 
(—4, 1) and are (a) parallel to and (b) perpendicular to the line 5x — 3y = 8. |_| 
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Manufacturing 


[C=25x + 3500]. 


Cost (in dollars) 


i! 
T 
50 100 150 


i i 
T > x 


Number of units 


Production cost 
Figure P.31 


GO DIGITAL 


Applications 


In real-life problems, the slope of a line can be interpreted as either a ratio or a rate. 
When the x-axis and y-axis have the same unit of measure, the slope has no units and 
is a ratio. When the x-axis and y-axis have different units of measure, the slope is a 
rate or rate of change. 


EXAMPLE 5 Using Slope as a Ratio 


The maximum recommended slope of a wheelchair ramp is a A business installs a 
wheelchair ramp that rises 22 inches over a horizontal length of 24 feet (see figure). Is 
the ramp steeper than recommended? (Source: ADA Standards for Accessible Design) 


Solution The horizontal length of the ramp is 24 feet or 12(24) = 288 inches. The 
slope of the ramp is the ratio of its height (the rise) to its length (the run). 
rise 22 in. 


Pe an Sie. 


= 0.076 


The slope of the ramp is about 0.076, which is less than a = 0.083. So, the ramp is not 
steeper than recommended. Note that the slope of the ramp is a ratio and has no units. 


mY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The business in Example 5 installs a second ramp that rises 36 inches over a horizontal 
length of 32 feet. Is the ramp steeper than recommended? 


Using Slope as a Rate of Change 


A kitchen appliance manufacturing company determines that the total cost C (in 
dollars) of producing x units of a blender is given by 


C = 25x + 3500. Cost equation 
Interpret the y-intercept and slope of this line. 


Solution The y-intercept (0, 3500) tells you that the cost of producing 0 units 
is $3500. This is the fixed cost of production—it includes costs that must be paid 
regardless of the number of units produced. The slope of m = 25 tells you that the cost 
of producing each unit is $25, as shown in Figure P.31. Economists call the cost per unit 
the marginal cost. When the production increases by one unit, the “margin,” or extra 
amount of cost, is $25. So, the cost increases at a rate of $25 per unit. 


Vf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


An accounting firm determines that the value V (in dollars) of a copier ¢ years after its 
purchase is given by 


V = —300r + 1500. 


Interpret the y-intercept and slope of this line. | 
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Businesses can deduct most of their expenses in the same year they occur. One 
exception is the cost of property that has a useful life of more than 1 year. Such 
costs must be depreciated (decreased in value) over the useful life of the property. 
Depreciating the same amount each year is called linear or straight-line depreciation. 
The book value is the difference between the original value and the total amount of 
depreciation accumulated to date. 


EXAMPLE 7 Straight-Line Depreciation 


A college purchases exercise equipment worth $12,000 for the new campus fitness 
center. The equipment has a useful life of 8 years. The salvage value at the end of 
8 years is $2000. Write a linear equation that describes the book value of the equipment 
each year. 


Solution Let V represent the value of the equipment at the end of year t. Represent 
the initial value of the equipment by the data point (0, 12,000) and the salvage value of 
the equipment by the data point (8, 2000). The slope of the line is 


Some real-life applications may 2000 — 12,000 
refer to an ordered pair as a lea 8 —0 = = Ht) per year 
dat int. 
ae which represents the annual depreciation in dollars per year. So, the value of the 
equipment decreases $1250 per year. Using the point-slope form, write an equation of 
the line. 
V — 12,000 = — 1250(t = 0) Write in point-slope form. 


V = —1250t + 12,000 Write in slope-intercept form. 


Note that the domain of the equation is 0 = ft <= 8. The table shows the book value at 
the end of each year, and Figure P.32 shows the graph of the equation. 


vem oP ale o Life of Equipment 
0 12,000 12,000 & (O, 12,000) == 
I 10,750 10,000 LN-[ V = 12501 + 12,000 
g NL 
2; 9500 = 
a) 
3 8250 & 
EI 
4 7000 ra 
> 
5 5750 
6 4500 i aa ee a 
7 3250 Number of years 
Straight-line depreciation 
8 2000 Figure P.32 


Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


A manufacturing firm purchases a machine worth $24,750. The machine has a useful 
life of 6 years. After 6 years, the machine will have to be discarded and replaced, 
because it will have no salvage value. Write a linear equation that describes the book 
value of the machine each year. P| 


In many real-life applications, the two data points that determine the line are often 
given in a disguised form. Note how the data points are described in Example 7. 


oy=4 0) 


nee 
GO DIGITAL 
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Texas 


Population (in millions) 


ae 

At+—+—_+—+—_+—_+—_ +++ > t 

6 7 8 9 10 11 12 13 14 
Year (6 <> 2016) 

Figure P.33 

y 

Re pas 

Given 

points 


Estimated 
point 


>X 


Linear extrapolation 
Figure P.34 


y 


Given 
points 


Estimated 
point 


x 


Linear interpolation 
Figure P.35 


OF a 
GO DIGITAL 
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EXAMPLE 8 Predicting a Population 


The population of Texas was about 27.9 million in 2016 and about 28.7 million in 2018. 
Use this information to write a linear equation that gives the population (in millions) 
in terms of the year. Predict the population of Texas in 2024. (Source: U.S. Census 
Bureau) 


Solution Lett = 6 represent 2016. Then the two given values are represented by the 
data points (6, 27.9) and (8, 28.7). The slope of the line through these points is 


_ 28.7- 27.9 08 
8 — 6 a 


m = 0.4 million people per year. 


Use the point-slope form to write an equation that relates the population y and the year t. 
y— 279=04— 6) BD y=04t+ 255 
According to this equation, the population in 2024 will be 
y = 0.4(14) + 25.5 = 5.6 + 25.5 = 31.1 million people. 


See Figure P.33. 
Y Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The population of Oregon was about 3.9 million in 2013 and about 4.2 million in 2018. 
Repeat Example 8 using this information. (Source: U.S. Census Bureau) uo 


The prediction method illustrated in Example 8 is called linear extrapolation. 
Note in Figure P.34 that an extrapolated point does not lie between the given points. 
When the estimated point lies between two given points, as shown in Figure P.35, the 
procedure is called linear interpolation. 

The slope of a vertical line is undefined, so its equation cannot be written in 
slope-intercept form. Every line, however, has an equation that can be written in the 
general form Ax + By + C = 0, where A and B are not both zero. 


Summary of Equations of Lines ) 
1. General form: Ax + By + C=0 
2. Vertical line: x=a 
3. Horizontal line: y=b 
4. Slope-intercept form: y = mx + b 
5. Point-slope form: y=) ni) 
6. Two-point form: y-y= es (x — x,) 
XT 


Summarize (Section P.4) 


1. Explain how to use slope to graph a linear equation in two variables 
(page 40) and how to find the slope of a line passing through two points 
(page 42). For examples of using and finding slopes, see Examples 1 and 2. 


2. State the point-slope form of the equation of a line (page 44). For an example 
of using point-slope form, see Example 3. 

3. Explain how to use slope to identify parallel and perpendicular lines (page 45). 
For an example of finding parallel and perpendicular lines, see Example 4. 

4. Describe examples of how to use slope and linear equations in two variables 
to model and solve real-life problems (pages 46-48, Examples 5-8). 
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P.4 Exercises 


P.4 Linear Equations in Two Variables 49 


ofeal 


See CalcChat.com for tutorial help and worked-out solutions j 
to odd-numbered exercises. 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-6, fill in the blanks. 


1. The simplest mathematical model for relating two variables is the 


variables y = mx + b. 


2. For a line, the ratio of the change in y to the change in x is the 


3. The 2 
is y — y, = m(x — x,). 


4. Two distinct nonvertical lines are 


equation in two 


of the line. 


form of the equation of a line with slope m passing through the point (x,, y,) 


if and only if their slopes are equal. 


5. When the x-axis and y-axis have different units of measure, the slope can be interpreted as a 


lie between the given points. 


is the prediction method used to estimate a point on a line when the point does not 


7. What is the relationship between two lines whose slopes are — 3 and 49 


8. Write the point-slope form equation y — y, = m(x — x,) in general form. 


Skills and Applications 


Identifying Lines In Exercises 9 and 10, identify the 
line that has each slope. 


9 (a) m=3 10. (a) m=0 

(b) m is undefined. (b) m= -3 
(c) m= —2 (c) m=1 
y y 

L L 
1 3 a , 
Ly 
> xX >xXx 
Ly 


Sketching Lines In Exercises 11 and 12, sketch the 
lines through the point with the given slopes on the same 
set of coordinate axes. 


Point Slopes 
11. (2, 3) (a) O (b) 1 
(c)2 (d) —3 
12. (—4, 1) (a) 3 (b) -3 


(c) + (d) Undefined 


Estimating the Slope of a Line In Exercises 13 and 
14, estimate the slope of the line. 


13. oy 14. 


Graphing a Linear Equation In Exercises 15-24, find 
the slope and y-intercept (if possible) of the line. Sketch 
the line. 


15. y=5x+3 16. y= —-x- 10 
17. y= —3x-1 18. y=§x+2 
19 y-5=0 20.x+4=0 
21. 5x -2=0 22. 3y +5 =0 
23. 7x — 6y = 30 24. 2x + 3y =9 


Finding the Slope of aLine Through Two Points In 
Exercises 25-34, find the slope of the line passing 
through the pair of points. 
25. (0, 9), (6, 0) 

27. (=3, =2), (1, 6) 

29. (5, =7), (8, =) 

31. (-6, ~ 1), (=6, 4) 

33. (4.8, 3.1), (—5.2, 1.6) 
34. (7, —3), (-3, -3) 
Using the Slope anda Point In Exercises 35-42, use 
the slope of the line and the point on the line to find three 
additional points through which the line passes. (There 
are many correct answers.) 
35. m=0, (5,7) 

37. m= 2, (—5,4) 

39. m= —3, (4,5) 

40. m=3, (3,—4) 

41. mis undefined, (—4, 3) 
42. mis undefined, (2, 14) 


26. (10, 0), (0, —5) 
28. (2, -1), (—2,1) 
30. (—2, 1), (—4, —5) 
32. (0, — 10), (—4, 0) 


36. m=0, (3, —2) 
58 Ss, 10-9) 
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Using the Point-Slope Form In Exercises 43-54, 
find the slope-intercept form of the equation of the line 
that has the given slope and passes through the given 
point. Sketch the line. 


43. m= 3, (0, -2) 44.m=-—1, (0,10) 
45.m=—2, (-3,6) 46.m=4, (0,0) 

47. m= —3, (4,0) 48. m=5, (8,2) 

49. m= —3, (2, -3) 50. m=%, (—2,-5) 
51.m=0, (4,3) 52.m=6, (2,3) 

53. m=5, (—5.1,1.8) 54. m=0, (—2.5, 3.25) 


Finding an Equation of a Line In Exercises 55-64, 
find an equation of the line passing through the pair of 
points. Sketch the line. 


55. (5, —1), (—5, 5) 56. (4, 3), (—4, —4) 
57. (—7, 2), (-7, 5) 58. (—6, —3), (2, —3) 
59. (2,5), (5, 3) 60. (1, 1), (6, -3) 

61. (1,0.6),(—2,-0.6) 62. (—8, 0.6), (2, —2.4) 
63. (2, -1), (4, -1) 64. (2, —8), (2,1) 


Parallel and Perpendicular Lines In Exercises 65-68, 
determine whether the lines are parallel, perpendicular, 
or neither. 


65. L;: y = —fx—- 3 66. Ly: y=4x-1 


Ly: y= —3x +4 Ly y=4x+7 
67. Ly: y = 5x — 3 68. Ly): y= ax —5 
Ly y=—-tx4+1 Ly y=3x+1 


Parallel and Perpendicular Lines In Exercises 
69-72, determine whether the lines L, and L, passing 
through the pairs of points are parallel, perpendicular, 
or neither. 
69. L,: (0, —1), (5, 9) 70. L,: (—2, -1), (1, 5) 

L;: (0, 3); (4, 1) L;: (dl, 3), (5; =5) 
71. L,: (—6, —3), (2, -3) 72. L,: (4,8), (—4, 2) 

Ly: (3, -3), (6, -3) is G5). (-1,3) 
Finding Parallel and Perpendicular Lines In 
Exercises 73-80, find equations of the lines that pass 


through the given point and are (a) parallel to and 
(b) perpendicular to the given line. 


73. 4x —2y=3, (2,1) 74 x+y=7, (—3,2) 
75. 3x+4y=7, (-33) 

76. 5x +3y=0, (23) 

77. y+5=0, (-2,4) 
78.x-4=0, (3,—2) 
79.x-y=4, (2.5, 6.8) 

80. 6x + 2y =9, (—3.9, — 1.4) 


Using Intercept Form In Exercises 81-86, use the 
intercept form to find the general form of the equation of 
the line with the given intercepts. The intercept form of 
the equation of a line with intercepts (a, 0) and (0, b) is 


~4r%=1, at0, D¥O. 
a b 


81. x-intercept: (3, 0); y-intercept: (0, 5) 
82. x-intercept: (—3, 0); y-intercept: (0, 4) 
83. x-intercept: (-2, 0): y-intercept: (0, —3) 
84. x-intercept: (3, 0): y-intercept: (0, —2) 
85. Point on line: (1, 2) 

x-intercept: (c,0), c #0 

y-intercept: (0,c), c #0 
86. Point on line: (—3, 4) 

x-intercept: (d,0), d #0 

y-intercept: (0,d), d #0 


87. Sales The slopes of lines representing annual sales y 
in terms of time x in years are given below. Use the 
slopes to interpret any change in annual sales for a 
one-year increase in time. 


(a) The line has a slope of m = 135. 
(b) The line has a slope of m = 0. 
(c) The line has a slope of m = —40. 


88. Sales The graph shows the sales (in billions of 
dollars) for Apple Inc. in the years 2013 through 2019. 
(Source: Apple Inc.) 


A 


(19, 260.17) 


nN nN 

wn ~— 

oO WM 
t 


225 4 


Sales (in billions of dollars) 


150 
i 


i if 
13 14 #15 16 #17 ~«18 = «#19 
Year (13 © 2013) 


(a) Use the slopes of the line segments to determine 
the years in which the sales showed the greatest 
increase and the greatest decrease. 


(b) Find the slope of the line segment connecting the 
points for the years 2013 and 2019. 


(c) Interpret the meaning of the slope in part (b) in the 
context of the problem. 


89. Road Grade You are driving on a road that has a 
6% uphill grade. This means that the slope of the road is 
6 : ‘ ; 
joo. Approximate the amount of vertical change in your 
position when you drive 200 feet. 
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90. Road Grade 


From the top of a 
mountain road, a 
surveyor takes 

several horizontal 
measurements x and 
several vertical 
measurements y, as 
shown in the table 

(x and y are measured 
in feet). 


900 
—75 


1200 
— 100 


300 
—25 


600 
—50 


x | 1500 | 1800 | 2100 
y | —125 | —150 | —175 


(a) Sketch a scatter plot of the data. 

(b) Use a straightedge to sketch the line that you 
think best fits the data. 

(c) Find an equation for the line you sketched in 
part (b). 

(d) Interpret the meaning of the slope of the line in 
part (c) in the context of the problem. 


(e) The surveyor needs to put up a road sign that 
indicates the steepness of the road. For example, 
a surveyor would put up a sign that states “8% 
grade” on a road with a downhill grade that has 
a slope of —5. What should the sign state for 
the road in this problem? 


91. Temperature Conversion Write a linear equation 
that expresses the relationship between the temperature 
in degrees Celsius C and degrees Fahrenheit F. Use 
the fact that water freezes at 0°C (32°F) and boils at 
100°C (212°F). 


92. Neurology The average weight of a male child’s 
brain is 970 grams at age 1 and 1270 grams at age 3. 
(Source: American Neurological Association) 

(a) Assuming that the relationship between brain 
weight y and age f is linear, write a linear model for 
the data. 

(b) What is the slope and what does it tell you about 
brain weight? 

(c) Use your model to estimate the average brain 
weight at age 2. 

(d) Use an appropriate research source to determine 
the actual average brain weight at age 2. How close 
was your estimate? 


© Dvoevnore/Shutterstock.com 
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(e) Do you think your model could be used to determine 
the average brain weight of an adult? Explain. 


93. Depreciation A sandwich shop purchases a used 
pizza oven for $830. After 5 years, the oven will have 
to be discarded and replaced. Write a linear equation 
giving the value V of the equipment during the 5 years 
it will be in use. 


94. Depreciation A_ school district purchases a 
high-volume printer, copier, and scanner for $24,000. 
After 10 years, the equipment will have to be replaced. 
Its value at that time is expected to be $2000. Write a 
linear equation giving the value V of the equipment 
during the 10 years it will be in use. 


95. Cost, Revenue, and Profit A roofing contractor 
purchases a shingle delivery truck with a shingle 
elevator for $42,000. The vehicle requires an average 
expenditure of $9.50 per hour for fuel and maintenance, 
and the operator is paid $11.50 per hour. 


(a) Write a linear equation giving the total cost C of 
operating this equipment for ¢ hours. (Include the 
purchase cost of the equipment.) 


(b 


wm 


Assuming that customers are charged $45 per hour 
of machine use, write an equation for the revenue R 
obtained from ¢ hours of use. 

(c) Use the formula for profit P = R — C to write 
an equation for the profit obtained from ft hours 
of use. 

(d) Use the result of part (c) to find the break-even 
point—that is, the number of hours this equipment 
must be used to yield a profit of 0 dollars. 

96. Geometry The length and width of a rectangular 
garden are 15 meters and 10 meters, respectively. 

A walkway of width x surrounds the garden. 

(a) Draw a diagram that gives a visual representation of 
the problem. 

(b) Write the equation for the perimeter y of the 
walkway in terms of x. Explain what the slope of 
the equation represents. 

fe (c) Use a graphing utility to graph the equation for the 
perimeter. 


Exploring the Concepts 


True or False? In Exercises 97 and 98, determine 

whether the statementis true or false. Justify your answer. 

97. A line with a slope of —3 is steeper than a line with a 
slope of —§. 

98. The line through (—8,2) and (—1,4) and the line 
through (0, — 4) and (—7, 7) are parallel. 


99. Right Triangle Explain how you can use slope to 
show that the points A(— 1,5), B(3, 7), and C(5, 3) are 
the vertices of a right triangle. 
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100. Perpendicular Segments Find d, and d, in terms PS 103. Comparing Slopes Use a graphing utility to 


of m, and m,, respectively (see figure). Then use the 
Pythagorean Theorem to find a relationship between 
m, and m). 


(0, 0) 


101. Error Analysis Describe the error in finding the 
equation of each graph. 


(a) y=2x-1 x (b) y= 3x44 x 


HOW DO YOU SEE IT? Match the 
description of the situation with its graph. 
Also determine the slope and y-intercept 
of each graph and interpret the slope and 
y-intercept in the context of the situation. 
[The graphs are labeled (i), (ii), (iii), and (iv).] 

y (ii) y 

A 


246 810 


(a) A person is paying $20 per week to a friend to 
repay a $200 loan. 

(b) An employee receives $12.50 per hour plus $2 
for each unit produced per hour. 

(c) A sales representative receives $30 per day for 
food plus $0.32 for each mile traveled. 

(d) A computer that was purchased for $750 
depreciates $100 per year. 
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compare the slopes of the lines y = mx, where 
m = 0.5, 1, 2, and 4. Which line rises most quickly? 
Now, let m = —0.5, —1, —2, and —4. Which line 
falls most quickly? Use a square setting to obtain a true 
geometric perspective. What can you conclude about 
the slope and the “rate” at which the line rises or falls? 

104. Slope and Steepness The slopes of two lines are 
—4 and 2. Which is steeper? Explain. 


Video solutions at 


Review & Refresh \» LarsonPrecalculus.com 


Evaluating an Expression In Exercises 105-108, 


evaluate the expression when x = —2, 0, 3, and 6. 
105. —x/4 106. x7 — x 
107, 2 
“10 
4/2+ 
108. Wee 


Solving an Equation In Exercises 109-118, solve the 
equation, if possible. Check your solutions. 

109. 2x3 — 5x* — 2x = —5 

110. x? — 3x? — llx + 28 = 1—- 2x 

111. x4 — 5x7 + 4=0 

112. x-6/x+5=0 

113. 3/x — 5/18 = 0 


114. (x + 1)3/5-8=0 


2 
115. x=—-+1 
x 
3 1 x 
116. —-- ==— 
oe 2 416 
117. x + |x — 9| = 


118. [3x — 6| =x — 4 


Simplifying an Expression In Exercises 119-122, 
simplify the expression. 


I(x — 1) + 1] —- G2 + 1) 


119. 
X 

+ De a: + a= _ —— = 

120. [(t + 1) (t+ 1)-2]-(¢ t — 2) 
t 

4-— Qe yk 
121 ee eee | 

a 

a 5 5 
iy. . 9 


(x7 - 4) 24%+2) 2x - 2) 


Project: Bachelor's Degrees To work an extended 
application analyzing the numbers of bachelor’s degrees 
earned by women in the United States from 2006 through 
2017, visit this text’s website at LarsonPrecalculus.com. 
(Source: National Center for Education Statistics) 
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© Determine whether relations between two variables are functions, 
and use function notation. 

© Find the domains of functions. 

© Use functions to model and solve real-life problems, and evaluate 
difference quotients. 


Introduction to Functions and Function Notation 


Many everyday phenomena involve two quantities that are related to each other by 
some rule of correspondence. The mathematical term for such a rule of correspondence 
is a relation. In mathematics, equations and formulas often represent relations. For 
example, the simple interest J earned on $1000 for 1 year is related to the annual 
interest rate r by the formula J = 1000r. 

The formula J = 1000r represents a special kind of relation that matches each item 
from one set with exactly one item from a different set. Such a relation is a function. 


Definition of Function | 


Functions are used to model 


and solve real-life problems. A function f from a set A to a set B is a relation that assigns to each element x 
For example, in Exercise 64 on in the set A exactly one element y in the set B. The set A is the domain (or set 
page 64, you will use a function of inputs) of the function f, and the set B contains the range (or set of outputs). 
that models the force of water 
against the face of a dam. 


To help understand this definition, look at the figure below, which shows a 
function that relates the time of day to the temperature. 


Time of day (P.M.) Temperature (in °C) 


Set A is the domain. Set B contains the range. 
Inputs: 1, 2, 3, 4,5, 6 Outputs: 9, 10, 12, 13, 15 


This function can be represented by the ordered pairs 
11,9), (2,13), (3, 15); (4, 15).(5, 12), (6, 10)}. 


In each ordered pair, the first coordinate (x-value) is the input and the second 
coordinate (y-value) is the output. 


Characteristics of a Function from Set A to Set B ) 


1. Each element in A must be matched with an element in B. 

2. Some elements in B may not be matched with any element in A. 

3. Two or more elements in A may be matched with the same element in B. 
4. An element in A (the domain) cannot be matched with two different 


ra elements in B. 


Ope w 
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There are four common ways to represent a function—verbally, numerically, 
graphically, and algebraically. 


Four Ways to Represent a Function } 


1. Verbally by a sentence that describes how the input variable is related to 
the output variable 


2. Numerically by a table or a list of ordered pairs that matches input values 
with output values 


3. Graphically by points in a coordinate plane in which the horizontal 
positions represent the input values and the vertical positions represent 
the output values 


4. Algebraically by an equation in two variables 


To determine whether a relation is a function, you must decide whether each input 
value is matched with exactly one output value. When any input value is matched with 
two or more output values, the relation is not a function. 


EXAMPLE 1 Testing for Functions 


Determine whether the relation represents y as a function of x. 


a. The input value x is the number of representatives from a state, and the output value 
y is the number of senators. 


pe Input, x | Output, y - i 
e 3 e 
> ll 3 
1 
. a $9} x 
3 8 -3-2-1 123 
-2 
4 5 -3 
5 1 


Solution 


a. This verbal description does describe y as a function of x. Regardless of the value of 
x, the value of y is always 2. This is an example of a constant function. 


b. This table does not describe y as a function of x. The input value 2 is matched with 
two different y-values. 


c. The graph does describe y as a function of x. Each input value is matched with 
exactly one output value. 
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Determine whether the relation represents y as a function of x. 


a. Domain, x Range, y b. Input, x 0 1 2131/4 


2 ey Output, y | —4 | -2]0|2 | 4 
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HISTORICAL NOTE 


Many consider Leonhard 
Euler (1707-1783), a 
Swiss mathematician, to 
be the most prolific and 
productive mathematician in 
history. One of his greatest 
influences on mathematics 
was his use of symbols, or 
notation. Euler introduced 
the function notation 


y = f(x). 
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Representing functions by sets of ordered pairs is common in discrete mathematics. 
In algebra, however, it is more common to represent functions by equations or formulas 


involving two variables. For example, the equation 
y=x y is a function of x. 


represents the variable y as a function of the variable x. In this equation, x is 
the independent variable (the input) and y is the dependent variable (the output). 
The domain of the function is the set of all values taken on by the independent variable 
x, and the range of the function is the set of all values taken on by the dependent 
variable y. 


EXAMPLE 2 Testing for Functions Represented Algebraically 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Determine whether each equation represents y as a function of x. 
axvrty=l1 bo -x+y=1 
Solution To determine whether y is a function of x, solve for y in terms of x. 
a. Solving for y yields 
erty=1 Write original equation. 
y=1- x. Solve for y. 
To each value of x there corresponds exactly one value of y. So, y is a function of x. 


b. Solving for y yields 


mate, See y? = 1 Write original equation. 
yw=lt+x Add x to each side. 
y= ea Tl ae Solve for y. 
The + indicates that to a given value of x there correspond two values of y. For 
instance, when x = 3, y = 2 ory = —2. So, y is not a function of x. 
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Determine whether each equation represents y as a function of x. 


axrt+y=8 b. y — 4x° = 36 | 


When using an equation to represent a function, it is convenient to name the 
function for easy reference. For instance, you know from Example 2(a) that the 
equation y = 1 — x? describes y as a function of x. By naming this function “f,” you 
can write the input, output, and equation using function notation, as shown below. 


Input Output Equation 
x F() f= le 


The symbol f(x) is read as the value of f at x or simply f of x. The symbol f(x) 
corresponds to the y-value for a given x. So, y = f(x). Keep in mind that f is the name 
of the function, whereas f(x) is the output value of the function at the input value x. For 
example, the function f(x) = 3 — 2x has function values denoted by f(— 1), f(0), (2), 
and so on. To find these values, substitute the specified input values into f. 


For x = —1, f(-1) =3 -2(-1) =3 +2=5. 
For x = 0, f(0) =3 — 200) =3 -0 =3. 
For x = 2, f2) =3 -22)=3-4=-1. 
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Although it is often convenient to use f as a function name and x as the independent 
variable, other letters may be used as well. For example, 


f(x) =x? — 4x + 7, fi) =? -— 4t+ 7, and g(s) = s2? 459 +7 


all define the same function. In fact, the role of the independent variable is that of a 
“placeholder.” Consequently, the function can be described by 


f(M) = (MY - 4) +7. 
Evaluating a Function 


Let g(x) = —x? + 4x + 1. Find g(2), g(t), and g(x + 2). 
Solution 
To find g(2), replace x with 2 in g(x) = —x? + 4x + 1 and simplify. 
e(2) = —(2)? + 402) + 1 
=-44+8+1 
=5 


To find g(t), replace x with t and simplify. 
a) = —(@) + 4) + 1 
=-P+4t+1 


To find g(x + 2), replace x with x + 2 and simplify. 
In Example 3, note that 


2G: +2) isnot equal’ a(x + 2) = -( 4+ 2)? + 4004+ 2) 41 Substitute x + 2 for x. 

g(x) + g(2). In general, =-(2 + 44+ 4) + 444+ 841 Multiply. 

glu + v)# g(u) as g(v). = -x -—-4%-4+4*+8+4+1 Distributive Property 
=-x24+5 Simplify. 
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Let f(x) = 10 — 3x2. Find f(2), f(—4), and f(x — 1). | 


A function defined by two or more equations over a specified domain is called a 
piecewise-defined function. 


EXAMPLE 4 A Piecewise-Defined Function 


Evaluate the function f when x = —1, 0, and 1. 


w+, x<O0 
fo) ={" 7 x20 
Solution Because x = —1 is less than 0, use f(x) = x? + 1 to obtain 


f(—) =(-12 +1=2. 
For x = 0, use f(x) = x — 1 to obtain 
#0) = @ -1=-1. 


For x = 1, use f(x) = x — 1 to obtain 


A=) =1=0, 
Pt mo VY Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 
a 
Bb 
ae ¢ Evaluate the function f given in Example 4 when x = — 2, 2, and 3. pe | 
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Finding Values for Which f(x) = 0 


Find all real values of x for which f(x) = 0. 


a. f(x) = —2x+ 10 


b. f(x) =x? — 5x + 6 


Solution For each function, set f(x) = 0 and solve for x. 


a. —2x+ 10 =0 
—2x = —10 


x=5 


So, f(x) = 0 when x = 5. 


b x7 —5x+6=0 
(x — 2)(x — 3) =0 
x-2=0 
x-3=0 


—_ x=2 
= x«=3 


So, f(x) = 0 when x = 2 or x = 3. 


Set f(x) equal to 0. 
Subtract 10 from each side. 


Divide each side by —2. 


Set f(x) equal to 0. 
Factor. 
Set Ist factor equal to 0. 


Set 2nd factor equal to 0. 


57 
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Find all real values of x for which f(x) = 0, where f(x) = x? — 16. 


Finding Values for Which f(x) = g(x) 


Find the values of x for which f(x) = g(x). 


a. f(x) = x? + Land g(x) = 3x — x? 


b. f(x) = x? — Land g(x) = -x? +x4+2 
Solution 
a. we+1l=3x-x 


2x7 — 3x +1=0 
(2x — 1) —- 1) =0 
2x -1=0 
x-1=0 


So, f(x) = g(x) when x = 1/2 orx = 1. 


x 


=> 
= 


Xx 


b. we—lL=—-x?+x+2 


2x7 —-x-3=0 
(2x — 3)(x + 1) =0 
2x —-3=0 
x+1=0 


So, f(x) = g(x) when x = 3/2 orx = —1. 


x 


= 
= 


x= 


i 
2 
1 


3 
2 


=] 


Set f(x) equal to g(x). 
Write in general form. 
Factor. 

Set Ist factor equal to 0. 


Set 2nd factor equal to 0. 


Set f(x) equal to g(x). 
Write in general form. 
Factor. 

Set 1st factor equal to 0. 


Set 2nd factor equal to 0. 
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Find the values of x for which f(x) = g(x), where f(x) = x? + 6x — 24 and 


g(x) = 4x — x. 
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The Domain of a Function 


The domain of a function can be described explicitly or it can be implied by the 
expression used to define the function. The implied domain is the set of all real 
numbers for which the expression is defined. For example, the function 

1 


f(x) =a 4 Domain excludes x-values that result in division by zero. 
x2 — 


has an implied domain consisting of all real numbers x other than x = +2. These two 
values are excluded from the domain because division by zero is undefined. Another 
common type of implied domain is that used to avoid even roots of negative numbers. 
For example, the function 


f(x) = ee x Domain excludes x-values that result in even roots of negative numbers. 


is defined only for x = 0. So, its implied domain is the interval [0, 00). In general, the 
domain of a function excludes values that cause division by zero or that result in the 
even root of a negative number. 


EXAMPLE 7 Finding the Domains of Functions 


Find the domain of each function. 


1 
a. f: {(—3,0), (—1, 4), (0, 2), (2,2), (4, -D} ob. gx) = 
x+5 
c. Volume of a sphere: V = $273 d. h(x) = /4 — 3x 


Solution 
a. The domain of f consists of all first coordinates in the set of ordered pairs. 
Domain = {—3, —1, 0, 2, 4} 


b. Excluding x-values that yield zero in the denominator, the domain of g is the set of 
all real numbers x except x = —5. 


c. This function represents the volume of a sphere, so the values of the radius r must 
be positive. The domain is the set of all real numbers r such that r > 0. 


d. This function is defined only for x-values for which 
4 — 3x 2 0. 


By solving this_inequality, you can conclude that x < i. So, the domain is the 
interval —00, 3]. 
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Find the domain of each function. 


1 


"f= 


c. Circumference of a circle: C = 2ar d. h(x) = /x — 16 a 


a. f: {(=2,2),(=1, 1), (0,3), 1, D, @,2)} bb. eG) 


In Example 7(c), note that the domain of a function may be implied by the physical 
context. For example, from the equation 
4 
V=-=nr 
3 
you have no reason to restrict r to positive values, but the physical context implies that 
a sphere cannot have a negative or zero radius. 
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Applications 


EXAMPLE 8 The Dimensions of a Container 


You work in the marketing department of a 
soft-drink company and are experimenting 
with a new can for iced tea that is slightly 
narrower and taller than a standard can. For 
your experimental can, the ratio of the height 
to the radius is 4. 


a. Write the volume of the can as a function 
of the radius r. 


b. Write the volume of the can as a function 


of the height h. 
Solution 
Write Vasa 
a. V(r) =arh = mr?(4r) = 4nr? function of r. 
h\? mh Write Vasa 
b. V(h) =arh = n(*) h= 16 function of h. 
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For the experimental can described in Example 8, write the surface area as a function 
of (a) the radius r and (b) the height h. 


The Path of a Baseball 


A batter hits a baseball at a point 3 feet above ground at a velocity of 100 feet per second 
and an angle of 45°. The path of the baseball is given by the function 


f(x) = —0.0032x2 + x + 3 


where f(x) is the height of the baseball (in feet) and x is the horizontal distance from 
home plate (in feet). Will the baseball clear a 10-foot fence located 300 feet from 
home plate? 


Algebraic Solution Graphical Solution 
Find the height of the baseball when x = 300. jos 
Y1=-0.0032X2+X+3 
f(x) = —0,0032x7 + x + 3 Write original function. 

f(300) = —0.0032(300)? + 300 + 3 Substitute 300 for x. When x = 300, y = 15. 
= a So, the ball will clear 
= Simplify. a 10-foot fence. 

When x = 300, the height of the baseball is 15 feet. So, the baseball [x=300 J 400 
will clear a 10-foot fence. ) 


Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
A second baseman throws a baseball toward the first baseman 60 feet away. The path 
of the baseball is given by the function 

f(x) = —0.004x? + 0.3x + 6 


where f(x) is the height of the baseball (in feet) and x is the horizontal distance from 
the second baseman (in feet). The first baseman can reach 8 feet high. Can the first 
baseman catch the baseball without jumping? a 
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>¢\"i2e-e0 Mortgage Debt 


The total mortgage debt M (in trillions of dollars) for all U.S. consumers decreased in 
a linear pattern from 2009 through 2013, and then increased in a quadratic pattern from 
2014 through 2019, as shown in the bar graph. These two patterns can be approximated 
by the function 


() = teaae + L477, 9st< 14 
0.037617 — 1.003 + 14.77, 14 <1r< 19 


where ¢ represents the year, with t = 9 corresponding to 2009. Use this function 
to approximate the mortgage debt for all U.S. consumers in 2010, 2014, and 2016. 
(Source: New York Fed Consumer Credit Panel/Equifax) 


U.S. Consumers: Mortgage Debt 


M 
A 
10 | 
g 9 || 
as] 
sel 
5 
5 4 
— 3 
~-om ff ok f @ B 
1 
UW; >t 
9 10 11 12 13 14 15 16 17 18 19 
Year (9 © 2009) 


Solution The year 2010 corresponds to t = 10, so use M(t) = —0.268t + 11.47. 


M(10) = —0.268(10) + 11.47 Substitute 10 for f. 
= $8.79 trillion Simplify. 
The year 2014 corresponds to tf = 14, so use M(t) = 0.037677 — 1.003¢ + 14.77. 
M(14) = 0.0376(14)2 — 1.003(14) + 14.77 Substitute 14 for t. 
= $8.0976 trillion Simplify. 
The year 2016 corresponds to f = 16, so use M(t) = 0.037677 — 1.003¢ + 14.77. 
M(16) = 0.0376(16)2 — 1.003(16) + 14.77 Substitute 16 for t. 
= $8.3476 trillion Simplify. 
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The total credit card debt C (in trillions of dollars) for all U.S. consumers from 2009 
through 2019 can be approximated by the function 


Cl) = ee — 0.339 + 2.81, 9<14< 13 
0.037t + 0.16, 13<t<19 


where ¢ represents the year, with t = 9 corresponding to 2009. Use this function 
to approximate the credit card debt for all U.S. consumers in 2010, 2013, and 
2018. (Source: New York Fed Consumer Credit Panel/Equifax) 


One of the basic definitions in calculus uses the ratio 


f(x + h) — fQ) 
A ; 


h#0. 


This ratio is a difference quotient, as illustrated in Example 11. 
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ONENESS §=Evaluating a Difference Quotient fn 


For f() = 22 — 4x + 7, find $2 +9) — fo) 


h 
Solution 
fe+h) —f@)_ (@ +82 —4@ 44) 4+7)—-@CH—e +7) 
h h 
x? + 2xh + Wh? — 4x —-4ht+7-— x2 + 4x -7 
h 

hig ; 2xh + h? — 4h 
You may find it easier to = h 
calculate the difference quotient 
in Example 11 by first finding - h(2x + h — 4) 
f(x + A), and then substituting h 
the resulting expression into the =2x+h—-4, h#0 


difference quotient 


fle + h) =f) 
h For f(x) = x2 + 2x — 3, find 
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fle +H) - sO) 
—i3 - 


Summary of Function Terminology | 


Function: A function is a relation between two variables such that to each 
value of the independent variable there corresponds exactly one value of the 
dependent variable. 


Function notation: For the function y = f(x), f is the name of the function, y 
is the dependent variable, or output value, x is the independent variable, or 
input value, and f(x) is the value of the function at x. 


Domain: The domain of a function is the set of all values (inputs) of the 
independent variable for which the function is defined. If x is in the domain of f, 
then f is defined at x. If x is not in the domain of f, then f is undefined at x. 


Range: The range of a function is the set of all values (outputs) taken on by 
the dependent variable (that is, the set of all function values). 


Implied domain: If f is defined by an algebraic expression and the domain is 
not specified, then the implied domain consists of all real numbers for which 
the expression is defined. 


Summarize (Section P.5) 


1. State the definition of a function and describe function notation 
(pages 53-57). For examples of determining functions and using 
function notation, see Examples 1-6. 


2. State the definition of the implied domain of a function (page 58). For an 
example of finding the domains of functions, see Example 7. 


3. Describe examples of how functions can model real-life problems (pages 59 
and 60, Examples 8-10). 


4. State the definition of a difference quotient (page 60). For an example of 
nd evaluating a difference quotient, see Example 11. 


Sir! 
GO DIGITAL 
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62 Chapter P Prerequisites 
iti 


See CalcChat.com for tutorial help and worked-out solutions fe 


P . 5 Exe rcises to odd-numbered exercises. 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. For an equation that represents y as a function of x, the set of all values taken on by the 
variable x is the domain, and the set of all values taken on by the variable y is the range. 


f(x + h) = f@) 
h 


2. One of the basic definitions in calculus uses the ratio ,h # 0. This ratio is a 


. Explain the difference between a relation and a function. 
. Let g(x) = 4x — 5. Explain how to determine g(x + 2). 


. Is the domain of a piecewise-defined function implied or explicitly described? 


Nn bh Ww 


. Explain how the domain of y = \/4 — x? can be determined. 


Skills and Applications 


Testing for Functions In Exercises 7-10, determine 15. y= /16—- + 16. y= J/x+5 
whether the relation represents y as a function of x. = a 
17. y=4— |x| 
7. Domain, x Range, y 8. Domain, x Range, y 18. jy] =4-x 
-—2 ——>5 ae 19. yr —75 
a! 6 eas 20.x-—1= 
0 a 0 ae 3 
1 8 a Evaluating a Function In Exercises 21-30, find each 
2 2 function value, if possible. 


9. eee io | 7/14] 7 | 10 21. g(t) = 412 — 3¢ + 5 
(a) g(2) (b) g(—1) (c) g(t + 2) 
Output, y | 3 | 6) 9 | 12 | 15 2. V(p) = Sar? 
v3 b) Vis v2 
om Input,x | -2|0|2/4]6 5 = 7 be (3) (c) V(2r) 
| Eee (a) (4) (b) £0.25) ©) 4x2) 
24, f(x) = Je 8 +2 


Testing for Functions In Exercises 11 and 12, which 


sets of ordered pairs represent functions from A to B? (a) f(—8)  (&) fC) (c) f(x — 8) 
Explain. 25. q(x) = 1/0? — 9) 
11. A = {0, 1,2, 3} and B = {—2, —1,0, 1,2} (a) gq) (b) 43) (c) gly + 3) 
(a) {(0, 1), (, —2), 2, 0), (3, 2)} 2b AOS OE te 
(b) {(0, 0), (ce 0), (2, 0), (3, 0)} (a) q(2) (b) q(0) (c) q(—x) 
(c) {(0, 2), 3,0), (1, D} A 
12, A= {a, b, ct and B = {0, 1, 2, 3} (a) f(2) (b) F(=2) (c) f(x = 1) 
(a) {(a, 1), (c, 2), (6. 3), (6, 3)} ae I) la = 
(b) {(a, (); (b, ), (c, 3)} (a) f(2) (b) f{—2) (c) f (x?) 
_ f2x+1, x<0 
(c) {(,4), 0,4), 2,0), 3, b)} 29, f(x) = i eee 
Testing for Functions Represented Algebraically (a) f(—1)  (b) F(0) (c) f(2) 
In Exercises 13-20, determine whether the equation tena peal 
represents y as a function of x. 30. f(x) = {a er “u oo 
cle ila Bee ya (@) f(-2) ® f-1) © £0) 
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Evaluating a Function In Exercises 31-34, complete 
the table. 


31. f(xy) = -x? +5 


i —2]-1/0]142 
f(x) 
32. h(t) = 5|t + 3| 
t 5 4 3 2 1 
h(t) 
—ix +4, xs 
33. f(x) = 
(x - 2), x>0 
se —2]-1/0]142 
f(x) 
9-— x7, x <3 
34, fa) = {77% | 


Finding Values for Which f(x) = 0 In Exercises 
35-42, find all real values of x for which f(x) = 0. 


35. f(x) = 15 — 3x 36. f(x) = 4x + 6 


= _ 2 
37. fe) = = 38. f(x) = 2 
39. f(x) =x - 81 
40. f(x) = x? — 6x — 16 
41. f(xy) =e - x 
42. f(x) = 8 — x? — 3x +3 


Finding Values for Which f(x) = g(x) In Exercises 
43-46, find the value(s) of x for which f(x) = g(x). 
43. f(x) =x, g(x) = x42 
=x? +2x+1, g(x) = 5x4 19 
= x4 — 2x7, 9(x) = 2x 
46. f(x) = J/x — 4, g(x) =2-—x 
Finding the Domain of a Function In Exercises 
47-54, find the domain of the function. 
47. f(x) =5r +x-1 48. g(x) = 1 — 2x? 
49. g(y) = Vy + 6 50. fl) = Vt +4 


3 6 
x+2 ae Rae 


1 
51. 9(x) = - 


P.5 Functions 63 


J/s-1 x+2 
54. a 
s-4 fle) /x — 10 
55. Maximum Volume An open box of maximum 
volume is made from a square piece of material 
24 centimeters on a side by cutting equal squares from 
the corners and turning up the sides (see figure). 


53. f(s) = 


X «24-274 eX 


(a) The table shows the volumes V (in cubic centimeters) 
of the box for various heights x (in centimeters). 
Use the table to estimate the maximum volume. 


Height, x 1 2 3 4 3 6 
Volume, V | 484 | 800 | 972 | 1024 | 980 | 864 


(b) Plot the points (x, V) from the table in part (a). Does 
the relation defined by the ordered pairs represent V 
as a function of x? If it does, write the function and 
determine its domain. 


56. Maximum Profit The cost per unit in the production 
of an electronic device is $60. The manufacturer charges 
$90 per unit for orders of 100 or less. To encourage 
large orders, the manufacturer reduces the charge by 
$0.15 per electronic device for each unit ordered in 
excess of 100 (for example, the charge is reduced to $87 
per electronic device for an order size of 120). 


(a) The table shows the profits P (in dollars) for 
various numbers of units ordered, x. Use the table 
to estimate the maximum profit. 


Units, x | 130 | 140 | 150 160 170 
Profit, P | 3315 | 3360 | 3375 | 3360 | 3315 


(b) Plot the points (x, P) from the table in part (a). Does 
the relation defined by the ordered pairs represent P 
as a function of x? If it does, write the function and 
determine its domain. (Note: P = R — C, where R 
is revenue and C is cost.) 


57. Path of a Ball You throw a baseball to a child 
25 feet away. The height y (in feet) of the baseball is 
given by 
y= =x? + 3x +6 
where x is the horizontal distance (in feet) from where 


you threw the ball. Can the child catch the baseball 
while holding a baseball glove at a height of 5 feet? 
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Pe ss. Package A rectangular package has a combined 


length and girth (perimeter of a cross section) of 108 
inches (see figure). 


(a) Write the volume V of the package as a function 
of x. What is the domain of the function? 


(b) Use a graphing utility to graph the function. Be sure 
to use an appropriate window setting. 


(c) What dimensions will maximize the volume of the 
package? Explain. 

59. Geometry A right triangle is formed in the first 

quadrant by the x- and y-axes and a line through the point 

(2, 1) (see figure). Write the area A of the triangle as a 

function of a, and determine the domain of the function. 


Figure for 59 Figure for 60 


60. Geometry A rectangle is bounded by the x-axis 
and the semicircle y = ./36 — x* (see figure). Write 
the area A of the rectangle as a function of x, and 
graphically determine the domain of the function. 

61. Pharmacology The percent p of prescriptions filled 
with generic drugs at CVS Pharmacies from 2012 
through 2018 (see figure) can be approximated by the 
model 


1.76 + 58.3, 12 
(i = | 


0.90 + 71.5, 16 


t< 16 
t= 18 


= 
= 


where f¢ represents the year, with t = 12 corresponding 
to 2012. Use this model to find the percent of 
prescriptions filled with generic drugs in each year 
from 2012 through 2018. (Source: CVS Health) 


Percent of prescriptions 


Poe ee ee 
14 15 16 17 #18 
Year (12 © 2012) 


80-+ 
BE 
4 
T 
13 


T 
12 


© iStockPhoto.com/Jennifer_Sharp 


62. Median Sale Price The median sale price p (in 
thousands of dollars) of houses sold in the United 
States from 2007 through 2019 (see figure) can be 
approximated by the model 


4.0112? — 76.89t + 586.7, 7<st< 12 
p(t) = 4 14.94t + 70.0, 12<t<17 
— 4.26317 + 152.04t — 1030.4, 17 st < 19 


where f¢ represents the year, with t = 7 corresponding 
to 2007. Use this model to find the median sale 
price of houses sold in each year from 2007 through 
2019. (Source: Federal Reserve Bank of St. Louis) 


Median sale price 
(in thousands of dollars) 


tN 
S 
oO 
i 
T 


eat T T T T T T T T T T T >t 
7 8 9 10 11 12 13 14 15 16 17 18 19 
Year (7 © 2007) 
63. Height of a Balloon A balloon carrying a 


transmitter ascends vertically from a point 3000 feet 

from the receiving station. 

(a) Draw a diagram that gives a visual representation 
of the problem. Let h represent the height of the 
balloon and let d represent the distance between the 
balloon and the receiving station. 

(b) Write the height of the balloon as a function of d. 
What is the domain of the function? 


64. Physics 
The function F(y) = 149.76./10y°/? estimates 
the force F (in tons) of water 
against the face of 
a dam, where y is 
the depth of the 
water (in feet). 

(a) Complete the 
table. What can 
you conclude 
from the table? 


10 


Fy) 


(b) Use the table to approximate the depth at which 
the force against the dam is 1,000,000 tons. 

(c) Find the depth at which the force against the 

dam is 1,000,000 tons algebraically. 
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65. 


66. 


Transportation For groups of 80 or more people, 
a charter bus company determines the rate per person 
according to the formula 


Rate = 8 — 0.05(n — 80), n = 80 


where the rate is given in dollars and n is the number of 
people. 


(a) Write the revenue R for the bus company as a 
function of n. 


(b) Use the function in part (a) to complete the table. 
What can you conclude? 


n 90 
R(n) 


100 | 110 | 120 | 130 | 140 | 150 


E-Filing The table shows the numbers of tax returns 
(in millions) made through e-file from 2011 through 
2018. Let f(¢) represent the number of tax returns made 
through e-file in the year ¢. (Source: eFile) 


Number of Tax Returns 


Year 


Made Through E-File 


5) 2011 112.2 
2/ 2012 112.1 
z| 2013 114.4 
z| 2014 125.8 
=| 2015 128.8 
=| 2016 131.9 
E) 2017 135.5 

2018 137.9 


(2018) — f(2011) 
2018 — 2011 
the context of the problem. 
(b) Make a scatter plot of the data. 
(c) Find a linear model for the data algebraically. Let 
N represent the number of tax returns made through 
e-file and let t = 11 correspond to 2011. 


(a) Find f 


and interpret the result in 


(d) Use the model found in part (c) to complete the 
table. 


tj 11) 12] 13] 14] 15 | 16 | 17 | 18 
N 


(e) Compare your results from part (d) with the actual 
data. 


fe (f) Use a graphing utility to find a linear model for the 


data. Let x = 11 correspond to 2011. How does 
the model you found in part (c) compare with the 
model given by the graphing utility? 


67. 


68. 


P.5 Functions 65 


Cost, Revenue, and Profit A company produces 
a product for which the variable cost is $12.30 per unit 
and the fixed costs are $98,000. The product sells for 
$17.98. Let x be the number of units produced and sold. 


(a) The total cost for a business is the sum of the variable 
cost and the fixed costs. Write the total cost C as a 
function of the number of units produced. 


(b) Write the revenue R as a function of the number of 
units sold. 


(c) Write the profit P as a function of the number of 
units sold. (Note: P = R — C) 


Average Cost The inventor of a new game believes 
that the variable cost for producing the game is 
$0.95 per unit and the fixed costs are $6000. The 
inventor sells each game for $1.69. Let x be the number 
of games produced. 


(a) The total cost for a business is the sum of the variable 
cost and the fixed costs. Write the total cost C as a 
function of the number of games produced. 


: nS : 
(b) Write the average cost per unit C = — as a function 
x 
of x. 


Evaluating a Difference Quotient In Exercises 
69-76, find the difference quotient and simplify your 


answer. 
6. f)=e—2vt4, FEFY-SO) 5 40 
i ij=ser: = = 9) a 
11. fa) =e +3x, FEFD=LO 5 4 
72. f(x) = 4x3 — 2x, fet hel he 
| = 83 
73. g(x) = 2 ae) = al ) ee 
Lf =f) 
74. f(t) = >, po tel 
75. f(x) = J/5x, = ss 
16. fa) = 28 +1, POLO ag 


Exploring the Concepts 


True or False? In Exercises 77-80, determine whether 
the statement is true or false. Justify your answer. 


77. 
78. 
79. 


80. 


Every relation is a function. 

Every function is a relation. 

For the function f(x) = x* — 1, the domain is (— ©, ©) 
and the range is (0, 00). 

The set of ordered pairs {(— 8, —2), (—6, 0), (—4, 0), 
(—2, 2), (0, 4), (2, —2)} represents a function. 
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Modeling Data In Exercises 81-84, determine which 
of the following functions 


f(x) = cx, g(x) = cx’, h(x) = c./|x|, and r(x) = = 
can be used to model the data and determine the value 


of the constant c that will make the function fit the data 
in the table. 


oe x} -4}-1/0)] 1 4 
y | —32 | -—2 | 0) —2 | —32 
e. x} —-4}]-1)0/1)4 
y|-1|-;]o/}4]1 
= x|-4}]-1 0 1/4 
y | —8 | —32 | Undefined | 32 | 8 
a x} -4}-1)/0/1)4 
y| 6 3 |}0|3 | 6 


85. Error Analysis Describe the error. 


The functions 


= 1 

¥ x—1 
have the same domain, which is the set 
of all real numbers x such that x = 1. x 


™_ 
OH HOW DO YOU SEE IT? The graph 


represents the height h of a projectile after 
t seconds. 


fx) = Vx 1 and g(x) 


Height (in feet) 


0.5 1.0 1.5 2.0 2.5 


Time (in seconds) 


(a) Explain why A is a function of tf. 


(b) Approximate the height of the projectile 
after 0.5 second and after 1.25 seconds. 


(c) Approximate the domain of h. 


(d) Is ta function of h? Explain. 


87. Think About It Given f(x) =x, is f the 
independent variable? Why or why not? 


88. Think About It Consider 
f(x) = /x —2 and g(x) = 3/x - 2. 
Why are the domains of f and g different? 


Video solutions at 


Review & Refresh \» LarsonPrecalculus.com 


Solving an Equation In Exercises 89-92, solve the 
equation. Check your solutions. 

89. 3 — 3x7 --x+3=0 

90. x3 + 2x7 -— 4x -8 =0 

91. 0 = —2x? — 7x + 15 

92. 0 = 2x? — 13x + 20 


Identifying Intercepts In Exercises 93 and 94, 
identify the x- and y-intercepts of the graph. 


93. 


Approximating Intercepts In Exercises 95-98, use a 
graphing utility to approximate any x-intercepts. 

95. y = 2x4 — 15x73 + 18x? 

96. y = x* — 10x? + 9 

97. y = x* — 3.61x + 2.86 

98. y = x° + 1.27x7 + 5.49 


Evaluating an Expression In Exercises 99-104, 
evaluate the expression. 
3? +4 = (1? +4) 
i oat | 
93/2 = 43/2 


99. 


100. 


Die 2 
101, 2 


102. 


103. ~;—} 


0+ Ja VB) 


104 


02-200-2 
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P.6 Analyzing Graphs of Functions 


© Use the Vertical Line Test for functions. 

© Find the zeros of functions. 

© Determine intervals on which functions are increasing or decreasing. 

© Determine relative minimum and relative maximum values of functions. 
© Determine the average rate of change of a function. 

© Identify even and odd functions. 


The Graph of a Function 


In Section P.5, you studied functions from a 

an algebraic point of view. In this section, od 
you will study functions from a graphical 
perspective. I+ = 


The graph of a function / is the 
collection of ordered pairs (x, f(x)) such 
that x is in the domain of f. As you study = Hl 
this section, remember that x is the directed ——d 
distance from the y-axis, and y = f(x) is the 
Graphs of functions can help directed distance from the x-axis (see figure 
you visualize relationships at the right). 
between variables in real life. 


For example, in Exercise 87 on 

page 76, you will use the graph Finding the Domain and Range of a Function 

of a function to visually represent 

the temperature in a city over a Use the graph of the function f, shown in y 

24-hour period. Figure P.36, to find (a) the domain of f, (b) the 5 t 
function values f(— 1) and f(2), and (c) the 
range of f. 


| >X 


Solution 


a. The closed dot at (— 1, 1) indicates that 
x = —1 is in the domain of f, whereas the 
open dot at (5, 2) indicates that x = 5 is not 
in the domain. So, the domain of f is all x 
in the interval [— 1, 5). 

b. One point on the graph of f is (—1, 1), so ag 
f(—1) = 1. Another point on the graph of Figure P.36 
f is (2, —3), so f(2) = —3. 

c. The graph does not extend below f(2) = —3 or above f(0) = 3, so the range of f 
is the interval [—3, 3]. 


Domain 


VY Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use the graph of the function f, shown in Figure P.37, to find (a) the domain of f, 
Figure P.37 (b) the function values f(0) and f(3), and (c) the range of f. |_| 


In Figures P.36 and P.37, note the use of dots (open or closed). A closed dot is a 
point on the graph whereas an open dot is not. Also, when a curve stops at a dot, such 
as in Figure P.36 at (— 1, 1), the graph does not extend beyond the dot. Note that a curve 
does not have to stop at a dot. The curve in Figure P.37 does not stop at any of the dots 
but continues past them. 


[+ 


GO DIGITAL 


© iStockPhoto.com/Dsafanda 
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By the definition of a function, at most one y-value corresponds to a given x-value. 
So, no two points on the graph of a function have the same x-coordinate, or lie on 
the same vertical line. It follows, then, that a vertical line can intersect the graph of 
a function at most once. This observation provides a convenient visual test called the 
Vertical Line Test for functions. 


Vertical Line Test for Functions | 


A set of points in a coordinate plane is the graph of y as a function of x if and 
only if no vertical line intersects the graph at more than one point. 


EXAMPLE 2 Vertical Line Test for Functions 


Use the Vertical Line Test to determine whether each graph represents y as a function 
of x. 


Most graphing utilities graph 
functions of x more easily than 
other types of equations. For 
example, the graph shown in 
Example 2(a) represents the 
equation x — (y — 1)? = 

To duplicate this graph using 
a graphing utility, you may 
have to solve the equation 
for y to obtain y = 1 + \/x, 
and then graph the two 
equations y, = 1 + x and 
y, = 1 — \/x in the same 
viewing window. 


Copyright 2022 Cengage Learning. All Ri; 


Solution 


a. This is not a graph of y as a function of x, because there are vertical lines that 
intersect the graph twice. That is, for a particular input x, there is more than one 
output y. 

b. This is a graph of y as a function of x, because every vertical line intersects the graph 


at most once. That is, for a particular input x, there is at most one output y. 


c. This is a graph of y as a function of x, because every vertical line intersects the graph 
at most once. That is, for a particular input x, there is at most one output y. (Note 
that when a vertical line does not intersect a graph, it simply means that the function 
is undefined for that particular value of x.) 


VY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use the Vertical Line Test to determine whether 
the graph represents y as a function of x. 2+ 


d, or duplic 
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f(x) = 3x2 +x-10 


(b) Zeros of g: x 


(c) Zero of h: t = 3 


Figure P.38 


sey 
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Zeros of a Function 


If the graph of a function of x has an x-intercept at (a,0), then a is a zero of 
the function. 


Zeros of a Function | 


The zeros of a function y = f(x) are the x-values for which f(x) = 0. 


EXAMPLE 3 Finding the Zeros of Functions 


Find the zeros of each function algebraically. 
a. f(x) = 3x7 +x - 10 
b. g(x) = /10 — 2 


26— 3 
c. h(t) = +5 


Solution To find the zeros of a function, set the function equal to zero and solve for 
the independent variable. 


a. 3x7 +x-10=0 Set f(x) equal to 0. 
(3x — 5)\(x + 2) =0 Factor. 
3x -—5 =O WD x= 3 Set Ist factor equal to 0. 
xt+2=0 > x=-2 Set 2nd factor equal to 0. 


The zeros of f are x = 3 and x = —2. In Figure P.38(a), note that the graph of f has 
x-intercepts at (3, 0) and (—2, 0). 


b. /10 — x7 =0 Set g(x) equal to 0. 


10 —- x7 =0 Square each side. 
10 = x? Add x? to each side. 
+ af 10 =X Extract square roots. 


The zeros of g are x = — \/10 and x = /10. In Figure P.38(b), note that the graph 
of g has x-intercepts at (- /10, 0) and ( /10, 0). 


ae Set h(#) equal to 0 
= et A(t) equal to 0. 
t+5 ’ 
2t-3=0 Multiply each side by t + 5. 
2t=3 Add 3 to each side. 
2 ae 
t= 5 Divide each side by 2. 


mi - of hist = 2. In Figure P.38(c), note that the graph of h has an x-intercept 
3 
at (5, 0). 
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Find the zeros of each function algebraically. 


a. f(x) = 2x2 + 13x- 24 be gp) = /t-25 cc h(x) = a 
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oe? 
S 
OF 
x 
oS) 
S 


Constant 


Figure P.39 


Increasing and Decreasing Functions 


The more you know about the graph of a function, the more you know about the 
function itself. Consider the graph shown in Figure P.39. As you move from left to 
right, this graph falls (decreases) from x = —2 to x = 0, is constant from x = 0 to 
x = 2, and rises (increases) from x = 2 to x = 4. 

The next definition summarizes when a function is increasing, decreasing, or 
constant on an open interval. 


Increasing, Decreasing, and Constant Functions | 


A function f is increasing on an interval when, for any x, and x, in the interval, 
X; <x) implies f(x,) < f(x). 

A function f is decreasing on an interval when, for any x, and x, in the interval, 
Ree xy) implics (4) 4 (a) 

A function f is constant on an interval when, for any x, and x, in the interval, 


Thee)! = FQ). 


EXAMPLE 4 Describing Function Behavior 


Determine the open intervals on which each function is increasing, decreasing, or 
constant. 


a+ 
(0, 1) (2, 1) 


t+1,t<0 
fi) =4 1,0<t<2 
anor —t+3,t>2 
(1, -2) 
(a) (b) (c) 
Solution 


a. This function is increasing on the interval (—0o, —1), decreasing on the interval 
(—1, 1), and increasing on the interval (1, 00). 


b. This function is increasing on the interval (— 00, 0), constant on the interval (0, 2), 
and decreasing on the interval (2, 00). 


c. This function may appear to be constant on an interval near x = 0, but for all real 
values of x, and x,, if x, < x,, then (x,)? < (x). So, the function is increasing on 
the interval (— 00, 00), 
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Graph the function f(x) = x3 + 3x? — 1. Then determine the open intervals on which 
the function is increasing, decreasing, or constant. Bi 
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A relative minimum or relative 
maximum is also referred to 

as a local minimum or local 
maximum. 


Relative 
maxima 


Relative minima 


Figure P.40 


Figure P.41 
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Relative Minimum and Relative Maximum Values 


The points at which a function changes its increasing, decreasing, or constant behavior 
are helpful in determining the relative minimum or relative maximum values of the 
function. 


Definitions of Relative Minimum and Relative Maximum | 


A function value f(a) is a relative minimum of f when there exists an 
interval (x,, x,) that contains a such that 


X; <x <x, implies f(a) < f(x). 


A function value f(a) is a relative maximum of f when there exists an interval 
(x), X>) that contains a such that 


X; <x <x, implies f(a) = f(x). 


Figure P.40 shows several different examples of relative minima and 
relative maxima. By writing a second-degree polynomial function in the form 
f(x) = a(x — h)? + k, you can find the exact point (h, k) at which it has a relative 
minimum or relative maximum. For the time being, however, you can use a graphing 
utility to find reasonable approximations of these points. 


EXAMPLE 5 Approximating a Relative Minimum 


Use a graphing utility to approximate the relative minimum of the function 
f(x) = 3x7 — 4x — 2. 


Solution The graph of f is shown in Figure P.41. By using the zoom and trace 
features or the minimum feature of a graphing utility, you can approximate that the 
relative minimum of the function occurs at the point (0.67, — 3.33). So, the relative 


minimum is approximately —3.33. By writing the given function in the form 


f(x) = 3(x a 2) a a you can determine that the exact point at which the relative 


a, se y 2 10 a $e ‘e 10 
minimum occurs is (3, — 3) and the exact relative minimum is — >. 
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Use a graphing utility to approximate the relative maximum of the function 


f(x) = —4x? — 7x + 3. |_| 


You can also use the table feature of a graphing utility to numerically approximate 
the relative minimum of the function in Example 5. Using a table that begins at 0.6 and 
increments the value of x by 0.01, you can approximate that the minimum of 


f(x) = 3x2 — 4x — 2 
occurs at the point (0.67, — 3.33). 


When you use a graphing utility to approximate the x- and y-values of the 
point where a relative minimum or relative maximum occurs, the zoom feature 
will often produce graphs that are nearly flat. To overcome this problem, 
manually change the vertical setting of the viewing window. The graph will 
stretch vertically when the values of Ymin and Ymax are closer together. 
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: Average Rate of Change 


> 


In Section P.4, you learned that the slope of a line can be interpreted as a rate of change. 
For a nonlinear graph, the average rate of change between any two points (x,, f(x,)) 
(Xp, fp) and (x5, f(x5)) is the slope of the line through the two points (see Figure P.42). The 
line through the two points is called a secant line, and the slope of this line is denoted 

~~ Secant as m,,.. 
line 


oe eesaens ‘ f f(%) — fy) 


Average rate of change of f from x, to x, = 


(x) f(%))) 


F(X) — FO) xy ~ xX} 
_ change in y 
; i = change in x 
Figure P.42 = Meo 
> OES) ~=Average Rate of Change of a Function fe 
Find the average rates of change of f(x) = x* — 3x (a) from x, = —2 tox, = —1 and 
(b) from x, = 0 to x, = 1 (see Figure P.43). 
Solution 
a. The average rate of change of f from x, = —2 tox, = —1is 
f(x) = fq) fl<t=fl=2) _ 2=(=2) 4 Secant line has 
Xy — Xy _ = (—2) ~ 1 ech positive slope. 


b. The average rate of change of f from x, = 0 to x, = Lis 


f(x) = Fa) _ fQ) — f(0) _ —2-0 =_92 Secant line has 


= = ti lope. 
X, x, 1 0 1 negative slope 
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Figure P.43 


Find the average rates of change of f(x) = x? + 2x (a) from x, = —3 tox, = —2 and 
(b) from x, = —2 tox, = 0. 


Finding Average Speed fon 


The distance s (in feet) a moving car is from a traffic signal is given by the function 
s(t) = 2003/2 


where f¢ is the time (in seconds). Find the average speed of the car (a) from t, = 0 to 
t, = 4 seconds and (b) from t, = 4 to t, = 9 seconds. 


Solution 


a. The average speed of the car from t, = 0 to t, = 4 seconds is 


s(t,) — s(t,) _ s(4) — s(0) _ 160 - 0 
th —t, 4-0 4 


= 40 feet per second. 


b. The average speed of the car from t, = 4 to t, = 9 seconds is 


s(t) — s(t) _ (9) — s(4) _ 540 — 160 
7 aor ar ein 5 = 76 feet per second. 


Y Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
corey 
bry In Example 7, find the average speed of the car (a) from t, = 0 to t, = | second and 


= 


opr. (b) from ¢; = 1 second to t, = 4 seconds. | 
GO DIGITAL 
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Even and Odd Functions 


In Section P.3, you studied different types of symmetry of a graph. In the terminology 
of functions, a function is said to be even when its graph is symmetric with respect 
to the y-axis and odd when its graph is symmetric with respect to the origin. The 
symmetry tests in Section P.3 yield the tests for even and odd functions below. 


Tests for Even and Odd Functions | 


A function y = f(x) is even when, for each x in the domain of f, f(—x) = f(x). 
A function y = f(x) is odd when, for each x in the domain of f, f(—x) = —f(x). 


EXAMPLE 8 Even and Odd Functions 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 
a. The function g(x) = x3 — x is odd because g(—x) = — g(x), as follows. 
g(— x) = (-x)8 = (—x) Substitute —x for x. 
=-xY+x Simplify. 
= —(x3 — x) Distributive Property 
=—g (x) Test for odd function 
b. The function h(x) = x? + 1 is even because h(—x) = h(x), as follows. 


(a) Symmetric to origin: odd function h(—x) = (- x? +1 = 22 + 1 = h(x) Test for even function 
Figure P.44 shows the graphs and symmetry of these two functions. 
nv Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Determine whether each function is even, odd, or neither. Then describe the symmetry. 


a. f(x) = 5 — 3x b. g(x) = x4 - x? - 1 c. A(x) = 2x3 + 3x |_| 


Summarize (Section P.6) 


1. State the Vertical Line Test for functions (page 68). For an example of using 
— — ey the Vertical Line Test, see Example 2. 


2. Explain how to find the zeros of a function (page 69). For an example of 


ip eS yea tne te a Hate) ev em TURGHON finding the zeros of functions, see Example 3. 


Figure P.44 
3. Explain how to determine intervals on which functions are increasing or 
decreasing (page 70). For an example of describing function behavior, see 
Example 4. 


4. Explain how to determine relative minimum and relative maximum values of 
functions (page 71). For an example of approximating a relative minimum, 
see Example 5. 


5. Explain how to determine the average rate of change of a function (page 72). 
For examples of determining average rates of change, see Examples 6 and 7. 


6. State the definitions of an even function and an odd function (page 73). 
For an example of identifying even and odd functions, see Example 8. 


Rene! 


raha 
relat 


GO DIGITAL 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


74 Chapter P_ Prerequisites 


See CalcChat.com for tutorial help and worked-out solutions Ce, 
to odd-numbered exercises. Ol ee 


P.6 Exercises 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-4, fill in the blanks. 


1. The 

2. A function f is 
f(x) > f(x). 

3. The 


of a function y = f(x) are the values of x for which f(x) = 0. 


on an interval when, for any x, and x, in the interval, x, < x, implies 


between any two points (x,, f(x,)) and (x,, f(x) 


is the slope of the line through the two points, and this line is called the line. 


4. A function f is 


when, for each x in the domain of f, f(—x) = —f(x). 


5. A vertical line intersects a graph twice. Does the graph represent a function? Explain. 
6. Let f be a function such that f(2) = f(x) for all values of x in the interval (0, 3). Does f(2) 


represent a relative minimum or a relative maximum? 


Skills and Applications 


Domain, Range, and Values of a Function In 

Exercises 7-10, use the graph of the function to find the 

domain and range of f and each function value. 

7. (a) f(—1) (b) FO) — 8 (a) f(—1)_—&) FO) 
(c) f() (d) f(2) (c) f() (d) f(3) 


(b) f(1) 
(d) f(-1) 


9. (a) f(2) 
(c) f(3) 


Vertical Line Test for Functions In Exercises 11-14, 


14. 


x 


Finding the Zeros of a Function In Exercises 15-26, 
find the zeros of the function algebraically. 


15. f(x) = 2x7 — 7x — 30 16. f(x) = 3x7 + 22x — 16 


17. f(x) = 4x3 — 2x 18. f(x) = —25x4 + 9x? 
19. f(x) = 2° — 4x7 — 9x + 36 
20. f(x) = 4x3 — 24x? —x + 6 


) 
21. f(x) = /2x- 1 
22. f(x) = /3x +2 
23. f(x) = Vx? - 1 
24. fix) = (+ 2x41 


x+3 
25. f(x) = mea 6 

x? — 9x + 14 
26. f(x) = ————— 


use the Vertical Line Test to determine whether the ad Graphing and Finding Zeros In Exercises 27-32, 


graph represents y as a function of x. 
11. 12. y 
A 


(a) use a graphing utility to graph the function and find 
the zeros of the function and (b) verify your results from 
part (a) algebraically. 
27. f(x) = x? — 6x 

29. f(x) = /2x + 11 


31. f(x) = = — 2 


28. f(x) = 2x? — 13x -— 7 
30. f(x) = /3x — 14-8 


2x2 — 9 
32. f(x) = — 
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Describing Function Behavior In Exercises 33-40, aad Describing Function Behavior In Exercises 41-48, 
determine the open intervals on which the function is 
increasing, decreasing, or constant. 


34. f(x) =x? — 4x 


33. f(x) = —33 


use a graphing utility to graph the function and visually 
determine the open intervals on which the function is 
increasing, decreasing, or constant. Use a table of values 
to verify your results. 


41. f(x) =3 42. g(x) =x 

43. g(x) = 5x2 —3 44, f(x) = 3x4 — 6x? 
45. f(x) = J/1—x 46. f(x) =xJ/x +3 
47. f(x) = 3/2 48. f(x) = 22/3 


BB Approximating Relative Minima or Maxima In 


Exercises 49-54, use a graphing utility to approximate (to 
two decimal places) any relative minima or maxima of the 
function. 

49. f(x) = x(x + 3) 

50. f(x) = -x2 + 3x -2 

51. A(x) = x — 6x7 + 15 

52. f(x) = 8 - 3x? -x+1 

53. h(x) = (x — 1) /x 

54. g(x) = x/4—x 


7 
f 


Graphical Reasoning In Exercises 55-60, graph 
the function and determine the interval(s) for which 
f(x) 2 0. 

55. f(x) =4-—x 
57. fix) =9 - xX 
59. f(x) = /x-1 


56. f(x) = 4x42 
58. f(x) = x2 — 4x 
60. f(x) = |x + 5| 


fi Average Rate of Change of a Function In Exercises 


61-64, find the average rate of change of the function 
from x, to x,. 


Function x-Values 
61. f(x) = —2x + 15 x, =0,x, = 3 
62. f(x) = x2 — 2x + 8 x, =1,x,=5 
63. f(x) =x — 3x2 - x x, =—-1,%=2 
64. f(x) = —8 + 62 + x x, =1,x%, =6 


Pb 65. Applied Research The amounts (in billions of 


dollars) the U.S. federal government spent on applied 
research from 2013 through 2018 can be approximated 
by the model 


y = 0.07297 — 0.526r + 24.34 


where ¢ represents the year, with t = 13 corresponding 
to 2013. (Source: National Center for Science and 
Engineering Statistics) 
(a) Use a graphing utility to graph the model. 

5 (b) Find the average rate of change of the model from 


2013 to 2018. Interpret your answer in the context 
of the problem. 
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66. Finding Average Speed Use the information in fi Length of a Rectangle In Exercises 85 and 86, write 
Example 7 to find the average speed of the car from the length L of the rectangle as a function of y. 
t, = 0 to t, = 9 seconds. Explain why the result is less 


: : 85. 86. »” 
than the value obtained in part (b) of Example 7. A Ag 
4+ (2, 4) 49(5.4) 


BB Physics In Exercises 67-70, (a) use the position 


3 —_ 
if equation s = —16f? + vf + s, to write a function that Aor 


represents the situation, (b) use a graphing utility to cs (1, 2) 
graph the function, (c) find the average rate of change di 
of the function from ¢, to ¢,, (d) describe the slope of the : ; =e : : : — 


secant line through ¢, and ¢,, (e) find the equation of the 
secant line through ¢, and ¢,, and (f) graph the secant line 


in the same viewing window as your position function. 87. Temperature 


The table shows the 
temperatures y (in 
degrees Fahrenheit) 
in a city over a 
24-hour period. 

Let x represent the 
time of day, where 
x = 0 corresponds 
to 6 A.M. 


67. An object is thrown upward from a height of 6 feet at a 
velocity of 64 feet per second. 


t, = 0,14, = 3 

68. An object is thrown upward from a height of 6.5 feet at 
a velocity of 72 feet per second. 
t, =0,4=4 

69. An object is thrown upward from ground level at a 
velocity of 120 feet per second. T 

emperature, y 

t= 3,=5 

70. An object is dropped from a height of 80 feet. 
t7=1,=2 

Even, Odd, or Neither? In Exercises 71-76, determine 


whether the function is even, odd, or neither. Then 
describe the symmetry. 


71. f(x) = x8 — 2x7 +3 72. g(x) = 38 — 5x 
73. h(x) = xJ/x+5 74. f(x) =xJ/1 — 
75. f(s) = 4s3/2 76. 9(s) = 482 


Spreadsheet at LarsonPrecalculus.com 


Even, Odd, or Neither? In Exercises 77-82, sketch a 
graph of the function and determine whether it is even, 
odd, or neither. Verify your answer algebraically. 


These data can be approximated by the model 


Teh . == Be a a a y = 0.026x3 — 1.03x2 + 10.2x + 34, OSx 5 24. 
79. f(x) = —|x-—5 80. h(x) = x7 — 4 
81 ; (x) i | 82. f(x) ra (a) Use a graphing utility to create a scatter plot of 

» f(x) = 4x » fa) =x = 


the data. Then graph the model in the same 
viewing window. 
(b) How well does the model fit the data? 


(c) Use the graph to approximate the times when 
the temperature was increasing and decreasing. 


f Height of a Rectangle In Exercises 83 and 84, write 
the height / of the rectangle as a function of x. 


83.» 84. 


(d) Use the graph to approximate the maximum and 
minimum temperatures during this 24-hour period. 


No WwW 
' 
i 
' 


i 


(e) Could this model predict the temperatures in 
the city during the next 24-hour period? Why 
or why not? 


© iStockPhoto.com/Dsafanda 
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88. Geometry Corners of equal size are cut from a 
square with sides of length 8 meters (see figure). 
—— § m——" 
x xX 


xX xX 


x x 
x xX 
(a) Write the area A of the resulting figure as a function 
of x. Determine the domain of the function. 

Py (b) Use a graphing utility to graph the area function 
over its domain. Use the graph to find the range of 
the function. 

(c) Identify the figure that results when x is the 
maximum value in the domain of the function. 
What would be the length of each side of the figure? 


Exploring the Concepts 


True or False? In Exercises 89 and 90, determine 
whether the statement is true or false. Justify your answer. 


89. A function with a square root cannot have a domain that 
is the set of real numbers. 

90. It is possible for an odd function to have the interval 
[0, 00) as its domain. 


91. Error Analysis Describe the error. 


The function f(x) = 2x7-—5 is odd because 
f(—x) = —f(x), as follows. 


fox) = 2-4 — 5 
= —-23-5 
= —(2x3 — 5) 


_— x 


Ory HOW DO YOU SEE IT? Use the graph of 


the function to answer parts (a)-(e). 


(a) Find the domain 
and range of f. 

(b) Find the zero(s) 
of f. 

(c) Determine the 
open intervals 
on which f is 
increasing, 
decreasing, or 
constant. 


(d) Approximate any relative minimum or 
relative maximum values of /f. 


(e) Is f even, odd, or neither? 


| Rights Reserved 


P.6 Analyzing Graphs of Functions 77 


Think About It In Exercises 93 and 94, find the 
coordinates of a second point on the graph of a function 
Jf when the given point is on the graph and the function 
is (a) even and (b) odd. 


93. (—3, -7) 94. (2a, 2c) 


fe 95. Writing Use a graphing utility to graph each 


function. Write a paragraph describing any similarities 
and differences you observe among the graphs. 


(a) y=x (b) y= x? (cc) y=x 
d@y=x4* © y=” (f) y= x8 

96. Reasoning Determine whether each function is 
even, odd, or neither. 
id= ax g(x) = 23 + 1 
h(x) = 2° — 23+ x jx) =2- x8 -— x 
k(x) = 2? — 244+ x-2 pW) = 4+3VP- 4+ x 


8 


What do you notice about the equations of functions 
that are odd? What do you notice about the equations 
of functions that are even? Can you describe a way 
to identify a function as odd or even by inspecting 
the equation? Can you describe a way to identify a 
function as neither odd nor even by inspecting the 
equation? 


y Video solutions at 
Review & Refresh \» LarsonPrecalculus.com 


Finding an Equation of a Line In Exercises 97-100, 
find an equation of the line passing through the pair of 
points. Sketch the line. 
97. (1, 3), (4, 0) 
99. (5, 0), (5, 1) 


98. (—2, 6), (4, —9) 
100. (6, — 1), (—6, —1) 
Evaluating a Function In Exercises 101-104, find 


each function value. 


101. f(x) = 5x -3 


(a) f(—3) (b) (3) (c) f(x + 3) 
102. f(x) =x? + 3x-1 
(a) f(—2) (b) (4) (c) fe - 1) 
2, 3, <1 
we eae aed 
(a) f(0) (b) f(1) (c) f(2) 
—}x —-6 xs -4 
A Ea) = x+5 x>—-4 
(a) f(—8) (b) f(—4) (c) f(0) 


Writing an Algebraic Expression In Exercises 105 
and 106, write an algebraic expression for the verbal 
description. 


105. The sum of two consecutive natural numbers 


106. The product of two consecutive natural numbers 
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P.7 A Library of Parent Functions 


Piecewise-defined functions 
model many real-life situations. 
For example, in Exercise 45 

on page 84, you will write a 
piecewise-defined function to 
model the depth of snow during 
a snowstorm. 


Ohya 
age 


fibres 
oe. 


GO DIGITAL 


© Identify and graph linear and squaring functions. 

© Identify and graph cubic, square root, and reciprocal functions. 
© Identify and graph step and other piecewise-defined functions. 
© Recognize graphs of commonly used parent functions. 


Linear and Squaring Functions 


One of the goals of this text is to enable you to recognize the basic shapes of the graphs 
of different types of functions. For example, you know that the graph of the linear 
function f(x) = ax + bisa line with slope m = a and y-intercept at (0, b). The graph 
of a linear function has the characteristics below. 


¢ The domain of the function is the set of all real numbers. 
¢ When m # 0, the range of the function is the set of all real numbers. 
* The graph has an x-intercept at (— b/m, 0) and a y-intercept at (0, b). 


¢ The graph is increasing when m > 0, decreasing when m < 0, and constant 
when m = 0. 


EXAMPLE 1 Writing a Linear Function 


Write the linear function f for which f(1) = 3 and f(4) = 0. 


Solution To find the equation of the line that passes through (x,, y,) = (1, 3) and 
(x, y>) = (4, 0), first find the slope of the line. 
Yo Yi OS SB 


= —1 
m =a A=] 3 


Next, use the point-slope form of the equation of a line. 


y — y, = m(x — x,) Point-slope form 
y—-3=-1@-1) Substitute for x,, y,, and m. 
y=-xt+4 Simplify. 
f@) =-x+4 Function notation 


The figure below shows the graph of f. Note that the points (1, 3) and (4, 0) lie on the 
graph, corresponding to the given function values f(1) = 3 and f(4) = 0, respectively. 


i Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Write the linear function f for which f(—2) = 6 and f(4) = —9. ps | 


© DenisTangneyJr/Getty Images 
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There are two special types of linear functions, the constant function and the 
identity function. A constant function has the form 


f(x) =6 Constant function 


and has a domain of all real numbers with a range consisting of a single real number c. 
The graph of a constant function is a horizontal line, as shown in Figure P.45. The 
identity function has the form 


f(x) =X. Identity function 


Its domain and range are the set of all real numbers. The identity function has a slope 
of m = | and a y-intercept at (0, 0). The graph of the identity function is a line for 
which each x-coordinate equals the corresponding y-coordinate. The graph is always 
increasing, as shown in Figure P.46. 


y 
A 
3 ae 
a7 
1+ 
[-—> x 
i] 2 3 
Constant function Identity function 
Figure P.45 Figure P.46 


The graph of the squaring function 


f@) = 9 
is a U-shaped curve with the characteristics below. 
¢ The domain of the function is the set of all real numbers. 
¢ The range of the function is the set of all nonnegative real numbers. 
¢ The function is even. 
° The graph has an intercept at (0, 0). 


* The graph is decreasing on the interval (— 00, 0) and increasing on the 
interval (0, 00). 


¢ The graph is symmetric with respect to the y-axis. 


° The graph has a relative minimum at (0, 0). 


The figure below shows the graph of the squaring function. 


-1+ 0,0) 


Squaring function 
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Cubic, Square Root, and Reciprocal Functions 


Here are the basic characteristics of the graphs of the cubic, square root, and 
reciprocal functions. 


1. The graph of the cubic function 
Iwas 
has the characteristics below. 


¢ The domain of the function is the set of 
all real numbers. 


¢ The range of the function is the set of all 
real numbers. 


¢ The function is odd. 


° The graph has an intercept at (0, 0). 
* The graph is increasing on the interval Cubic function 
(— 00, 00). 
¢ The graph is symmetric with respect to 
the origin. 


The figure shows the graph of the cubic function. 


2. The graph of the square root function Y 


f(x) = Jx at 


has the characteristics below. ee foes 


¢ The domain of the function is the set of a+ 
all nonnegative real numbers. 


* The range of the function is the set of all (0, 0) 


T T T T T t—> x 


nonnegative real numbers. -1 1 2 3 4 = 5 


* The graph has an intercept at (0, 0). 


e The graph is increasing on the interval 
(0, 00). Square root function 


The figure shows the graph of the square root 
function. 


3. The graph of the reciprocal function y 


f(x) -+ : 


has the characteristics below. 


¢ The domain of the function is ae 
(—00, 0) U (0, 00). -1 1 
¢ The range of the function is 
(—00, 0) U (0, 00). 


¢ The function is odd. 


> X 


bt 
Ww 


¢ The graph does not have any intercepts. Reciprocal function 


¢ The graph is decreasing on the intervals 
(—©0, 0) and (0, 00). 

¢ The graph is symmetric with respect to 
the origin. 


The figure shows the graph of the reciprocal 
function. 


nd 
TAL 
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Greatest integer function 
Figure P.47 


=3 =2 =] 1 2 3 4 °5 
Oo -2- 
Figure P.48 


oe lO 


Che 

ie 

CO} dex =a 
GO DIGITAL 
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Step and Piecewise-Defined Functions 


Functions whose graphs resemble sets of stairsteps are known as step functions. One 
common type of step function is the greatest integer function, denoted by [x] and 
defined as 


f(x) = [x] = the greatest integer less than or equal to x. 
Here are several examples of evaluating the greatest integer function. 


[- 1] = (greatest integer < —1) = -1 


[-4] = ( reatest integer < -5) =-—!| 
a \e a > 


1 1 
ml = (ereates integer S <) =0 


[1.9] = (greatest integer < 1.9) = 1 
The graph of the greatest integer function f(x) = [x] has the characteristics below, as 
shown in Figure P.47. 

¢ The domain of the function is the set of all real numbers. 

¢ The range of the function is the set of all integers. 

¢ The graph has a y-intercept at (0, 0) and x-intercepts in the interval [0, 1). 

¢ The graph is constant between each pair of consecutive integer values of x. 


¢ The graph jumps vertically one unit at each integer value of x. 


Most graphing utilities display graphs in connected mode, which works well 
for graphs that do not have breaks. For graphs that do have breaks, such as the 
graph of the greatest integer function, it may be better to use dot mode. Graph 
the greatest integer function [often called Int(x)] in connected and dot modes, 
and compare the two results. 


EXAMPLE 2 Evaluating a Step Function 


3 
—1, 2, and 5. 


Evaluate the function f(x) = [x] + 1 when x 
Solution For x = ~—1, the greatest integer < —1 is —1, so 
f(-D=[-1J+1=-14+1=0. 
For x = 2, the greatest integer < 2 is 2, so 
f2 =P) +1=24+1=3. 


For x = 3, the greatest integer S 2 is 1, so 


)-[priei 


Verify your answers by examining the graph of f(x) = [x] + 1 shown in Figure P.48. 


Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Evaluate the function f(x) = [x + 2] when x = —3, 1, and —3. a 
Recall from Section P.5 that a piecewise-defined function is defined by two or 


more equations over a specified domain. To graph a piecewise-defined function, graph 
each equation separately over the specified domain, as shown in Example 3. 
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Figure P.49 


EXAMPLE 3 Graphing a Piecewise-Defined Function 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


2x+3, x<l 


Sketch the graph of f(x) = (ee ee. 


Solution This piecewise-defined function consists of two linear functions. At x = 1 
and to the left of x = 1, the graph is the line y = 2x + 3, and to the right of x = 1, the 
graph is the line y = —x + 4, as shown in Figure P.49. Notice that the point (1, 5) is 
a solid dot and the point (1, 3) is an open dot. This is because f(1) = 2(1) + 3 = 5. 


Y Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


I 
—5x-6, xs -4 P| 


Sketch the graph of f(x) = | x+5. x>-4 


Commonly Used Parent Functions 


The graphs below represent the most commonly used functions in algebra. Familiarity 
with the characteristics of these graphs will help you analyze more complicated graphs 
obtained from these graphs by the transformations studied in the next section. 


-1 1 2 


(d) Squaring function (e) Cubic function (f) Reciprocal function 


Summarize (Section P.7) 


1. Explain how to identify and graph linear and squaring functions (pages 78 
and 79). For an example involving a linear function, see Example 1. 


2. Explain how to identify and graph cubic, square root, and reciprocal 
functions (page 80). 


3. Explain how to identify and graph step and other piecewise-defined functions 
(page 81). For examples involving these functions, see Examples 2 and 3. 


4. Identify and sketch the graphs of parent functions (page 82). 
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See CalcChat.com for tutorial help and worked-out solutions 


ad . 7 Exe rcises to odd-numbered exercises. Say 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-9, write the most specific name of the function. 


1. f(x) = bd 2. f(x) =x 3. f(x) = 1/x 
4. f(x) = 5. f(x) = /x 6. fix) =c 
7. f(x) = |x| 8. f(x) = 3 9. f(x) =ax+b 
10. Fill in the blank: The constant function and the identity function are two special types 
of functions. 
Skills and Applications 
Writing a Linear Function In Exercises 11-14, (a) Graphing a Piecewise-Defined Function In Exercises 


write the linear function f that has the given function 35-40, sketch the graph of the function. 
values and (b) sketch the graph of the function. 


35. o(x) x+6, xs =4 
= — . xX) = 
ll. fa) =4, f(0) = 6 8 —_ de sp Seid 
12, a aes fY=2 6 w- (404 e272 
13. #G)=-3 f(6) =2 (IO 1242, 2>2 
14. f(3)=3, f4) =9 37, f(a) = () == 15 722 
: Jx — 2, x>2 
AB Graphing a Function In Exercises 15-26, use a 
graphing utility to graph the function. Be sure to choose 38. f(x) = V4tx, x <0 
an appropriate viewing window. » fla) = 4—x, x=0 
15. f(x) = 2.5x — 4.25 16. f(x) =2- & Pea geet 
17. g(x) =x +3 18. f(x) = -—2x7 - 1 39, nay —-2<x<0 
19. f(x) =x - 1 20. f(x) = (@ - 13 4+2 ae hy Be) 
21. f(x) = J/x +4 22. A(x) = /x +243 xt1, xsl 
1 1 40. k(x) = 42x77 -1, -l<xs1 
23. f(x) = > 24, K(x) = 3 + 1 — x2, x>1 
25. g(x) = |x| — 5 26. f(x) = |x — 1| & Graphing a Function In Exercises 41 and 42, (a) use 


a graphing utility to graph the function and (b) state the 


Evaluatin t Function In Exerci 27-. 
veeaiie = (ore): Fences ii 20) domain and range of the function. 


evaluate the function for the given values. 


27. f®) = bd 41. s(x) = 2(4x = [-]) 42. k(x) = 4(4x = [5x])° 

(a) f(2.1) (b) f(2.9)  (c) f(-3.1) @ f 43. Wages A mechanic’s pay is $14 per hour for regular 
28. h(x) = [x + 3] time and time-and-a-half for overtime. The weekly 

(a) h(—2) (b) h(3) (©) (4.2) (dd) (= 21.6) veo nO 
29. k(x) = [2x + 1] w(h) = eee 0<hs 40 

a) 4) &) K(-2.) | KAD @ KB) AE SO) Oe 0 
30. g(x) = —7[x + 4] + 6 where / is the number of hours worked in a week. 

(a) als) (6) 8) ~— ©) g(-4)_ @) (3) (a) Evaluate W(30), W(40), W(45), and W(50). 
Graphing a Step Function In Exercises 31-34, (b) The company decreases the regular work week to 
sketch the graph of the function. 36 hours. What is the new weekly wage function? 
Mi. 2 =< ( 32. e(x) = 4] (c) The company increases the mechanic’s pay to $16 


per hour. What is the new weekly wage function? 
33. g(x) = [x] - 1 34. g(x) = [x — 3] Use a regular work week of 40 hours. 
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44. Delivery Charges The cost of mailing a package 49. Error Analysis Describe the error. 
weighing up to, but not including, 1 pound is $2.80. Each 
additional pound or portion of a pound costs $0.53. 


(a) Use the greatest integer function to create a model 


for the cost C of mailing a package weighing é 
x pounds, where x > 0. == & 
(b) Sketch the graph of the function. 

45. Snowstorm 4 
During a nine-hour snowstorm, it snows at a rate 
of 1 inch per hour for the first 2 hours, at a rate 
of 2 inches per hour for the next 6 hours, and 
at a rate of 0.5 inch per hour 
for the final hour. 
Write and graph a 
piecewise-defined 
function that gives 
the depth of the snow 
during the snowstorm. 
How many inches of 
snow accumulated 
from the storm? 


ra ea! 

-4-2 2 4 6 8 10 
The piecewise-defined function represented in the 
graph is 


o- x <3 

ia er ee x 

50. Error Analysis Describe the error in evaluating 
f(x) = [x] + 5 when x = —}. 


f@) =[-3]+5=-14+5=4 x 


: _ Video solutions at 
Review & Refresh |» LarsonPrecalculus.com 


Testing for Functions In Exercises 51 and 52, 
determine whether the statements use the word function 
HOW DO YOU SEE IT? For each graph of in ways that are mathematically correct. Explain. 


uf Shown elow ans wer pens (ay), 51. (a) The sales tax on a purchased item is a function of 


y the selling price. 


(b) Your score on the next algebra exam is a function 
of the number of hours you study the night before 
the exam. 


52. (a) The amount in your savings account is a function of 
your salary. 


(b) The speed at which a free-falling acorn strikes the 
ground is a function of the height from which it was 
dropped. 


CULMS lO UE A MESO Sketching the Graph of a Function In Exercises 


53-56, sketch a graph of the function and identify any 
(c) Determine the open intervals on which f is intercepts. 


increasing, decreasing, or constant. 53: (QS eae 8 54. 9(x) 


55. p(x) = /8 —2x2-2 56. g(x) 


(b) Find the x- and y-intercepts of the graph of f. 


—x? + 6x —9 
—5|x + 2| +3 


(d) Determine whether f is even, odd, or neither. 
Then describe the symmetry. 


Simplifying an Expression In Exercises 57-60, 


Exploring the Concepts simplify the expression. 
True or False? In Exercises 47 and 48, determine 57. Sry + fx 
whether the statement is true or false. Justify your —x 
answer. 5s (2—x3+ /2—-x 
47. A piecewise-defined function will always have at least x2 
one x-intercept or at least one y-intercept. 59. (x — 3)? — 3(a — 3) +2 
48. A linear equation will always have an x-intercept and a 60. 3(x — 133 — 2% — 12 - 3@- 1) +2 


y-intercept. 


© DenisTangneyJr/Getty Images 
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P.8 Transformations of Functions 


© Use vertical and horizontal shifts to sketch graphs of functions. 
© Use reflections to sketch graphs of functions. 
© Use nonrigid transformations to sketch graphs of functions. 


Shifting Graphs 


Many functions have graphs that are transformations of the graphs of parent functions 
summarized in Section P.7. For example, to obtain the graph of h(x) = x? + 2, shift 
the graph of f(x) = x? up two units, as shown in Figure P.50. In function notation, h 
and f are related as follows. 


A(x) = 22 +2 = f(x) +2 Upward shift of two units 


Similarly, to obtain the graph of 


Transformations of functions 5 
model many real-life a(x) = (x — 2) 
applications. For example, in 
Exercise 67 on page 92, you 
will use a transformation of a 
function to model the number a(x) = (x — 2)? = f(x - 2) Right shift of two units 


shift the graph of f(x) = x? to the right two units, as shown in Figure P.51. In this case, 
the functions g and f have the following relationship. 


of horsepower required to 
overcome wind drag on an 


automobile. 
t t 
2 -1 
Vertical shift upward: two units Horizontal shift to the right: two units 
Figure P.50 Figure P.51 
ee oar Vertical and Horizontal Shifts ) 
ALGEBRA HELP “ 
For horizontal shifts, be sure Let c be a positive real number. Vertical and horizontal shifts in the graph of 
you see that h(x) = f(x — c) y = f(x) are represented as follows. 


corresponds to a right shift and 


1. Vertical shift c units up: A(x) = a 

h(x) = f(« + c) corresponds i up (i) = FC) 
to a left shift for c > 0. 2. Vertical shift c units down: h(x) = f(x) — ¢ 
— »> 3. Horizontal shift c units to the right: h(x) = f(x — c) 


Some graphs are obtained from combinations of vertical and horizontal shifts, as 
demonstrated in Example 1(b) on the next page. Vertical and horizontal shifts generate 
a family of functions, each with a graph that has the same shape but at a different 
location in the plane. 


© PHOTOMDP/Shutterstock.com 
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Shifting the Graph of a Function 


a. To sketch the graph of g(x) = x3 — 1, shift the graph of f(x) = x? one unit down 


[see Figure P.52(a)]. 
In Example 1(a), note b. To sketch the graph of h(x) = (x + 2)? + 1, shift the graph of f(x) = x? two units 
that g(x) = f(x) — 1, to the left and then one unit up [see Figure P.52(b)]. Note that you obtain the same 
and in Example 1(b), graph whether the vertical shift precedes the horizontal shift or the horizontal shift 
h(x) = f(x + 2) + 1. precedes the vertical shift. 


[ay = @ +2) +1] » (fo) = 23] 


(a) Vertical shift: one unit down (b) Two units left and one unit up 
Figure P.52 


Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use the graph of f(x) = x° to sketch the graph of each function. 
a. h(x) = 45 b. g(x) = (&« — 3)? +2 


ONE Sra =6Writing Equations from Graphs 


Each graph is a transformation of the graph of f(x) = x?. Write an equation for the 
function represented by each graph. 


a. b. 
1 = 
t+—+—_+— +—}—_+—_} > x 
-4-3-2-1 | 1 2 3 
Solution 
ol a. The graph of g is an upward shift of four units of the graph of f(x) = x?. So, an 
equation for g is g(x) = x7 + 4. 
Figure P.53 b. The graph of A is a right shift of two units and a downward shift of one unit of the 


graph of f(x) = x?. So, an equation for h is h(x) = (x — 2)? — 1. 


i Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


at 


GO DIGITAL 


The graph in Figure P.53 is a transformation of the graph of f(x) = x?. Write an 
equation for the function represented by the graph. a 
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Reflecting Graphs 


Another common type of transformation is a reflection. For example, if you consider 
the x-axis to be a mirror, then the graph of h(x) = —x? is the mirror image (or 
reflection) of the graph of f(x) = x?, as shown in Figure P.54. 


Reflections in the Coordinate Axes ) 


Reflections in the coordinate axes of the graph of y = f(x) are represented as 
follows. 


1. Reflection in the x-axis: h(x) = —f(x) 


2. Reflection in the y-axis: h(x) = f(—x) 


EXAMPLE 3 Writing Equations from Graphs 


Each graph is a transformation of the graph of f(x) = x?. Write an equation for the 
function represented by each graph. 


a. y b. y 
A A 
t 


Solution 


a. The graph of g is a reflection in the x-axis followed by an upward shift of two units 
of the graph of f(x) = x. So, an equation for g is 


g(x) = —x? + 2. 


b. The graph of h is a right shift of three units followed by a reflection in the x-axis of 
the graph of f(x) = x?. So, an equation for h is 


h(x) = —(x — 3)?. 
Sf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The graph below is a transformation of the graph of f(x) = x?. Write an equation for 
the function represented by the graph. 
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EXAMPLE 4 Reflections and Shifts 


Compare the graph of each function with the graph of f(x) = /x. 
a. g(x) = —/x b. h(x) = /-x c. k(x) = —/x +2 
Algebraic Solution Graphical Solution 
a. The graph of g is a reflection of the graph of f in the a. Graph f and g on the i 
x-axis because same set of coordinate 
oe axes. The graph of g is sal eeve 
8 a reflection of the graph 
= —f(x). of f in the x-axis. 


b. The graph of h is a reflection of the graph of f in the 
y-axis because 


h(x) = /—x 
f(a), 


c. The graph of k is a left shift of two units followed by a 


oe : b. Graph f and h on the y 

reflection in the x-axis because : A 
same set of coordinate 

k(x) = —/x +2 axes. The graph of h is ali 


a reflection of the graph | h(x) =V—x | | | fx) =Vx | 
of f in the y-axis. 


= —f(« + 2). 


c. Graph f and k on the 
same set of coordinate 
axes. The graph of k is 
a left shift of two units 
followed by a reflection 
in the x-axis of the graph 


of f. 


of Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Compare the graph of each function with the graph of 
f@) = Vx 1. 
a. g(x) = —J/x—1 b. A(x) = /-x-1 | 


When sketching the graphs of functions involving square roots, remember that you 
must restrict the domain to exclude negative numbers inside the radical. For instance, 
here are the domains of the functions in Example 4. 


Domain of g(x) = — \/x: x20 
Domain of h(x) = \/—x: x<0 
Domain of k(x) = —/x + 2: x = -2 


o 
= 


GO DIGITAL 
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—2 
Figure P.55 
y 
A 
| a 
2 a 
1 = 
t f, 
2 -1 1 2 
1 
(x) = |x] | + 
Figure P.56 


GO DIGITAL 
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Nonrigid Transformations 


Horizontal shifts, vertical shifts, and reflections are rigid transformations because the 
basic shape of the graph is unchanged. These transformations change only the position 
of the graph in the coordinate plane. Nonrigid transformations are those that cause 
a distortion—a change in the shape of the original graph. For example, a nonrigid 
transformation of the graph of y = f(x) is represented by g(x) = cf(x), where the 
transformation is a vertical stretch when c > 1 and a vertical shrink when 0 < c < 1. 
Another nonrigid transformation of the graph of y = f(x) is represented by h(x) = f (cx), 
where the transformation is a horizontal shrink when c > 1 and a horizontal stretch 
when0<c< 1. 


EXAMPLE 5 Nonrigid Transformations 


Compare the graph of each function with the graph of f(x) = |x|. 
a. h(x) = 3|x| b. g(x) = Gla] 
Solution 


a. Relative to the graph of f(x) = |x|, the graph of h(x) = 3|x| = 3f(x) is a vertical 
stretch (each y-value is multiplied by 3). (See Figure P.55.) 


b. Similarly, the graph of g(x) = ;|x| = 4f(x) is a vertical shrink (each y-value is 
multiplied by 4) of the graph of f: (See Figure P.56.) 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Compare the graph of each function with the graph of f(x) = x. 
a. g(x) = 4x? b. A(x) = be? 


EXAMPLE 6 Nonrigid Transformations 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Compare the graph of each function with the graph of f(x) = 2 — x?. 
a. g(x) = f(2x) b,x) = f (3x) 


Solution 

a. Relative to the graph of f(x) = 2 — x°, the graph of g(x) = f(2x) = 2 — (2x)? = 2 — 8x3 
is a horizontal shrink (c > 1). (See Figure P.57.) 

b. Similarly, the graph of h(x) = f ( +x) =2 (x)? = 2 — {x3 is a horizontal stretch 
(0 < c < 1) of the graph of f. (See Figure P.58.) 


JS Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Compare the graph of each function with the graph of f(x) = x? + 3. 
a. g(x) = f(2x) A(x) = f(x) a 


Summarize (Section P.8) 


1. Explain how to shift the graph of a function vertically and horizontally 
(page 85). For examples of shifting graphs of functions, see Examples | and 2. 
2. Explain how to reflect the graph of a function in the x-axis and in the y-axis 
(page 87). For examples of reflecting graphs of functions, see Examples 3 and 4. 
3. Describe nonrigid transformations of the graph of a function (page 89). For 
examples of nonrigid transformations, see Examples 5 and 6. 
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90 Chapter P Prerequisites 


See CalcChat.com for tutorial help and worked-out solutions 


P . 8 Exe rcises to odd-numbered exercises. 


falE a 
GO DIGITAL 


Vocabulary and Concept Check 

In Exercises 1 and 2, fill in the blanks. 

1. A reflection in the x-axis of the graph of y = f(x) is represented by h(x) = ; 
while a reflection in the y-axis of the graph of y = f(x) is represented by A(x) = 


2. A nonrigid transformation of the graph of y = f(x) represented by g(x) = cf(x) is 
a when c > | anda when 0 < c < 1. 


3. Name three types of rigid transformations. 
4. Match each function / with the transformation it represents, where c > 0. 


(a) h(x) =f(@%) + ¢ (i) A horizontal shift of f, c units to the right 
(b) A(x) = f(x) — (ii) A vertical shift of f, c units down 

(c) h(x) = f(x + c) (iti) A horizontal shift of f, c units to the left 
(d) A(x) = f(x — c) (iv) A vertical shift of f, c units up 


Skills and Applications 


5. Shifting the Graph of a Function For each function, 10. (a) y = f(x — 5) 
sketch the graphs of the function when c = —2, —1, 1, (b) y = —f(x) +3 
and 2 on the same set of coordinate axes. (c) 1 f(x) 

c) y=3f(x 
(a) fe) = |x] +e b) f@) = |x ~ | @ y = —f(x + 1) 
6. Shifting the Graph of a Function For each function, 


sketch the graphs of the function when c = —3, —2, 2, () y= fl-x) 
and 3 on the same set of coordinate axes. (ff) y = f(x) — 10 
(a) f(x) = /xte (b) f(x) = /x-— (g) y = f(x) 

7. Shifting the Graph of a Function For each function, (h) y = 2f(x) — 2 


sketch the graphs of the function when c = —4, —1, 2, 


ahd Sori the aanieashiheoeedinate anes. 11. Writing Equations from Graphs Use the graph 


of f(x) =x? to write an equation for the function 
(a) fx) = by +e (b) f@) = + a] represented by each graph. 
8. Shifting the Graph of a Function For each function, 


b 
sketch the graphs of the function when c = —3, —2, 1, 0) 
and 2 on the same set of coordinate axes. 
Pte x<O0 
(a) fa) ={ 27% x20 Xx 
| eo #<0 
(b) i=). x>0 24 


Sketching Transformations In Exercises 9 and 10, = . 
use the graph of f to sketch each graph. To print an 12. Writing Equations from Graphs _ Use the graph 


enlarged copy of the graph, go to MathGraphs.com. of f(x) =x to write an equation for the function 
represented by each graph. 
9. (a) y = f(—2) 4 (a) ‘6 
(b) y = f(x) + 4 gt 
=2 + 
(c) y = 2f (x) aoe 785) 
(d) y ~ FO ~ 4) i i i T a i i iT 
— = 3 ‘4 T A T 8 To X 
() y=fG@) ho 4) | - 
y= =f) 1 (-2,-2) 2 2 
(g) y = f(2x) 
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13. Writing Equations from Graphs _ Use the graph 
of f(x) = |x| to write an equation for the function 
represented by each graph. 


(a) y (b) y 


14. Writing Equations from Graphs Use the graph 
of f(x) = \/x to write an equation for the function 
represented by each graph. 


(a) y (b) y 
A A 
2-4 9+ 
t t—+—_}+—_|—} > x t+—+— tt * 
—2 | 2 4 6 8 10 -4-2 | 2 4 6 
a ee 
Seat -g+ 
=e -10+ 


Writing an Equation from a Graph In Exercises 
15-20, identify the parent function and the transformation 
represented by the graph. Write an equation for the 
function represented by the graph. 


15. y 16. y 
A 


a+ ak 


t t—}—> x 
2 4 
—2-+ alk 
17. y 18. 
A 
6 eo 
+ @0O 
40 
eo 
oo + 
ao + 
eo 444+ * 
o-2 + 2 4 

a9 

19. y 20. y 

A A 

ot als 

4 = 

t+—}+—+—> * 
4 —— 
t—+—+ t t= X 
-2>- -4 -2 zl 
Copyright 2022 Cen 
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Describing Transformations In Exercises 21-44, g 
is related to one of the parent functions described 
in Section P.7. (a) Identify the parent function /f. 
(b) Describe the sequence of transformations from /f to 
g. (c) Sketch the graph of g. (d) Use function notation to 
write g in terms of f. 


21. g(x) =2? + 6 22. g(x) =x? - 2 

23. g(x) = —(x — 2)8 24. g(x) = —(x + 1)8 
25. g(x) = —3 — (x + 1) 26. g(x) = 4 - (x — 2)? 
27. g(x) = -2x? + 1 28. g(x) = 5x2 —2 

29. g(x) = |x — 1] +2 30. g(x) = |x + 3] — 2 
31. g(x) = |2x| 32. g(x) = [5-| 

33. g(x) = 3|x-— 1] +2 34. g(x) = —2|x + 1| — 3 
35. g(x) = 2./x 36. g(x) = 3/x 

37. g(x) = /x —9 38. g(x) = /3x+1 
39. gx) = /7-x-2 40. gx) = /x + 44+8 
41. g(x) = 2x] - 1 42. g(x) = -b] + 1 
43. g(x) = 3 - [a] 44, (x) = 2[x + 5] 


Writing an Equation from a Description In 
Exercises 45-52, write an equation for the function 
whose graph is described. 


45. The shape of f(x) = x?, but shifted three units to the 
right and seven units down 


46. The shape of f(x) = x’, but shifted two units to the left, 
nine units up, and then reflected in the x-axis 

47. The shape of f(x) = x3, but shifted 13 units to the right 

48. The shape of f(x) = x3, but shifted six units to the left, 
six units down, and then reflected in the y-axis 

49. The shape of f(x) = |x|, but shifted 12 units up and 
then reflected in the x-axis 

50. The shape of f(x) = |x 
and eight units down 

51. The shape of f(x) = \/x, but shifted six units to the left 
and then reflected in both the x-axis and the y-axis 


52. The shape of f(x) = \/x, but shifted nine units down 
and then reflected in both the x-axis and the y-axis 


, but shifted four units to the left 


53. Writing Equations from Graphs Use the graph 
of f(x) = x? to write an equation for the function 
represented by each graph. 
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54. Writing Equations from Graphs Use the graph of 
f(x) = 


to write an equation for the function represented by 
each graph. 


(b) 


55. Writing Equations from Graphs Use the graph of 
F(x) = |x| 


to write an equation for the function represented by 
each graph. 
(a) Y (b) Y 
4+ 
9: — 


27 


-6 = 
-8 ate 


56. Writing Equations from Graphs Use the graph of 


fox) = Ji 


to write an equation for the function represented by 
each graph. 


. 


Writing an Equation from a Graph In Exercises 
57-62, identify the parent function and the transformation 
represented by the graph. Write an equation for the 
function represented by the graph. Then use a graphing 
utility to verify your answer. 


57. 58. y 


© PHOTOMDP/Shutterstock.com 


Writing an Equation from a Graph In Exercises 
63-66, write an equation for the transformation of the 
parent function. 


63. 64. 
6 5 
: -10 2 
-4 8 
2 = 
65. 66. 
1 7 
-4 8 
4 t 8 
=z =1 


67. Automobile Aerodynamics 


The horsepower H required to overcome wind drag 
on a particular automobile is given by 


H(x) = 0.00004636x3 


where x is the 
speed of the car 
(in miles per hour). 
(a) Use a graphing 
utility to graph 
the function. 
(b) Rewrite the 
horsepower 
function so that x represents the speed in 
kilometers per hour. [Find H(x/1.6).] Identify 
the type of transformation applied to the graph 
of the horsepower function. 
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68. Households The number N (in millions) of 
households in the United States from 2005 through 
2019 can be approximated by 


N(x) = 0.0022(x + 239.16)? — 17.8, 5<1< 19 


where ¢ represents the year, with tf = 5 corresponding to 
2005. (Source: U.S. Census Bureau) 
fe (a) Describe the transformation of the parent function 
f(x) = x?. Then use a graphing utility to graph the 
function over the specified domain. 
fi (b) Find the average rate of change of the function from 
2005 to 2019. Interpret your answer in the context 
of the problem. 


(c) Use the model to determine the number of 
households in the United States in 2015. 


Exploring the Concepts 


True or False? In Exercises 69-72, determine whether 
the statement is true or false. Justify your answer. 


69. The graph of y = f(—x) is a reflection of the graph of 
y = f(x) in the x-axis. 

70. The graph of y = —f(x) is a reflection of the graph of 
y = f(x) in the y-axis. 

71. The graphs of f(x) = 
identical. 

72. If the graph of the parent function f(x) = x? is shifted 
six units to the right, three units up, and reflected in the 
x-axis, then the point (—2, 19) will lie on the graph of 
the transformation. 


|x| + 6 and f(x) = |—x| + 6are 


73. Finding Points on a Graph The graph of 
y = f(x) passes through the points (0, 1), (1,2), and 
(2, 3). Find the corresponding points on the graph of 
y=f(«+2)-1. 

74. Think About It Two methods of graphing a function 
are plotting points and translating a parent function as 
shown in this section. Which method of graphing do 
you prefer to use for each function? Explain. 

(a) f(x) = 3x7 -— 4x +1 (b) f(x) = 2x - 1)? - 6 

75. Error Analysis Describe the error. 


The graph of g is a right shift of one unit 
of the graph of f(x) = x. So, an equation x 
for g is g(x) = (x + 1). 
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OD HOW DO YOU SEEIT? Use the graph of ) 


y = f(x) to find the open intervals on which 
the graph of each transformation is increasing 
and decreasing. If not possible, state the 


reason. 
(a) y =f(—) 
(b) y = —f(x) 
(©) y =f) 
@ y= -f@ - 1) 


Gly —=(@ = 2) 1 


77. Reversing the Order of Transformations 
Reverse the order of transformations in Example 3(a). 
Do you obtain the same graph? Do the same for 
Example 3(b). Do you obtain the same graph? Explain. 


Video solutions at 


Review & Refresh |» LarsonPrecalculus.com 


78. Exam Scores The table shows the mathematics 
entrance test scores x and the final examination scores 
y in an algebra course for a sample of 10 students. 


x | 22 | 29 | 35 | 40 | 44 | 48 | 53 | 58 | 65 | 76 
y | 53 | 74 | 57 | 66 | 79 | 90 | 76 | 93 | 83 | 99 


(a) Sketch a scatter plot of the data. 


(b) Find the entrance test score of any student with a 
final exam score in the 80s. 


(c) Does a higher entrance test score imply a higher 
final exam score? Explain. 


Adding or Subtracting Polynomials In Exercises 
79-82, add or subtract and write the result in standard 
form. 

79, (2x + 1) + (x? + 2x - 1) 

0. (2x + 1) — (2 + 2x - 1) 

1. 3x? +x- 1) - (1 — x) 
(3 


82. 3x2 +x- 1) + (1-2) 


Multiplying Polynomials In _ Exercises 
multiply and write the result in standard form. 
83. x*(x — 3) 84. x7(1 — x) 

85. —2x(0.1x + 17) 86. 6y(5 — 2y) 
Dividing Polynomials In Exercises 87 and 88, divide 
and write the result in simplest form. 


87. (3x + 5) + (6x7 + 10x) 88. (20x? — 43x) + x 


83-86, 
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P.9 Combinations of Functions: Composite Functions 


Arithmetic combinations of 
functions are used to model 

and solve real-life problems. 

For example, in Exercise 56 on 
page 100, you will use arithmetic 
combinations of functions to 
analyze numbers of pets in the 
United States. 


b>>> SKILLS REFRESHER 


For a refresher on finding 
the sum, difference, 

product, or quotient of two 
polynomials, watch the video 
at LarsonPrecalculus.com. 


De 
Dee, 
GO DIGITAL 


© Add, subtract, multiply, and divide functions. 

© Find the composition of one function with another function. 

© Use combinations and compositions of functions to model and solve 
real-life problems. 


Arithmetic Combinations of Functions 


Just as two real numbers can be combined by the operations of addition, subtraction, 
multiplication, and division to form other real numbers, two functions can be combined 
to create new functions. For example, the functions f(x) = 2x — 3 and g(x) = x? — 1 
can be combined to form the sum, difference, product, and quotient of f and g. 


f@) + g(x) = (x — 3) + @?- 1 =x? +2x-4 Sum 
f(x) -_ g(x) re (x = 3) -_ (x? _ 1) S77 +2x—2 Difference 
f(xg(x) = (2x = 3)(x2 = 1) = 2x3 — 3x2 — 2x + 3 Product 

- = = — = x#+] Quotient 


The domain of an arithmetic combination of functions f and g consists of all real 
numbers that are common to the domains of f and g. In the case of the quotient 
f(x)/ g(x), there is the further restriction that g(x) # 0. 


Sum, Difference, Product, and Quotient of Functions ) 


_ 


Let f and g be two functions with overlapping domains. Then, for all x common 
to both domains, the sum, difference, product, and quotient of f and g are 
defined as follows. 


1. Sum: (f + g(x) = f(x) + g 
Se) =e) = 


2. Difference: ( (x) 
3. Product: (fg)(x) = f(x) + g(x) 
4. Quotient: (An = g(x) #0 


EXAMPLE 1 Finding the Sum of Two Functions 


Given f(x) = 2x + 1 and g(x) = x? + 2x — 1, find (f + g)(x). Then evaluate the sum 
when x = 3. 


Solution The sum of f and g is 
(f + g)(x) = f(x) + e() = (2x + 1) 4+ 02 + 2x - 1) = x? + 4e. 
When x = 3, the value of this sum is 
(f + g)(3) = 3? + 4(3) = 21. 
SY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Given f(x) = x? and g(x) = 1 — x, find (f + g)(x). Then evaluate the sum when 
x = 2. |_| 


© Alyfromuk2us/Getty Images 
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EXAMPLE 2 Finding the Difference of Two Functions 


Given f(x) = 2x + 1 and g(x) = x? + 2x — 1, find (f — g)(x). Then evaluate the 
difference when x = 2. 


Solution The difference of f and g is 


(f = g) (x) -_ f (x) = g(x) Difference of f and g. 
= (2x + 1) — (X? + 2x - 1) Substitute. 
=2x+1—2x7-2x4+1 Distributive Property 
= —-x? +2, Simplify. 


When x = 2, the value of this difference is (f — g)(2) = —(2)? +2 = —-2. 
ya Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Given f(x) = x? and g(x) = 1 — x, find (f — g)(x). Then evaluate the difference when 
x = 3. 


Finding the Product of Two Functions 


Given f(x) = x? and g(x) = x — 3, find (fg)(x). Then evaluate the product when x = 4. 
Solution The product of f and g is 

(fa)@) = f@)elx) = G?)@ — 3) = x? — 322. 
When x = 4, the value of this product is (fg)(4) = 43 — 3(4)? = 16. 


Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Given f(x) = x? and g(x) = 1 — x, find (fg)(x). Then evaluate the product when x = 3. 
a 


In Examples 1-3, both f and g have domains that consist of all real numbers. So, 
the domains of f + g, f — g, and fg are also the set of all real numbers. Remember to 
consider any restrictions on the domains of f and g when forming the sum, difference, 
product, or quotient of f and g. 


EXAMPLE 4 Finding the Quotient of Two Functions 


Find (f/g)(x) for the functions f(x) = \/x and g(x) = \/4 — x. Then find the domain 
of f/g. 
Solution The quotient of f and g is 
f\ yy £0) v= 
(x) ——— 
& g(x) «i 4-x 
The function f is only defined when x 2 0, and g is only defined when 4 — x = 0, or 


x S 4. So, the domain of f is [0, 0©), and the domain of g is (— ©, 4]. The intersection 
of these two domains is [0, 4]. When x = 4, however, (f/g)(4) is 


4 2 
(4 (4) = vr 0 Division by zero is undefined. 
8 — 


which is undefined. So, the domain of f/g is [0, 4). 
VY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find (f/g)(x) for the functions f(x) = \/x — 3 and g(x) = \/16 — x. Then find the 


[elt Sea 
GO DIGITAL domain of f/g. | 
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Compositions of Functions 


Another way of combining two functions is to form the composition of one with the 
other. For example, if f(x) = x? and g(x) = x + 1, then the composition of f with g is 


fea) =fec 1) 
= (x + 1). 


This composition is denoted as f° g and reads as “f composed with g.” 


Joe 
Definition of Composition of Two Functions 
ey The composition of the function f with the function g is 
(fe g)(x) = fle()). 
Domain of g 
Domain of f The domain of f° g is the set of all x in the domain of g such that g(x) is in the 
Figure P.59 domain of f. (See Figure P.59.) 
EXAMPLE 5 Compositions of Functions 
>>> See LarsonPrecalculus.com for an interactive version of this type of example. 
Given f(x) = x + 2 and g(x) = 4 — x, find the following. 
a. (f° g)(x) b. (g ° f)() ce. (ge f)(—2) 
Solution 
a. The composition of f with g is 
ae R (fe 8)(x) = fle(x) Definition of f g 
GO DIGITAL = f(4 — x) Definition of g(x) 
=@4=24) +2 Definition of f(x) 
= -x? + 6. Simplify. 


b. The composition of g with f is 
The tables of values below 


help illustrate the composition (8 ° AG) = s(fO)) pei erey 
(f° g)(x) in Example 5(a). = g(x + 2) Definition of #(2) 
=4— 2 “iti 
P ol1/2 3 4 — (x + 2) Definition of g(x) 
Ae 41310] —-5 =4-(?2+4+ 4x + 4) Square of a binomial 
=4- 7-4-4 Distributive Property 
g(x) | 45] 2) = = —x2 — 4y. Simplify. 
f(g) | 6 | 5 | 2 | -3 Note that, in this case, (f° g)(x) # (g°f)(x). 
x ol1)2 3 c. Evaluate the result of part (b) when x = —2. 
f(e(x))| 6 | 5) 2} -3 (g ° f)(—2) = —(— 2)? — 4(—2) Substitute. 
=-4+8 Simplify. 
Note that the first two tables Sis 
are combined (or “composed”’) = 4 Simplify. 
to produce the values in the 2 ae ee P 
> - : 
fhird table. SY Checkpoint Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Given f(x) = 2x + 5 and g(x) = 4x? + 1, find the following. 
a. (f° g)(x) b. (g ° f)(x) c. (fe g)(—3) a 
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EXAMPLE 6 Finding the Domain of a Composite Function 
Find the domain of f° g for the functions 
f(x) =x? -—9 and g(x) = J9 - x. 


Algebraic Solution Graphical Solution 


The x-coordinates of 


Find the composition of f with g. polneven the graph exiand 


(fe g\(x) = f(g) Definition of fg fonptin 3: $6. ne 
=f (/ 9-—x) Definition of g(x) bea of fo g is [-3, 31 
=(/o—#)? -9 Definition of f(x) 2 
=9-x2-9 (x/a)" =< | 
= =x? Simplify. 


The domain of f° g is restricted to the x-values in the domain of g for which 
g(x) is in the domain of f. The domain of f(x) = x? — 9 is the set of all real 
numbers, which includes all real values of g. So, the domain of f° g is the 
entire domain of g(x) = \/9 — x2, which is [—3, 3]. 


PY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the domain of fo g for the functions f(x) = \/x and g(x) = x2 + 4. a 


In Examples 5 and 6, you formed the composition of two given functions. In 
calculus, it is also important to be able to identify two functions that make up a given 
composite function. For example, the function h(x) = (3x — 5)? is the composition of 
f(x) = x3 and g(x) = 3x — 5. That is, 


h(x) = Bx — 5)? = [g() P = fle). 


Basically, to “decompose” a composite function, look for an “inner” function and an 
“outer” function. In the function h above, g(x) = 3x — 5 is the inner function and 
f(x) = 23 is the outer function. 


EXAMPLE 7 Writing a Composite Function - 


Write the function h(x) = 5 as a composition of two functions. 


— 
(x — 2) 
Solution One way to write / as a composition of two functions is to let g(x) = x — 2 
be the inner function and let 


be the outer function. Then you can write h as 


1 
h(x) = -—— 
Ga ee 
= (n= 2) F2 
= f(x — 2) 
= fle(x)). 
SY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
F ; 8 — x = ‘ 
Write the function h(x) = ae as a composition of two functions. ps | 


GO DIGITAL 
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Refrigerated foods can have two 
types of bacteria: pathogenic 
bacteria, which can cause 
foodborne illness, and spoilage 
bacteria, which give foods an 
unpleasant look, smell, taste, 

or texture. 


GO DIGITAL 


Application 


EXAMPLE 8 Bacteria Count 


The number JN of bacteria in a refrigerated food is given by 
MT) = 20T2 — 807 + 500, 2<T< 14 


where T is the temperature of the food in degrees Celsius. When the food is removed 
from refrigeration, the temperature of the food is given by 


T(t)=4t+2, OSts3 

where ¢ is the time in hours. 

a. Find and interpret (N ° T)(t). 

b. Find the time when the bacteria count reaches 2000. 

Solution 

a. (N° T)(t) = M(7() 
= 20(4r + 2)? — 80(4r + 2) + 500 
= 20(162? + 16r + 4) — 320t — 160 + 500 
= 320f + 320f + 80 — 3201 — 160 + 500 
= 3207? + 420 


The composite function N° T represents the number of bacteria in the food as a 
function of the amount of time the food has been out of refrigeration. 


b. The bacteria count will reach N = 2000 when 3207 + 420 = 2000. By solving this 
equation algebraically, you find that the count reaches 2000 when t¢ ~ 2.2 hours. 
Note that the negative solution tf ~ —2.2 hours is rejected because it is not in the 
domain of the composite function. 


JS Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The number A of bacteria in a refrigerated food is given by 
NT) = 8T? — 147 + 200, 2<7T< 12 


where 7 is the temperature of the food in degrees Celsius. When the food is removed 
from refrigeration, the temperature of the food is given by 


T(t) =2t+2, OSts5 
where f¢ is the time in hours. 


a. Find (WN  7)(t). 
b. Find the time when the bacteria count reaches 1000. |_| 


Summarize (Section P.9) 


1. Explain how to add, subtract, multiply, and divide functions (page 94). For 
examples of finding arithmetic combinations of functions, see Examples 1-4. 


2. Explain how to find the composition of one function with another function 
(page 96). For examples that use compositions of functions, see Examples 5—7. 


3. Describe a real-life example that uses a composition of functions (page 98, 
Example 8). 


© iStockPhoto.com/Satori13 
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P.9 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


RAC 
GI 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


fleet 
GO DIGITAL 


1. Two functions f and g can be combined by the arithmetic operations of 


> , , and 


2. The 


3. If f(x) = x? + 1 and (fg)(x) = 2x(x? 
4. If (f° g(x) = f(x? + 1), then what is g(x)? 


Skills and Applications 


Graphing the Sum _ of Two Functions In 
Exercises 5 and 6, use the graphs of f and g to graph 
h(x) = (f + g)(x). To print an enlarged copy of the 
graph, go to MathGraphs.com. 


5 CY 6 y 
A A 
6-+- 
at of 
2 
Eb g 
> x oo 
¢ 2 4 gi 


Finding Arithmetic Combinations of Functions In 

Exercises 7-14, find (a) (f+ g)(x), (b) (f- g)(x), 
(c) (fg)(x), and (d) (f/g)(x). What is the domain of f/g? 
7. f(s) =x+2, g(x) =x-2 

=2x-—5, g(x) =2-x 

9. f(x) =x, g(x) = 4x —5 


12. f(x) = § — 4, g(x) = Je +2 
Xx 
13. f(x) = Pea g(x) =x 
2 1 
14. f() == @®) =z 
Evaluating an Arithmetic Combination of 


Functions In Exercises 15-22, evaluate the function 
for f(x) = x + 3 and aes =x? - 2. 

15. (f + g)(2) 6. (f — g)(1) 

17. (f — g)(31) 8. (f + g)(t — 2) 

19. (fg)(6) 20. (fg)(—6) 

21. (f/g)(5) 22. (f/g)(0) 


of the function f with the function g is (f° g)(x) 


to create new functions. 


= f(g()). 


+ 1), then what is g(x)? 


AB Graphical Reasoning In Exercises 23-26, use a 


graphing utility to graph /f, g, and f+ g in the same 
viewing window. Which function contributes most to the 
magnitude of the sum when 0 < x < 2? Which function 
contributes most to the magnitude of the sum when 
x > 6? 


23. f(x) = 


2A. fQ)=5, 8) = Vz 


25. f(x) =3x+2, e(x) =—-Vxt+5 
6. f(x) = 2-4, e(x) = -3x-1 


Finding Compositions of Functions In Exercises 
27-30, find (a) f° g, (b) g °f, and (c) gg. 


27. fix) =x4+ 8, g(x) =x - 3 
28. f(x) = 3x, g(x) = x4 

29. fx) = 37x -1, ge =H +1 
30. fi) =, ga) => 


Finding Domains of Functions and Composite 
Functions In Exercises 31-36, find (a) f°g and 
(b) g cf. Find the domain of each function and of each 
composite function. 


31. fy) = Vx +4, g(x) = xX 


32. f(x) =37x-—5, g(x) =P +1 
33. f(x) g(x) =xt+ 6 

34. g(x) =3-x 
35. f(x) g(x) =x+3 

36. f(x) = 7c g(x) =x4+1 
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Graphing Combinations of Functions In Exercises 
37 and 38, on the same set of coordinate axes, (a) graph 
the functions f, g, and f + g and (b) graph the functions 
f, g, and f° g. 


37. f(x) = tx, g(x) =x-4 
38. f(x) =x +3, g(x) = x 
Evaluating Combinations of Functions In 


Exercises 39-42, use the graphs of f and g to evaluate 
the functions. 


1 
1 
| 
1 


39. (a) (f + g)(3) 
40. (a) (f — g)() 
41. (a) (f° g)(2) 
42. (a) (f° g)(1) 
Decomposing a Composite Function In 


Exercises 43-52, find two functions f and g such that 
(f° g)(x) = h(x). (There are many correct answers.) 


43. h(x) = (2x + 1) 
44, h(x) = (1 — x)3 
45. h(x) = 3/2 -—4 46. h(x) = /9 — x 
1 4 
47. h(x) = ‘eae 48. h(x) = (5x + 2)2 
—x7 +3 27x? + 6x 
49. h(x) = i 50. h(x J = 10 — 273 
ies r-—4 
51. h(x) = ead: 52. h(x) = a6 


53. Stopping Distance The research and development 
department of an automobile manufacturer determines 
that when a driver is required to stop quickly to avoid 
an accident, the distance (in feet) the car travels during 
the driver’s reaction time is given by R(x) = 3x, where 
x is the speed of the car in miles per hour. The distance 
(in feet) the car travels while the driver is braking is 
given by B(x) = 75x”. 

(a) Find the function that represents the total stopping 
distance T. 


(b) Graph the functions R, B, and T on the same set of 
coordinate axes for 0 < x < 60. 


(c) Which function contributes most to the magnitude 
of the sum at higher speeds? Explain. 


© LeventeGyori/Shutterstock.com 
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54. Business The annual cost C (in thousands of dollars) 
and revenue R (in thousands of dollars) for a company 
each year from 2014 through 2020 can be approximated 
by the models 


C=145—-9t+ 1.17 and R= 341 + 3.2¢ 


where f is the year, with t = 14 corresponding to 2014. 
(a) Write a function P that represents the annual profit 
of the company. 

A (b) Use a graphing utility to graph C, R, and P in the 

same viewing window. 

55. Vital Statistics Let b() be the number of births in 
the United States in year ¢, and let d(t) represent the 
number of deaths in the United States in year t, where 
t = 14 corresponds to 2014. 

(a) If p(t) is the population of the United States in year f, 
find the function c(t) that represents the percent 
change in the population of the United States. 


(b) Interpret c(20). 


56. Pets 
Let d(t) be the number of dogs in the United States in 
year f, and let c(t) be the number of cats in the United 
States in year t, where tf = 14 corresponds to 2014. 
(a) Find the function p(t) that represents the total 

number of dogs and cats in the United States. 
(b) Interpret p(20). 
(c) Let n(t) represent the population 

of the United States 

in year f, 

where t = 14 [ 


__ 


corresponds to | 
2014. Find and 
interpret 


h(t) = p(t)/n(0). 


57. Geometry A square concrete foundation is a base 
for a cylindrical tank (see figure). 


fy N 


x 
(a) Write the radius r of the tank as a function of the 
length x of the sides of the square. 


(b) Write the area A of the circular base of the tank as 
a function of the radius r. 


(c) Find and interpret (A ° r)(x). 
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58. Biology The number N of bacteria in a refrigerated 
food is given by 


MT) = 107? — 207 + 600, 2< T< 20 


where JT is the temperature of the food in degrees 
Celsius. When the food is removed from refrigeration, 
the temperature of the food is given by 


T(t) =3t+2, OsSt<s6 

where ¢ is the time in hours. 

(a) Find and interpret (N° T)(#). 

(b) Find the bacteria count after 0.5 hour. 


(c) Find the time when the bacteria count reaches 1500. 


Exploring the Concepts 


True or False? In Exercises 59 and 60, determine 
whether the statement is true or false. Justify your answer. 


59. If f(x) = x + 1 and g(x) = 6x, then 
(fe g(x) = (g° f)(). 


60. When you are given two functions f and g and a 
constant c, you can find (f° g)(c) if and only if g(c) is 
in the domain of f. 


61. Writing Functions Write two unique functions f 
and g such that (f° g)(x) = (g°f)(x) and f and g are 
(a) linear functions and (b) polynomial functions with 
degrees greater than one. 


HOW DO YOU SEE IT? The graphs 
labeled L,, L,, L,, and L, represent four 
different pricing discounts, where p is the 
original price (in dollars) and S is the sale 
price (in dollars). Match each function with 
its graph. Describe the situations in parts (c) 


and (d). 
Ss 
g 15 
; f 
& 10 2 
2 Ly 
2 
a 5 4 
oO 
a 
nN 
Zane 


5 i is 
Original price (in dollars) 
(a) f(p): A 50% discount is applied. 
(b) g(p): A $5 discount is applied. 
(c) (g °f)(p) 
(d) (fe g)(p) 


63. Proof Prove that the product of two odd functions 
is an even function, and that the product of two even 
functions is an even function. 

64. Proof 


(a) Given a function f, prove that g is even and h is 
odd, where g(x) = 5[ f(x) + f(—x)] and 


1 
A(x) = aL f(@) — f(-»)]. 

(b) Use the result of part (a) to prove that any function 
can be written as a sum of even and odd functions. 
[Hint: Add the two equations in part (a).] 

(c) Use the result of part (b) to write each function as a 
sum of even and odd functions. 


f(x) =? —2x4+ 1, k= — 


65. Conjecture Use examples to hypothesize whether 
the product of an odd function and an even function is 
even or odd. Then prove your hypothesis. 

66. Error Analysis Describe the error. 

Given f(x) = 2x + 1 and g(x) = 3x + 2, 
(f° g)(x) = 3(2x + 1)+2=6x +5. x 

Review & Refresh ‘> Video solutions at 


LarsonPrecalculus.com 
Testing for Symmetry In Exercises 67-70, use the 
algebraic tests to check for symmetry with respect to 
both axes and the origin. 
67. y=x-—5 
69. y=x +1 


68. 2x + 5y = 17 
70. x? + y= 72 
Even, Odd, or Neither? In Exercises 71-74, sketch a 


graph of the function and determine whether it is even, 
odd, or neither. Verify your answer algebraically. 


71. y = 5x 72. y = 3x7 
73. y=x-—5 74, y= + 4x 


Solving for y In Exercises 75-78, solve the equation 
for y. 


75, 2x + 3y =5 


77.x= JSytl1 


76. xy -—1=3y+x 
sear 


78. x= 
. 3y + 2 


Geometry In Exercises 79 and 80, write an expression 
in factored form for the area of the shaded portion of 
the figure. 
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P.10 Inverse Functions 


Inverse functions can help 

you model and solve real-life 
problems. For example, in 
Exercise 70 on page 109, you will 
write an inverse function and use 
it to determine the percent load 
interval for a diesel engine. 


GO DIGITAL 


© Find inverse functions informally and verify that two functions are inverse 
functions of each other. 

© Use graphs to verify that two functions are inverse functions of each other. 

© Use the Horizontal Line Test to determine whether functions are one-to-one. 

© Find inverse functions algebraically. 


Inverse Functions 


Recall from Section P.5 that a function can be represented by a set of ordered pairs. 
For example, the function f(x) = x +4 from the set A = {1, 2, 3,4} to the set 
B = {5, 6, 7, 8} can be written as 


f(x) =x + 4 {(1, 5), (2, 6), (3, 7), (4 8}. 


In this case, by interchanging the first and second coordinates of each ordered pair, you 
form the inverse function of f, which is denoted by f~!. It is a function from the set B 
to the set A and can be written as 


f7@) =x —- 4: {6, 1), (6, 2), (7, 3), (8, 4)}- 


Note that the domain of f is equal to the range of f~!, and vice versa, as shown in the 
figure below. Also note that the functions f and f~! have the effect of “undoing” each 
other. In other words, when you form the composition of f with f~! or the composition 
of f—! with f, you obtain the identity function. 


fF '@) =fa-4)=@-4+4=x 
fC) =ft@+4=@+4-4=x 


Domain of f : Range of f 


a fx) 


Range of f~! mac Domain of f~! 
EXAMPLE 1 Finding an Inverse Function Informally 


Find the inverse function of f(x) = 4x. Then verify that both f(f~'(x)) and f~!(f(x)) 
are equal to the identity function. 


Solution The function f multiplies each input by 4. To “undo” this function, you 
need to divide each input by 4. So, the inverse function of f(x) = 4x is 


Verify that f(f~'(x)) = x and f~!(f(x)) = x. 


f(f-'@) (=) 4(2] x f-'(F@) =f) = = x 


oY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the inverse function of f(x) = $x. Then verify that both f(f~!(x)) and f~!(f(x)) 
are equal to the identity function. a 
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Definition of Inverse Function | 


Let f and g be two functions such that 

f(g(x)) = x for every x in the domain of g 
and 

e(f(x)) =x for every x in the domain of f. 


Under these conditions, the function g is the inverse function of the function f. 
The function g is denoted by f~! (read “f-inverse”). So, 


f(f'@) =x and f-'(f(x)) = x. 


The domain of f must be equal to the range of f—!, and the range of f must be 
equal to the domain of f~!. 


Do not be confused by the use of — 1 to denote the inverse function f~!. In this 
text, whenever f~! is written, it always refers to the inverse function of the function f 
and not to the reciprocal of f(x). 

If the function g is the inverse function of the function f, then it must also be true 
that the function f is the inverse function of the function g. So, it is correct to say that 
the functions f and g are inverse functions of each other. 


EXAMPLE 2 Verifying Inverse Functions 


Which of the functions is the inverse function of f(x) = as 


x—-2 


= =+ 
ee) ===) =2 42 
Solution By forming the composition of f with g, you have 
Fae 5 25 
(eo) = 4) =F sae 
5 


This composition is not equal to the identity function x, so g is not the inverse function 
of f. By forming the composition of f with h, you have 


f(h(x)) = (2 +2] - an — 6 =x. 


So, it appears that h is the inverse function of f Confirm this by showing that the 
composition of h with f is also equal to the identity function. 


ne a) ; oo 


eae 


Check to see that the domain of f is the same as the range of h and vice versa. 


VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


; ae . ; x—4 
Which of the functions is the inverse function of f(x) = 7 ? 
7 
g(x) = 7x + 4 h(x) = mn |_| 
GO DIGITAL 
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Figure P.60 
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Figure P.61 
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The Graph of an Inverse Function 


The graphs of a function f and its inverse function f~! are related to each other in this 
way: If the point (a, b) lies on the graph of f, then the point (b, a) must lie on the graph 
of f—!, and vice versa. This means that the graph of f~! is a reflection of the graph of 
f in the line y = x, as shown in Figure P.60. 


EXAMPLE 3 Verifying Inverse Functions Graphically 


Verify graphically that the functions f(x) = 2x — 3 and g(x) = (x + 3) are inverse 
functions of each other. 


Solution Sketch the graphs of f and g on the same rectangular coordinate system, 
as shown in Figure P.61. It appears that the graphs are reflections of each other 
in the line y = x. Further verify this reflective property by testing a few points on 
each graph. Note that for each point (a, b) on the graph of f, the point (b, a) is on the 
graph of g. 


Graph of f(x) = 2x -— 3 Graph of g(x) = h(x + 3) 
(=1,=3) (—5, —1) 

(0, —3) (—3, 0) 

(1, -1) (-1, 1) 

(2, 1) (1, 2) 

(3, 3) (3, 3) 


The graphs of f and g are reflections of each other in the line y = x. So, f and g are 
inverse functions of each other. 


VY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Verify graphically that the functions f(x) = 4x — 1 and g(x) = (x + 1) are inverse 


functions of each other. 


EXAMPLE 4 Verifying Inverse Functions Graphically 


Verify graphically that the functions f(x) = x? (x = 0) and g(x) 
functions of each other. 


= ms x are inverse 


Solution Sketch the graphs of f and g on the same rectangular coordinate system, 
as shown in Figure P.62. It appears that the graphs are reflections of each other in the 
line y = x. Test a few points on each graph. 


Graph of f(x) = x2, x = 0 Graph of g(x) = \/x 
(0, 0) (0, 0) 
(1, 1) (1, 1) 
(2, 4) (4, 2) 
(3, 9) (9, 3) 


The graphs of f and g are reflections of each other in the line y = x. So, f and g are 
inverse functions of each other. 


PY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Verify graphically that the functions f(x) = x2 + 1 (x = 0) and g(x) = /x — 1 are 


inverse functions of each other. 
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One-to-One Functions 


The reflective property of the graphs of inverse functions gives you a graphical test 
for determining whether a function has an inverse function. This test is the Horizontal 
Line Test for inverse functions. 


Horizontal Line Test for Inverse Functions il 


A function f has an inverse function if and only if no horizontal line intersects 
the graph of f at more than one point. 


If no horizontal line intersects the graph of f at more than one point, then no 
y-value corresponds to more than one x-value. This is the essential characteristic of 
one-to-one functions. 


One-to-One Functions 


A function f is one-to-one when each value of the dependent variable corresponds 
to exactly one value of the independent variable. A function f has an inverse 
function if and only if f is one-to-one. 


Consider the table of values for the function f(x) = x? on the left. The output 


f(x) = 4 corresponds to two inputs, x = —2 and x = 2, so f is not one-to-one. In the 
table on the right, x and y are interchanged. Here x = 4 corresponds to both y = —2 
and y = 2, so this table does not represent a function. So, f(x) = x? is not one-to-one 
and does not have an inverse function. 
x | fa)=2 x| y 
=2 4 4 | -2 
—1 1 1} -1 
0 0 0} 0 
1 1 1 1 
2 4 4} 2 
3 9 9 | 3 


EXAMPLE 5 Applying the Horizontal Line Test 


p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


a. The graph of the function f(x) = x? — 1 is shown in Figure P.63. No horizontal line 
intersects the graph of f at more than one point, so f is a one-to-one function and 
does have an inverse function. 


b. The graph of the function f(x) = x? — 1 is shown in Figure P.64. It is possible to 
find a horizontal line that intersects the graph of f at more than one point, so f is 
not a one-to-one function and does not have an inverse function. 


f Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use the graph of f to determine whether the function has an inverse function. 


GO DIGITAL a. f(x) = 2(3 — x) b. f(x) = |x| a 
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Finding Inverse Functions Algebraically 


For relatively simple functions (such as the one in Example 1), you can find inverse 


Note what happens when ne functions by inspection. For more complicated functions, however, it is best to use the 
try to find the eee function guidelines below. The key step in these guidelines is Step 3—interchanging the roles 
of a function that is not of x and y. This step corresponds to the fact that inverse functions have ordered pairs 
One ty anes with the coordinates reversed. 
Original 
f (x) =x 41 function 
= 2 Replace Finding an Inverse Function i) 
ce J (x) with y. = 
ga22 4 Interchange 1. Use the Horizontal Line Test to decide whether f has an inverse function. 
= x and y. 
ows 2. In the equation for f(x), replace f(x) with y. 
—-j=y¥ 
. - ais 3. Interchange the roles of x and y, and solve for y. 
= _ Solve 
y= tVe- 1. foes, 4. Replace y with f~!(x) in the new equation. 
You obtain two y-values for 5. Verify that f and f—! are inverse functions of each other by showing that 
each x. the domain of f is equal to the range of f~', the range of f is equal to the 
domain of f-', and f(f-!()) = x and f-'(f(s)) = 2. 


EXAMPLE 6 Finding an Inverse Function Algebraically 


Find the inverse function of 


5-x 
3x + 2° 


f(x) = 


Solution The graph of f is shown in Figure P.65. This graph passes the Horizontal 
Line Test. So, you know that f is one-to-one and has an inverse function. 


5- 
f (x) = 3x <3 Write original function. 
+ =x As os 
ve y= oy Replace f(x) with y. 
: 5-y 
Figure P.65 x= 3y +2 +9 Interchange x and y. 
x(3y + 2=5- y Multiply each side by 3y + 2. 
3xy + 2x =5-y Distributive Property 
3xy +y=5 — 2x Collect terms with y. 
y(3x + 1) =5—- 2x Factor. 
3 = 2x 
y= ax +1 Solve for y. 
5 = 2. 
pos) = 3x + qr Replace y with f ~!(x). 


Verify that f(f~'(x)) = x and f~!(f(x)) = x. 
A Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the inverse function of 


f= . 


[leat 
GO DIGITAL 
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EXAMPLE 7 Finding an Inverse Function Algebraically 


Find the inverse function of 
f(x) = J/2x - 3. 


Solution The graph of f is shown in the figure below. This graph passes the 
Horizontal Line Test. So, you know that f is one-to-one and has an inverse function. 


f (x) a ff 2x — 3 Write original function. 
y= J2x — 3 Replace f(x) with y. 
x= «ff 2-3 Interchange x and y. 
r= 2y — 3 Square each side. 
2y= 1x7 +3 Isolate y-term. 
y= aes Solve for y. 
2 j 
fo '(x) = i Z x20 Replace y with f ~!(x). 


The graph of f~! in the figure is the reflection 
of the graph of f in the line y = x. Note that 
the range of f is the interval [0, 00), which 
implies that the domain of f~! is the interval 
[0, 00). Moreover, the domain of f is the 
interval [3 00), which implies that the range 
of f~! is the interval [3 00), Verify that 


f(f-\(@)) = x and f—'(f(x)) = x. 


SY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the inverse function of 


f(x) = 3/10 + x. a 


Summarize (Section P.10) 


1. State the definition of an inverse function (page 103). For examples of finding 
inverse functions informally and verifying inverse functions, see Examples | 
and 2. 


2. Explain how to use graphs to verify that two functions are inverse functions 
of each other (page 104). For examples of verifying inverse functions 
graphically, see Examples 3 and 4. 


3. Explain how to use the Horizontal Line Test to determine whether a function 
is one-to-one (page 105). For an example of applying the Horizontal Line 
Test, see Example 5. 


4. Explain how to find an inverse function algebraically (page 106). For examples 


Spay of finding inverse functions algebraically, see Examples 6 and 7. 


1] 


GO DIGITAL 
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P.10 Exercises 


See CalcChat.com for tutorial help and worked-out solutions Fd 
to odd-numbered exercises. i 


ORO 
a 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-4, fill in the blanks. 


1. If f(g(x)) and g(f(x)) both equal x, then the function g is the 


2. The inverse function of f is denoted by 
3. The domain of f is the of f—!, and the 
4 


function of the function f. 


of f—' is the range of f. 


. The graphs of f and f~! are reflections of each other in the line 


5. To show that two functions f and g are inverse functions, you must show that both f(g(x)) 


and g(f(x)) are equal to what? 


6. Can (1, 4) and (2, 4) be two ordered pairs of a one-to-one function? Explain. 


7. How many times can a horizontal line intersect the graph of a function that is one-to-one? 


8. Give an example of a function that does not pass the Horizontal Line Test. 


Skills and Applications 


Finding an Inverse Function Informally In Exercises 
9-16, find the inverse function of f informally. Verify 


that f(f~(x)) = x and f~(f(x)) = x. 


9. f(x) = 6x 10. f(x) = 5x 
il, f(x) = 3% +1 12. f(x) = <3 
13. f(x) =x +1 14. f(x) = 


x 
4 
2 


15. fx) =2? -4,x20 16 f(x) =x? +2, x20 


Verifying Inverse Functions In Exercises 17-20, 
verify that f and g are inverse functions algebraically. 


17. fl) == 2, sete 

18. fe) =-3x-4, a = -2* 
x3 _ 

19. f(x) = L g(x) = 3/4x 


20. f(s) = 4+5, gx) =7Yx-5 


Sketching the Graph of an Inverse Function In 
Exercises 21 and 22, use the graph of the function to 
sketch the graph of its inverse function y = f~1(x). 


21. 


Verifying Inverse Functions In Exercises 23-32, 
verify that f and g are inverse functions (a) algebraically 
and (b) graphically. 


23. fy) =x-—5, g(x) =x4+5 


24. f(x) = 2x, g(x) = 


25. f(x) = 7x + 1, g(x) = = : 
26. f(x) =3 — 4x, g(x) = a a 
27. f(x) =, g(x) = ¥/x 
28. fx) =*, gx) = Ye 
29. f(x) = Vx +5, g(x) =x? -5, x20 
30. f(x) =1— x3, g(x) = 37/1 — x 
xy =A 5x +1 
at. fi) = 2S ay = 
32. fs) = 225, ol = SES 


Using a Table to Determine an Inverse Function 
In Exercises 33 and 34, does the function have an inverse 
function? 


33. —J/0/1)/2|) 3 | 4 
fm, —2/1/2/1/] -2| -6 

4. =3 | =2|=1|0] 2 3 
f(s) | 10 | 6 | 4 |1] -3 | -10 
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Using a Table to Find an Inverse Function In 
Exercises 35 and 36, use the table of values for y = f(x) 
to complete a table for y = f—1(x). 


3. i lolij2)]3/)4 
> BBD 

36. Bm -3/-2/-1] 0/1 | 2 
fom io| s | o | -s| —-10| -15 


Applying the Horizontal Line Test In Exercises 
37-40, does the function have an inverse function? 


37. 


39. y 40. y 
A A 
2+ iE 
i pall 
t+ + 

—2 ue 2 x 

+ 2 4 6 

—2- 24 


AB Applying the Horizontal Line Test In Exercises 
41-44, use a graphing utility to graph the function, and 
use the Horizontal Line Test to determine whether the 
function has an inverse function. 


41. g(x) = (x + 3)? +2 

42. f(x) = $(x + 2)3 

43. f(x) =xJ/9-— 

44, h(x) = |x| — |x — 4| 

Finding and Analyzing Inverse Functions In 
Exercises 45-54, (a) find the inverse function of f, (b) 
graph both f and f—! on the same set of coordinate axes, 


(c) describe the relationship between the graphs of f and 
f—', and (d) state the domains and ranges of f and f—!. 


45. fix) = -2 46. f(x) = +8 
__2 

= 48. f(x) a % 

x+ 1 x—2 


49. f(x) = so 50. f(x) = ay 4 5 


51. f(x) = 3/x- 1 52. f(x) = 3/5 
53. f(x) = /4- 3%, 05x52 
54. f(x) =x? -2, x <0 


© Shaunl/Getty Images 
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Finding an Inverse Function In Exercises 55-68, 
determine whether the function has an inverse function. 
If it does, find the inverse function. 


55. f(x) = x* 56. fx) = 5 
57. g(x) = 2 i 58. f(x) = 3x+5 
59. p(x) = -—4 60. f(x) = 0 
61. f(x) = /2x +3 62. f(x) = J/x — 2 

_ 6x +4 _5x-3 
63. f(x) = as 64. f(x) = bas 
65. f(x) =(«+ 3), x2 -3 
66. f(x) = |x-2|, x <2 
$= V6 TSO 

—x, <0 

se a ee 3x, : >0 


69. Hourly Wage Your wage is $10.00 per hour plus 
$0.75 for each unit produced per hour. So, your hourly 
wage y in terms of the number of units produced x is 
y = 10 + 0.75x. 


(a) Find the inverse function. What does each variable 
represent in the inverse function? 


(b) Determine the number of units produced when your 
hourly wage is $24.25. 
70. Diesel Mechanics 
The function 


y = 0.03x? + 245.50, 0 <x < 100 


approximates the exhaust temperature y in degrees 

Fahrenheit, where x is the percent load for a diesel 

engine. 

(a) Find the inverse function. What does each 
variable represent in the inverse function? 


(b) Use a graphing utility to graph the inverse 


function. 


The exhaust 
temperature of 
the engine must 
not exceed 

500 degrees 
Fahrenheit. What 
is the percent load 
interval? 


Composition with Inverses In Exercises 71-74, use 
the functions f(x) = x + 4 and g(x) = 2x — 5 to find 
the function. 
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Composition with Inverses In Exercises 75-80, use 
the functions f(x) = $x — 3 and g(x) = x° to find the 
value or function. 
75. (ft 9 2")(1) 
TI. Ff YA) 
79, (fey 


Exploring the Concepts 


76. (g-' of ~')(—3) 
78. (g~!° g~!)(-1) 
80. g lof ! 


True or False? In Exercises 81 and 82, determine 
whether the statement is true or false. Justify your 
answer. 


81. If f is an even function, then f~! exists. 


82. If the inverse function of f exists and the graph of f has 
a y-intercept, then the y-intercept of f is an x-intercept 
of fl. 


83. Creating a Table Use the graph of each function 
f to create a table of values for the given points. Then 
create a second table that can be used to find f~!, and 
sketch the graph of f~', if possible. 


(b) 


84. HOW DO YOU SEE IT? The cost C fora 
business to make personalized T-shirts is 
given by 


C(x) = 7.50x + 1500 


where x represents the number of T-shirts. 


(a) The graphs of C and C~! are shown below. 
Match each function with its graph. 
Cc 


A 
6000 5 


}> x 


T T 
2000 4000 6000 


(b) Explain what C(x) and C~!(x) represent in the 
context of the problem. 


Copyright 2022 Ceng 


earning. All Rights Reserved. May not be c 


85. Proof Prove that if f and g are one-to-one functions, 
then (f° g)"'x) = (g-* ef “")G@). 

86. Proof Prove that if f is a one-to-one odd function, 
then f—! is an odd function. 


PS 87. Think About It _ Restrict the domain of f(x) = x2 + 1 


to x 2 0. Use a graphing utility to graph the function. 
Does the restricted function have an inverse function? 
Explain. 

88. Think About It Consider the functions f(x) = x + 2 
and f~!(x) = x — 2. Evaluate f(f~!(x)) and f~!(f(x)) 
for the given values of x. What can you conclude about 
the functions? 


x —-10|0; 7] 45 


Video solutions at 


Review & Refresh » LarsonPrecalculus.com 


Solving an Equation In Exercises 89-92, solve the 
equation. Check your solutions. 

89. x? — 10x + 24=0 90. x? — 8k + 12 = 

91. -(x- 8) +2%=0 92. 3(x + 3) - B= 


Describing Function Behavior In Exercises 93-96, 
determine the open intervals on which the function is 
increasing, decreasing, or constant. 


93. y 94. y 


Y 
* 


95. 96. 


Approximating Relative Minima or Maxima In 
Exercises 97 and 98, approximate any relative minima 
or maxima of the function. 


97. 98. 
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Summary and Study Strategies 


What Did You Learn? 


Summary and Study Strategies 


Oh eA Co 
‘ H 


Oa a: 
GO DIGITAL 


The list below reviews the skills covered in the chapter and correlates each one to the 


Review Exercises (see page 114) that practice the skill. 


Section P.1 Review Exercises 
@ Represent and classify real numbers (p. 2). A; Z 
@ Order real numbers and use inequalities (p. 4). chat 
™@ Find the absolute values of real numbers and find the distance between two 5-12 

real numbers (p. 6). 
@ Evaluate algebraic expressions (p. 8). 13, 14 
™ Use the basic rules and properties of algebra (p. 9). 15-26 

Section P.2 
@ Identify different types of equations (p. 14). 2/=30 
® Solve linear equations in one variable and rational equations (p. 14). giao 

Standard form of a linear equation in x: ax + b= 0 
H@ Solve quadratic equations by factoring, extracting square roots, completing the 35-38 
square, and using the Quadratic Formula (p. 17). 
Quadratic Formula: x = we = ae 
@ Solve polynomial equations of degree three or greater (p. 21). 39, 40 
@ Solve radical equations (p. 22). 41-44 
H@ Solve absolute value equations (p. 23). 45, 46 

Section P.3 
@ Plot points in the Cartesian plane (p. 26). 47—50 
@ Use the Distance Formula to find the distance between two points (p. 28). 17/40, 

d= Pie a aie a (y, a y,)? 
@ Use the Midpoint Formula to find the midpoint of a line segment (p. 30). 47, 48 
Midpoint = (* > “2 “1 : 22) 
@ Sketch graphs of equations. (p. 31). 51-54 
@ Find x- and y-intercepts of graphs of equations (p. 32). 55, 50 
M™@ Use symmetry to sketch graphs of equations (p. 33). 57-60 
@ Write equations of circles (p. 34). 61-64 
Circle with radius r and center at (h, k): (x — h)? + (y — kK? = 7° 


111 
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Section P.4 Review Exercises 


®@ Use slope to graph linear equations in two variables (p. 40). 65-68 


Slope-intercept form: y = mx + b 


@ Find the slope of a line given two points on the line (p. 42). 69, 70 
= 2 Jil 
dig 3 

H Write linear equations in two variables (p. 44). 7i=74 


Point-slope form: y — y, = m(x — x,) 


™ Use slope to identify parallel and perpendicular lines (p. 45). 75, 76 
Parallel lines: m, = m, Perpendicular lines: m, = -" 
2 
H@ Use slope and linear equations in two variables to model and solve TI 8 
real-life problems (p. 46). 
| Section P.5 
@ Determine whether relations between two variables are functions, and use 79-84 


function notation (p. 53). 


®@ Find the domains of functions (p. 58). 85, 86 
® Use functions to model and solve real-life problems, and evaluate difference 87, 88 
quotients (p. 59). 
Section P.6 
™ Use the Vertical Line Test for functions (p. 67). 89, 90 


A set of points in a coordinate plane is the graph of y as a function of x if and 
only if no vertical line intersects the graph at more than one point. 


@ Find the zeros of functions (p. 69). 91, 92 


The zeros of a function y = f(x) are the x-values for which f(x) = 0. 


® Determine intervals on which functions are increasing or decreasing (p. 70). Cai, GH 
™@ Determine relative minimum and relative maximum values of functions (p. 71). 95, 96 
™@ Determine the average rate of change of a function (p. 72). 97, 98 
™@ Identify even and odd functions (p. 73). 99 102 


In an even function, f(—x) = f(x). In an odd function, f(—x) = —f(x). 


| Section P.7 


@ Identify and graph linear and squaring functions (p. 78). 103-105 
@ Identify and graph cubic, square root, and reciprocal functions (p. 80). 106-108 
® Identify and graph step and other piecewise-defined functions (p. 81). 109-112 
m@ Recognize graphs of commonly used parent functions (p. 82). 105-108 
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113 


Section P.8 Review Exercises 


™@ Use vertical and horizontal shifts to sketch graphs of functions (p. 85). 113-121 
Vertical shifts: h(x) = f(x) = c Horizontal shifts: h(x) = f(x = c) 


™@ Use reflections to sketch graphs of functions (p. 87). 116, 117, 119, 121, 122 
Reflection in the x-axis: h(x) = —f(x) Reflection in the y-axis: h(x) = f(—x) 


@ Use nonrigid transformations to sketch graphs of functions (p. 89). 118, 120, 122 
g(x) = cf(x): vertical stretch when c > 1, vertical shrink when 0 < c < 1 
h(x) = f(cx): horizontal shrink when c > 1, horizontal stretch when 0 < c < 1 


Section P.9 


@ Add, subtract, multiply, and divide functions (p. 94). 123, 124 
@ Find the composition of one function with another function (p. 96). 125, 126 
™ Use combinations and compositions of functions to model and solve real-life 127, 128 


problems (p. 98). 
| Section P.10 


@ Find inverse functions informally and verify that two functions are inverse 129, 130 
functions of each other (p. 102). 


™ Use graphs to verify that two functions are inverse functions of each other (p. 104). 131-134 
@ Use the Horizontal Line Test to determine whether functions are one-to-one 131, 132 
(p. 105). 
M@ Find inverse functions algebraically (p. 106). 133-136 
| 
Study Strategies 


Knowing and Using Your Preferred Learning Modality Math is a specific system of rules, 
properties, and calculations used to solve problems. However, you can take different approaches to 
learning this specific system based on learning modalities. A learning modality is a preferred way of 
taking in information that is then transferred into the brain for processing. Three basic modalities are 
visual, auditory, and kinesthetic. A brief description of each modality and several ways to use it are 
listed below. You may find that one approach, or multiple approaches, works best for you. 


¢ Visual You take in information more productively when you see the information. 
1. Draw a diagram of a word problem before writing a verbal model. 


2. When making a review card for a word problem, include a picture. This will help you recall 
the information while taking a test. 


¢ Auditory You take in information more productively when you listen to an explanation and talk 
about it. 


1. Explain how to do a word problem to another student. This is a form of thinking out loud. 
Write the instructions down on a review card. 


2. Teach the material to an imaginary person when studying alone. 

¢ Kinesthetic You take in information more productively when you experience it or use physical 
activity in studying. 
1. Act out a word problem as much as possible. Use props when you can. 


2. Solve a problem on a large whiteboard—writing is more kinesthetic when the writing is 
larger and you move around while doing it. 


3. Make a review card. 
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Review Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


ae 


GO DIGITAL 


G&S] Classifying Real Numbers In Exercises 1 and 
2, determine which numbers in the set are (a) natural 
numbers, (b) whole numbers, (c) integers, (d) rational 
numbers, and (e) irrational numbers. 


1. {11,-2,3, V6, 0.4} 
2. {./15, —22, 0, 5.2, 3} 


Plotting and Ordering Real Numbers In Exercises 
3 and 4, plot the two real numbers on the real number 
line. Then place the appropriate inequality symbol 


(< or >) between them. 
57 9 5 
3. 43 4. —35,—-7 


Evaluating an Absolute Value Expression In 
Exercises 5-10, evaluate the expression. 


5. |5| 6. |-16| 
7. |8 — 23| 8. [14 —7| 
9. —|9| — |-9| 10. |—10| — |-11| 


Finding a Distance In Exercises 11 and 12, find the 
distance between a and b. 


ll. a = —74,b = 48 12. a = —112,b = -6 


Evaluating an Algebraic Expression In Exercises 
13 and 14, evaluate the expression for each value of x. 
(if not possible, state the reason.) 


13. -x? +x-1 (a) x= 1 
x 


x—3 


(b) x= —-1 


(a) x=—-3 (b) x =3 


Identifying Rules of Algebra In Exercises 15-20, 
identify the rule(s) of algebra illustrated by the statement. 
15.0+ (a-—5)=a-5 
16. 1° 3x +4) =3x+4 
17. 2x + (3x — 10) = (2x + 3x) — 10 
18. 4(¢+ 2) =4-°t+4-2 
19. (2+ 1)+3=3+(24+1) 

2 Jt 4 
“y+4 2 


=1, y#-4 


Performing Operations In Exercises 21-26, perform 
the operation(s). (Write fractional answers in simplest 
form.) 


21. -6+6 22. 2 — (—3) 
23. (—8)(—4) 24. 5(20 + 7) 
x 2x 9 1 

25. 7 5 26. rear 


GH] Classifying an Equation In Exercises 27-30, 
determine whether the equation is an identity, a 
conditional equation, or a contradiction. 

27. 2(x — 2) = 2x — 4 28. 2(x + 3) = 2x -— 2 

29. 5x — 6 = 2(x + 3) 30. 5(x — 1) — 2x = 3x — 5 
Solving an Equation In Exercises 31-34, solve the 
equation and check your solution. 

31. 24+ 5)-7=x+9 32. 7*-4)=1-(+4+ 9) 


2 2x 
4.34+————[= 
a3 C= a “KS D 


x x 
Ses oe 1 
33. 5 3 3 


Choosing a Method In Exercises 35-38, solve the 
equation using any convenient method. 

35. 2x7 —x — 28 =0 36. 6 = 3x? 

37. (x + 13)? = 25 38. 9x? — 12x = 14 


Solving an Equation In Exercises 39-46, solve the 
equation. Check your solutions. 

39. 5x4 — 128 =0 40. x3 + 8x? — 2x = 16 

41. /x+4=3 42. 5/x- /x-1=6 
43. (x — 1)?/3-25=0 44, (x + 2)3/4 = 27 

45. |x — 5| = 10 46. |x? — 3] = 2x 

GX] Plotting, Distance, and Midpoint In Exercises 
47 and 48, (a) plot the points, (b) find the distance 


between the points, and (c) find the midpoint of the line 
segment joining the points. 


47. (—3, 8), (1, 5) 48. (—2, 6), (4, —3) 


Meteorology In Exercises 49 and 50, use the following 
information. The apparent temperature is a measure 
of relative discomfort to a person from heat and high 
humidity. The ordered pairs show the actual temperatures 
x versus the apparent temperatures y (both in degrees 
Fahrenheit) for a relative humidity of 75%. 


(70, 70), (75, 77), (80, 85), (85, 95), (90, 109), (95, 130), 
(100, 150) 
49. Sketch a scatter plot of the data. 


50. Find the change in the apparent temperature when the 
actual temperature changes from 70°F to 100°F. 


Sketching the Graph of an Equation In Exercises 
51-54, construct a table of values that consists of several 
solution points of the equation. Use the resulting solution 
points to sketch the graph of the equation. 


51. y = 2x — 6 52. y= —yx+2 
53. y= x? + 2x 54. y= 2x? -x-9 
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Finding x- and y-Intercepts In Exercises 55 and 56, 
find the x- and y-intercepts of the graph of the equation. 


55. y=(« - 3)? -4 56. y= |x + 1] -3 


Testing for Symmetry In Exercises 57-60, use the 
algebraic tests to check for symmetry with respect to 
both axes and the origin. Then sketch the graph of the 
equation. 


57. y= -—3x+7 
59. y = —x* + 6x7 


58. y = 3x3 
60. y = |x| — 4 
Writing the Equation of aCircle In Exercises 61 and 


62, write the standard form of the equation of the circle 
for which the endpoints of a diameter are given. 


61. (0, 0), (4, —6) 62. (—2, —3), (4, — 10) 


Sketching a Circle In Exercises 63 and 64, find the 
center and radius of the circle with the given equation. 
Then sketch the circle. 

63. °° + y=9 

64. (x + 4)? + (y — 3)’ = 100 

GZ] Graphing a Linear Equation In Exercises 
65-68, find the slope and y-intercept (if possible) of the 
line. Sketch the line. 
65. y=—5x+1 
67. y= 1 


66. 2x — 3y = 6 
68. x = —6 


Finding the Slope of a Line Through Two Points 
In Exercises 69 and 70, find the slope of the line passing 
through the pair of points. 


69. (5, —2), (—1, 4) 70. (—1, 6), (3, —2) 


Using the Point-Slope Form In Exercises 71 and 72, 
find the slope-intercept form of the equation of the line 
that has the given slope and passes through the given 
point. Sketch the line. 


71. m=, (6,—5) 72.m=-—%3, (-4,—2) 
Finding an Equation of a Line In Exercises 73 and 
74, find an equation of the line passing through the pair 
of points. Sketch the line. 


73. (—6, 4), (4, 9) 74, (—9, —3), (—3,:—3) 


Finding Parallel and Perpendicular Lines In 
Exercises 75 and 76, find equations of the lines that 
pass through the given point and are (a) parallel to and 
(b) perpendicular to the given line. 


75. 5x — 4y = 8, (3,—2) 76. 2x + 3y=5, (—8,3) 


77. Sales A discount outlet offers a 20% discount on all 
items. Write a linear equation giving the sale price S for 
an item with a list price L. 


Review Exercises 115 


78. Hourly Wage A manuscript translator charges a 
starting fee of $50 plus $2.50 per page translated. Write 
a linear equation for the amount A earned for translating 


P pages. 


[3 Testing for Functions Represented 
Algebraically In Exercises 79-82, determine whether 
the equation represents y as a function of x. 

79. 16x — yt = 80. 2x -y-—3 =0 

81. y= /1—x 82. jy) =x +2 


Evaluating a Function In Exercises 83 and 84, find 
each function value. 


83. g(x) = x43 


(a) g(8) (b) git + 1) (©) g(—27) dd) g(x) 
84. h(x) = |x — 2| 
(a) h(—4) (b) h(—2)_— (c) ACO) d) A(—x + 2) 


Finding the Domain of a Function In Exercises 85 
and 86, find the domain of the function. 


85. f(x) = /25—- x2 86. h(x) = 5 a 


=x > 6 
87. Physics The velocity of a ball projected upward 
from ground level is given by v(t) = —32t + 48, where 
t is the time in seconds and v is the velocity in feet per 
second. 


(a) Find the velocity when t = 1. 


(b) Find the time when the ball reaches its maximum 
height. [Hint: Find the time when v(t) = 0.] 


if 88. Evaluating a Difference Quotient Find the 


difference quotient and simplify your answer. 


f(x + h) — f@) 
A ; 


f(x) = 2x7 + 3x - 1, h#0 
EX4 Vertical Line Test for Functions In Exercises 
89 and 90, sketch the graph of the equation. Then use the 
Vertical Line Test to determine whether the graph 
represents y as a function of x. 


89. y = (x — 3)? 90. x= —|4-y| 
Finding the Zeros of a Function In Exercises 91 and 
92, find the zeros of the function algebraically. 

x3 = x2 
xt 1 


91. f(x) = /2x + 1 92. f(x) 


Py Describing Function Behavior In Exercises 93 and 


94, use a graphing utility to graph the function and 
visually determine the open intervals on which the 
function is increasing, decreasing, or constant. Use a 
table of values to verify your results. 


93. f(x) = |x] + |x +1] 94. f(x) = (@? — 4)? 
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BB Approximating Relative Minima or Maxima 


In Exercises 95 and 96, use a graphing utility to 
approximate (to two decimal places) any relative minima 
or maxima of the function. 


95. f(xy) = —x? + 2x +1 96. f(x) = 33 — 47-1 


fi Average Rate of Change of a Function In Exercises 
97 and 98, find the average rate of change of the function 
from x, to x,. 
97. f(x) = —x2 + 8x — 4 
98. f(x) = + 2x 4+ 1, 


x, =0,x%,=4 
x,=1,x,=3 
Even, Odd, or Neither? In Exercises 99-102, 


determine whether the function is even, odd, or neither. 
Then describe the symmetry. 


99, f(x) = + 4x -7 
101. f(x) = 2x/x? + 3 


100. f(x) = x4 — 20x 
102. f(x) = = 
Writing a Linear Function In Exercises 103 and 


104, (a) write the linear function f that has the given 
function values and (b) sketch the graph of the function. 


103. f(2) = —6, f(—1) = 3 104. f(0) = —5, f(4) = — 


Graphing a Function In Exercises 105-112, sketch 
the graph of the function. 


105. ca = 106. f(x) =x 

107. f(x) 5 108. f(x) = 1/x 

109. e(x) = [x] - 2 110. g(x) = [« + 4] 
—-3, x2-1 

i. fe) = {™* om 

12 f= eT TS 


GJ Describing Transformations In Exercises 
113-122, h is related to one of the parent functions 
described in this chapter. (a) Identify the parent 
function f. (b) Describe the sequence of transformations 
from f to h. (c) Sketch the graph of h. (d) Use function 
notation to write h in terms of f. 


113. h(x) = x? -— 9 114. h(x) = (x — 2)3 +2 
115. A(x) = |x + 3| — 5 116. h(x) = —-J/x +4 
117. A(x) = —(x +2)? +3 118. h(x) = Hx — 1)? -2 
119. A(x) = —[p] + 6 120. h(x) = ie — 9] 


121. A(x) = —J/x+14+9 122. h(x) = -3 


GX] Finding Arithmetic Combinations of 
Functions In Exercises 123 and 124, find 


(a) (f + g)(x), (b) (f — g)(x), (© (fg)(x), and (d) (f/g)(x). 
What is the domain of f/g? 


123. f(x) = x? + 3, oe 
124. f(x) =°2 — 4, g(x) = /3-x 


Finding Domains of Functions and Composite 
Functions In Exercises 125 and 126, find (a) f° g and 
(b) g cf. Find the domain of each function and of each 
composite function. 


125. f(x) = 
126. f(x) = 


g(x) = 3x41 
ala) = 2 


iy — 3, 
J/x +1, 


Retail In Exercises 127 and 128, the price of a washing 
machine is x dollars. The function f(x) = x — 100 gives 
the price of the washing machine after a $100 rebate. 
The function g(x) = 0.95x gives the price of the washing 
machine after a 5% discount. 


127. Find and interpret (f° g)(x). 
128. Find and interpret (g ° f)(x). 


GE) Finding an Inverse Function Informally 
In Exercises 129 and 130, find the inverse function of f 
informally. Verify that f(f—'(x)) = x and f-'(f(x)) = x. 


x- 


5 


129, f(x) = 130. f(x) =x - 1 


fe Applying the Horizontal Line Test In Exercises 131 


and 132, use a graphing utility to graph the function, and 
use the Horizontal Line Test to determine whether the 
function has an inverse function. 


132. h(t) = 2. 


131. f(x) = (« - 1)? 
Finding and Analyzing Inverse Functions In 
Exercises 133 and 134, (a) find the inverse function of f, 
(b) graph both f and f—! on the same set of coordinate 
axes, (c) describe the relationship between the graphs 
of f and f—', and (d) state the domains and ranges of f 
and f—!. 


133. f(x) = S/x+1 
Restricting the Domain In Exercises 135 and 136, 
restrict the domain of the function f to an interval on 


which the function is increasing, and find f—! on that 
interval. 


135. f(x) = 2(x — 4)? 


=ix-3 134. f(x) 


136. f(x) = |x — 2| 


Exploring the Concepts 


True or False? In Exercises 137 and 138, determine 
whether the statement is true or false. Justify your 
answer. 


137. Relative to the graph of f(x) = \/x, the graph of the 
function h(x) = —\/x + 9 — 13 is shifted 9 units to 
the left and 13 units down, then reflected in the x-axis. 


138. If f and g are two inverse functions, then the domain 
of g is equal to the range of f. 
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Chapter Test 117 


See CalcChat.com for tutorial help and worked-out solutions 
C h a pter Test to odd-numbered exercises. 


Oper 
GO DIGITAL 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


1. Place the appropriate inequality symbol (< or >) between the real numbers -¥ 
and —3. (Section P.1) 

2. Find the distance between the real numbers -i and 2 (Section P.1) 

3. Identify the rule of algebra illustrated by (5 — x) +0 =5— x. (Section P.1) 


In Exercises 4-7, solve the equation and check your solution. (If not possible, 
explain why.) (Section P.2) 


4. 3(x — 1) + 4x = 10 5. (x — 4)(x +2) =7 
x= 2. 4 
Oo gaa 0 7. |3x= 1) =7 


8. Plot the points (—2, 5) and (6, 0). Then find the distance between the points and 
the midpoint of the line segment joining the points. (Section P.3) 


In Exercises 9-11, find any intercepts and test for symmetry. The sketch the graph 
of the equation. (Section P.3) 
9. y=4- 3x 10. y = 4 — Fifa] ll. y=x-3 


12. Find the center and radius of the circle given by (x — 3)? + y* = 9. Then sketch 
the circle. (Section P.3) 


In Exercises 13 and 14, find an equation of the line passing through the pair of 
points. Sketch the line. (Section P.4) 


13. (—2, 5), (1, -7) 14, (-4, -7), (1, §) 
15. Find equations of the lines that pass through the point (0, 4) and are (a) parallel to 
and (b) perpendicular to the line 5x + 2y = 3. (Section P.4) 
16. Let f(x) = |x + 2| — 15. Find each function value. (Section P.5) 
(a) f(—8) (vb) f4) © fa- 6) 
aad In Exercises 17-19, (a) use a graphing utility to graph the function, (b) find the 
domain of the function, (c) approximate the open intervals on which the function 


is increasing, decreasing, or constant, and (d) determine whether the function is 
even, odd, or neither. (Section P.6) 


17, f(x) = |x+5| 18. f(x) = 42/3 - x 19. f(x) = 2x6 + 5x4 — 2 
In Exercises 20-22, (a) identify the parent function f in the transformation, 


(b) describe the sequence of transformations from f to h, and (c) sketch the graph 
of h. (Sections P.7 and P.8) 


20. A(x) = 8[] 21. A(x) = —-J/x +548 22. h(x) = —2(x — 5)3 + 3 


In Exercises 23 and 24, find (a) (f + g)(x), (b) (f — g)(x), (©) (fg)(), (@) (F/g)@), 
(e) (f° g)(x), and (f) (g ° f)(x). What is the domain of f/g? (Section P.9) 

23. f(x) = 3x2 -— 7, g(x) = -x? — 4x + 5 24. f(x) = 1/x, e@) = 2% 
In Exercises 25—27, determine whether the function has an inverse function. If it 
does, find the inverse function. (Section P.10) 

25. fxs) =28+9 26. f(x) = |x? - 3| + 6 27. f(x) = 3x/x 
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HISTORICAL NOTE 


The Cartesian plane is named 
after French mathematician 
René Descartes (1596-1650). 
According to some accounts, 
while Descartes was lying 
in bed, he noticed a fly 
buzzing around on the ceiling. 
He realized that he could 
describe the fly’s position by 
its distance from the walls. 
This led to the development 
of the Cartesian plane. 
Descartes felt that using 
a coordinate plane could 
facilitate descriptions of the 
positions of objects. 


What does the word proof mean to you? In mathematics, the word proof means a valid 
argument. When you prove a statement or theorem, you must use facts, definitions, and 
accepted properties in a logical order. You can also use previously proved theorems in 
your proof. For example, the proof of the Midpoint Formula below uses the Distance 
Formula. There are several different proof methods, which you will see in later chapters. 


The Midpoint Formula (p. 30) | 


The midpoint of the line segment joining the points (x,, y,) and (x, y,) is 


xX, + X, | 
Q. 7. <9 


Midpoint = ( 


Proof 


Using the figure, you must show that d, = d, and d, + d, = d3. 


y 


4 (x), 1) 
e 


Xy +X 14) 
yD 


Use the Distance Formula to find d,, d,, and d,. For d,, you obtain 


Xx, +X, 2 y, + yo 2 
a= /(@22-.) (an 


Find d,. 
Xy — x,\? Y2 — 1 \? 
= =) +(-=_— 
ea) 
= 1 2 2 
= 5V bq — m1) tater) 
For d,, you obtain 
xX, + X,\? yy + yy\? F 
d, = Ve = wos) ( a _S Find d,. 
Xy — x,\? Y2 — y,\? 
= ———]| + 
Ses 
1 
a 2 ie = x) ar (y> a y)) 
For d,, you obtain 
d, = Ue w %,)? AP (y, _ ie Find d3. 
So, it follows that d, = d, and d, + d, = d,. | 
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PS. Problem Solving 


See CalcChat.com for tutorial help and worked-out 
solutions to odd-numbered exercises. 


1. Monthly Wages As a salesperson, you receive a 
monthly salary of $2000, plus a commission of 7% of 
sales. You receive an offer for a new job at $2300 per 
month, plus a commission of 5% of sales. 

(a) Write a linear equation for your current monthly 

wage W, in terms of your monthly sales S. 
(b) Write a linear equation for the monthly wage W, of 
your new job offer in terms of the monthly sales S. 
fe (c) Use a graphing utility to graph both equations in the 
same viewing window. Find the point of intersection. 
What does the point of intersection represent? 
(d) You expect sales of $20,000 per month. Should you 
change jobs? Explain. 

. Cellphone Keypad For the numbers 2 through 9 on 
a cellphone keypad (see figure), consider two relations: 
one mapping numbers onto letters, and the other mapping 
letters onto numbers. Are both relations functions? 
Explain. 


1 Qarsc & ver 
Ac 5s 6G no 


“/ PORS 8 TUV Owxyz 


* O # 


. Sums and Differences of Functions What can be 
said about the sum and difference of each pair of functions? 
(a) Two even functions 
(b) Two odd functions 
(c) An odd function and an even function 


. Inverse Functions The functions 
f(x) =x and g(x) = —-x 


are their own inverse functions. Graph each function and 
explain why this is true. Graph other linear functions that 
are their own inverse functions. Find a formula for a family 
of linear functions that are their own inverse functions. 


. Proof Prove that a function of the form 


_— 2n 2n-2 we te te 2 
Y = Ay, X" FT Any 9X + + AX" + Ay 


is an even function. 


. Miniature Golf A golfer is trying to make a 
hole-in-one on the miniature golf green shown. The golf 
ball is at the point (2.5, 2) and the hole is at the point 
(9.5, 2). The golfer wants to bank the ball off the side 
wall of the green at the point (x, y). Find the coordinates 
of the point (x, y). Then write an equation for the path of 
the ball. 


7. 


fs. 


(x, y) 


8 ft 


12 ft 
Figure for 6 


Titanic At 2:00 p.m. on April 11, 1912, the Titanic 

left Cobh, Ireland, on her voyage to New York City. 

At 11:40 p.m. on April 14, the Titanic struck an iceberg 

and sank, having covered only about 2100 miles of the 

approximately 3400-mile trip. 

(a) What was the total duration of the voyage in hours? 

(b) What was the average speed in miles per hour? 

(c) Write a function relating the distance of the Titanic 
from New York City and the number of hours 
traveled. Find the domain and range of the function. 

(d) Graph the function in part (c). 

Average Rate of Change Consider the function 

f(x) = —x? + 4x — 3. Find the average rate of change 

of the function from x, to x,. 


(a) x, =1,x%, =2 

(b) x, = 1.x, = 15 
(c) x, = 1,x, = 1.25 
(d) x, = 1, x, = 1.125 
(e) x, = 1, x, = 1.0625 


(f) Does the average rate of change seem to be approaching 
one value? If so, state the value. 

(g) Find the equations of the secant lines through the 
points (x,, f(x,)) and (x, f(x) for parts (a)—(e). 

(h) Find the equation of the line through the point (1, f(1)) 
using your answer from part (f) as the slope of the line. 


. Inverse of a Composition Consider the functions 


f(x) = 4x and g(x) =x + 6. 

(a) Find (f° g)(x). 

(b) Find (f° g)~'(). 

(c) Find f~'(x) and g7!(x). 

(d) Find (g~! ¢ f~!)(x) and compare the result with that 
of part (b). 

(e) Repeat parts (a) through (d) for f(x) = x3 + 1 and 
g(x) = 2x. 

(f) Write two one-to-one functions f and g, and repeat 
parts (a) through (d) for these functions. 


(g) Make aconjecture about (f° g)~!(x) and (g7!° f~!)(x). 
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PE 10. 


11. 


12. 
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Trip Time You are in a boat 2 miles from the nearest 
point on the coast (see figure). You plan to travel to 
point Q, 3 miles down the coast and | mile inland. You 
row at 2 miles per hour and walk at 4 miles per hour. 


aS 1 . 
>. 1 Lmi 


er 
or 


F e e 
x<— 3 mi — Q Not drawn to scale 


(a) Write the total time 7 (in hours) of the trip as a 
function of the distance x (in miles). 


(b) Determine the domain of the function. 


(c) Use a graphing utility to graph the function. Be sure 
to choose an appropriate viewing window. 


(d) Find the value of x that minimizes T. 
(e) Write a brief paragraph interpreting these values. 
Heaviside Function The Heaviside function 


Hits) = | x20 


0, x <0 
is widely used in engineering applications. (See 


figure.) To print an enlarged copy of the graph, go to 
MathGraphs.com. 


Sketch the graph of each function by hand. 
(a) H(x) — 2 
(b) H(x — 2) 
(c) —H(x) 
(d) H(—x) 
(e) 5H(x) 
(f) —H(x -— 2) +2 
1 
l1-x 


Repeated Composition Let f(x) = 


(a) Find the domain and range of f. 
(b) Find f(/(x)). What is the domain of this function? 


(c) Find f(f(f(x))). Is the graph a line? Why or why 
not? 


13. 


14. 


15. 


Associative Property with Compositions 
Show that the Associative Property holds for 
compositions of functions—that is, 


(fe (g° h))(x) = ((Fe g) 2 AQ). 


Graphical Reasoning — Use the graph of the function 
f to sketch the graph of each function. To print an 
enlarged copy of the graph, go to MathGraphs.com. 


(a) f(x + 1) 
(b) f(x) + 1 
(c) 2f(x) 
(d) f(—x) 
(e) —f(x) 
(f) |£0)| 
(g) f(Ix1) 


Graphical Reasoning Use the graphs of f and f~! 
to complete each table of function values. 


y 
A 
4+ 
p> x 
Og |-4 | 2G. | A 
(F(¢-1@))) | 
OF -3]-2]0/1 
Cia aac?) 
Oe =3:| =2 0] 1 
(ff YQ) | 
OT, -4}-3]0]4 
|f—'@)| 
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1.1 Radian and Degree Measure 


© Describe angles. 

© Use radian measure. 

© Use degree measure. 

© Use angles and their measure to model and solve real-life problems. 


Angles 


As derived from the Greek language, the word trigonometry means “measurement 
of triangles.” Originally, trigonometry dealt with relationships among the sides and 
angles of triangles and was instrumental in the development of astronomy, navigation, 
and surveying. With the development of calculus and the physical sciences in the 
seventeenth century, a different perspective arose—one that viewed the classic 
trigonometric relationships as functions with the set of real numbers as their domains. 
Consequently, the applications of trigonometry expanded to include a vast number 
of physical phenomena, such as sound waves, planetary orbits, vibrating strings, 
pendulums, and orbits of atomic particles. This text incorporates both perspectives, 
starting with angles and their measure. 


Angles and their measure y 
have a wide variety of real-life Terminal 4 
applications. For example, in side 
Exercise 68 on page 131, you will 
use angles and their measure Vertex 
to model the distance a cyclist Initial side 
travels. 
Angle Angle in standard position 
Figure 1.1 Figure 1.2 


Rotating a ray (half-line) about its endpoint determines an angle. The starting 
position of the ray is the initial side of the angle, and the position after rotation is 
the terminal side, as shown in Figure 1.1. The endpoint of the ray is the vertex of 
the angle. This perception of an angle fits a coordinate system in which the origin 
is the vertex and the initial side coincides with the positive x-axis. Such an angle is 
in standard position, as shown in Figure 1.2. Counterclockwise rotation generates 
positive angles and clockwise rotation generates negative angles, as shown in 
Figure 1.3. Labels for angles can be Greek letters such as a (alpha), (beta), and 
@ (theta) or uppercase letters such as A, B, and C. In Figure 1.4, note that angles a and 
B have the same initial and terminal sides. Such angles are coterminal. 


Positive angle 
(counterclockwise) a 


x x x 
Negative angle B 
(clockwise) B 


Coterminal angles 
Figure 1.3 Figure 1.4 


Scan the ae to access digital content available for this page. 


GO DIGITAL 
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Arc length = radius when @ = 1 radian 
Figure 1.5 


2 radians : 
eee 1 radian 


4 radians ©" > 


5 radians 


Figure 1.6 


The phrase “@ lies in a 
quadrant” is another way of 
saying “the terminal side of 0 
lies in a quadrant.” 


= ed 
GO DIGITAL 
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Radian Measure 


The amount of rotation from the initial side to the terminal side determines the measure 
of an angle. One way to measure angles is in radians. This type of measure is especially 
useful in calculus. To define a radian, use a central angle of a circle, which is an angle 
whose vertex is the center of the circle, as shown in Figure 1.5. 


Definition of a Radian | 


\ 


One radian (rad) is the measure of a central angle 0 that intercepts an arc s equal in 
length to the radius r of the circle. (See Figure 1.5.) Algebraically, this means that 


a8 


r 


where 6 is measured in radians. (Note that @ = 1 when s = r.) 


The circumference of a circle is 27r units, so it follows that a central angle 
of one full revolution (counterclockwise) corresponds to an arc length of s = 2zr. 
Moreover, 27 ~ 6.28, so there are just over six radius lengths in a full circle, as shown 
in Figure 1.6. The units of measure for s and r are the same, so the ratio s/r has no 
units—it is a real number. 

The measure of an angle of one full revolution is s/r = 22r/r = 27 radians. Here 
are the measures of some other angles. 


1 . 2n . 1 : 2n : 
3 revolution = > = 7 radians 4 revolution = va = > radians 
1 . 2n ; . ma : 
6 revolution = re = 3 radians 8 revolution = 3 = 4 radians 


These and other common angles are shown below. 


= 

Recall that the four quadrants in a coordinate system are numbered I, I, IU, 
and IV. The figure below shows which angles between 0 and 27: lie in each of the four 
quadrants. An angle whose terminal side lies on the x- or y-axis, such as 0, 7/2, 7, or 
3/2, is a quadrantal angle. The terminal sides of quadrantal angles do not lie within 


quadrants. Note that angles between 0 and 7/2 are acute angles and angles between 
m/2 and m are obtuse angles. 


Quadrant IT | Quadrant I 
Zeocn 0<0< 7 


O=7 > 6=0 


Quadrant IIT | Quadrant IV 


I<0<>- a 6<2n 


its Rese 
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b>>> SKILLS REFRESHER 


For a refresher on operations 
involving fractions, watch the 
video at LarsonPrecalculus.com. 


(a) Complementary angles 
at p=n/2 


(b) Supplementary angles 
at+Bp=n 
Figure 1.9 


OSL =a 
GO DIGITAL 


Two angles are coterminal when they have the same initial and terminal sides. For 
example, the angles 0 and 27 are coterminal, as are the angles 7/6 and 137/6. To find 
an angle that is coterminal to a given angle @, add or subtract 27 (one revolution), as 
demonstrated in Example 1. A given angle @ has infinitely many coterminal angles. For 
example, 0 = 7/6 is coterminal with (7/6) + 2nz, where n is an integer. 


EXAMPLE 1 Finding Coterminal Angles 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


a. For the positive angle 137/6, subtract 27 to obtain a coterminal angle. 
— = 2h = = See Figure 1.7. 
b. For the negative angle — 27/3, add 27 to obtain a coterminal angle. 


= bln =) See Figure 1.8. 


me 
2 


Figure 1.7 Figure 1.8 
vy Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Determine two coterminal angles (one positive and one negative) for each angle. 


_% gu 


1 
i ‘ 5 a 


a. 0 


Two positive angles « and f are complementary (complements of each other) when 
their sum is 2/2, as shown in Figure 1.9(a). Two positive angles are supplementary 
(supplements of each other) when their sum is 7, as shown in Figure 1.9(b). 


EXAMPLE 2 Complementary and Supplementary Angles 


Qn . 
a. The complement of 5 85 5 10 10> 10: 


2n . 2a Sn In 32 
The supplement of 5 iS 7 5 5 5 5° 


b. There is no complement of 47/5 because 47:/5 is greater than 2/2. (Remember that 
complements are positive angles.) The supplement of 47/5 is 


4n Sn 40 


VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find (if possible) the complement and supplement of (a) 7/6 and (b) 57/6. | 
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y 
A 


0° = 4(360°) 
120° | 60°= 4 (360°) 


‘oO 


360° 


Figure 1.11 


With calculators, it is convenient 
to use decimal degrees to denote 
fractional parts of degrees. 
Historically, however, fractional 
parts of degrees were expressed 
in minutes and seconds, using 
the prime (’) and double 

prime () notations, respectively. 
That is, 


1’ = 1 minute = 4 (1°) 


and 
1 


1” = 1 second = 39 (1°). 
For example, you would write 
an angle @ of 64 degrees, 

32 minutes, and 47 seconds 

as 0 = 64° 32’ 47". Many 
calculators have special keys for 
converting an angle in degrees, 
minutes, and seconds (D° M’ S”) 
to decimal degree form and vice 
versa. 


Br ad 
GO DIGITAL 
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45°= 2 (360°) 
30°= (360°) 
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Degree Measure 


Another way to measure angles is in degrees, denoted by the symbol °. A measure of one 
degree (1°) is equivalent to a rotation of 50 of a complete revolution about the vertex. 
To measure angles, it is convenient to mark degrees on the circumference of a circle, as 
shown in Figure 1.10. So, a full revolution (counterclockwise) corresponds to 360°, a 
half revolution corresponds to 180°, a quarter revolution corresponds to 90°, and so on. 

One complete revolution corresponds to 27 radians, so degrees and radians are 


related by the equations 
360° = 27 rad and 180° = mrad. 


From these equations, you obtain 


1 = * sad and 


sey 
180 


lrad = (“ 
1 


which lead to the conversion rules below. 


Conversions Between Degrees and Radians | 


m rad 
180°" 


eo} 


mrad 


1. To convert degrees to radians, multiply degrees by 


2. To convert radians to degrees, multiply radians by 


To apply these two conversion rules, use the basic relationship 7 rad = 180°. 
(See Figure 1.11.) 


When no units of angle measure are specified, radian measure is implied. For 
example, 6 = 2 implies that 6 = 2 radians. 


EXAMPLE 3 Converting from Degrees to Radians 


Sie rad \ _ 3m gy waty py 7 rad 
a. 135° = (135 deo ( 7 4 radians Multiply by 7255: 
o = mrad \ _ vty by Ztad 
b. 540° = (540 aee)( 180 37 radians Multiply by 755° 


Y Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Convert each degree measure to radian measure as a multiple of 2. Do not use a 
calculator. 


a. 60° b. 320° 

Converting from Radians to Degrees 
a. = rad = (~% rea) $8 28) = —90° Multiply by ae 
b. 2rad = (2 raay( H0cee sl iiase iii by a 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Convert each radian measure to degree measure. Do not use a calculator. 


a m/6 ~~ db. 51/3 | 
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Trigonometry 


Figure 1.12 


nad 
GO DIGITAL 
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Applications 


To measure arc length along a circle, use the radian measure formula, 0 = s/r. 


Arc Length 


i 


For a circle of radius r, a central angle @ intercepts an arc of length s given by 
s=r0 Length of circular arc 


where @ is measured in radians. Note that if r = 1, then s = 0, and the radian 
measure of 6 equals the arc length. 


Finding Arc Length 


A circle has a radius of 4 inches. Find the length of the arc intercepted by a central angle 
of 240°, as shown in Figure 1.12. 


Solution To use the formula s = r@, first convert 240° to radian measure. 


o mrad : 7m rad 
240° = (240 dee} ( 180 =| Multiply by 180": 
4n 
= 3 radians Simplify. 
Then, using a radius of r = 4 inches, find the arc length. 
s=r0 Length of circular arc 
An 
= 4 3 Substitute for r and 6. 
= 16.76 inches Use a calculator. 


Note that the units for r determine the units for r@ because 6@ is in radian measure, which 
has no units. 


of Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
A circle has a radius of 27 inches. Find the length of the arc intercepted by a central 


angle of 160°. a 


The formula for the length of a circular arc can be used to analyze the motion of a 
particle moving at a constant speed along a circular path. 


Linear and Angular Speeds ) 


Consider a particle moving at a constant speed along a circular arc of radius r. 
If s is the length of the arc traveled in time f, then the linear speed v of the 
particle is 


arclength _ s 


Linear speed v = : : 
time if 


Moreover, if 6 is the angle (in radian measure) corresponding to the arc length s, 
then the angular speed w (the lowercase Greek letter omega) of the particle is 


central angle _ @ 


Angul = ; 
ngular speed w pone ; 


d, in whole or in part. WCN 02-200-203 
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Figure 1.13 
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Linear speed measures how fast the particle moves, and angular speed measures 
how fast the angle changes. To establish a relationship between linear speed v and 
angular speed w, divide each side of the formula for arc length by f, as shown below. 


s=rd BD} f.8 > v=rw 


Finding Linear Speed 


The second hand of a clock is 10.2 centimeters 
long, as shown at the right. Find the linear 
speed of the tip of the second hand as it passes 
around the clock face. 


Solution In one revolution, the arc length 
traveled is 
s = 2ar 
= 2n(10.2) Substitute for r. 


= 20.47 centimeters. 


The time required for the second hand to travel 
this distance is t = | minute = 60 seconds. So, the 
linear speed of the tip of the second hand is 

s _ 20.47 centimeters 


y= -= = 1.07 centimeters per second. 
t 60 seconds P 


Y Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The second hand of a clock is 8 centimeters long. Find the linear speed of the tip of the 
second hand as it passes around the clock face. 


Finding Angular and Linear Speeds 


The blades of a wind turbine are 116 feet long (see Figure 1.13). The propeller rotates 
at 15 revolutions per minute. 


a. Find the angular speed of the propeller in radians per minute. 
b. Find the linear speed of the tips of the blades. 


Solution 


a. Each revolution corresponds to 27 radians, so the propeller turns 
15(2m) = 307 radians per minute. In other words, the angular speed is 


_ @ _ 307 radians 
t | minute 


= 307 radians per minute. 


b. The linear speed is 


ype i= ape 1807) fee =~ 10,933 feet per minute. 
t t 1 minute 


vA Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The circular blade on a saw has a radius of 4 inches and it rotates at 2400 revolutions 
per minute. 


a. Find the angular speed of the blade in radians per minute. 
b. Find the linear speed of the edge of the blade. | 
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Figure 1.14 


Figure 1.15 


GO DIGITAL 


/®) 


Trigonometry 


A sector of a circle is the region bounded by two radii of the circle and their 
intercepted arc (see Figure 1.14). 


Area of a Sector of a Circle 


For a circle of radius r, the area A of a sector of the circle with central angle @ is 


where @ is measured in radians. 


EXAMPLE 8 Area of a Sector of a Circle 


A sprinkler on a golf course fairway sprays water over a distance of 70 feet and rotates 
through an angle of 120°, as shown in Figure 1.15. Find the area of the fairway watered 
by the sprinkler. 


Solution 


First convert 120° to radian measure. 


6 = 120° 
= nm rad . m rad 
= (120 deg ( 80 ) Multiply by 730°: 
2 
= = radians 
Then, using 9 = 27/3 and r = 70, the area is 
1 
A= ar6 Formula for the area of a sector of a circle 
1 2 
-_ s¢09(=) Substitute for r and 6. 
49007 
= Multiply. 
3 
=~ 5131 square feet. Use a calculator. 


Y Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


A sprinkler sprays water over a distance of 40 feet and rotates through an angle of 80°. 
Find the area watered by the sprinkler. Hi 


Summarize (Section 1.1) 


1. Describe angles (page 122). 


2. Explain how to use radian measure (page 123). For examples involving 
radian measure, see Examples | and 2. 

3. Explain how to use degree measure (page 125). For examples involving 
degree measure, see Examples 3 and 4. 


4. Describe real-life applications involving angles and their measure 
(pages 126-128, Examples 5-8). 
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1.1 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


1.1. Radian and Degree Measure 129 
omc 


Oe 
GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-4, fill in the blanks. 


1. Two angles that have the same initial and terminal sides are 


is the measure of a central angle that intercepts an arc equal in length to the radius of the circle. 


2. One 
3. The speed of a particle is the ratio of the arc length traveled to the elapsed time, and 
the speed of a particle is the ratio of the change in the central angle to the elapsed time. 


4. The area A of a sector of a circle with radius r and central angle 0, where @ is measured in radians, is 


given by the formula 


5. What is the sum (in radians) of two complementary angles? two supplementary angles? 


6. How can you determine an angle that is coterminal with an angle whose measure is ria 


Skills and Applications 


Estimating an Angle In Exercises 7-10, estimate the 
angle to the nearest one-half radian. 


& > 


Determining Quadrants In Exercises 11 and 12, 
determine the quadrant in which each angle lies. 


= 


11. (a) a (2 


51 1 

(b) 4 12. (a) os 
Sketching Angles In Exercises 13 and 14, sketch each 
angle in standard position and tell whether the angle is 
a quadrantal angle. If not, determine the quadrant in 
which the angle lies. 

1 2 Sx 
B@> ®-f~ wat 4 
Finding Coterminal Angles In Exercises 15 and 16, 
determine two coterminal angles (one positive and one 
negative) for each angle. Give your answers in radians. 

1 51 2n On 
15. (a) 6 (b) ra 16. (a) 3 (b) a 
Complementary and Supplementary Angles In 
Exercises 17-20, find (if possible) the complement and 
supplement of each angle. 


11 
Oa 


19, (a) 1 (b) 2 


17. (a) a 18. (a) 7 (b) me 


20. (a) 3. (b) 15 


A blue exercise number indicates that a video solution can be seen at CalcView.com. 


Estimating an Angle In Exercises 21-24, estimate 
the number of degrees in the angle. 


: > 22. \ 
23. KO 24. : 
Determining Quadrants In Exercises 25 and 26, 
determine the quadrant in which each angle lies. 
25. (a) 130° (b) —8.3° 
26. (a) — 132° 50’ (b) 3.4° 
Sketching Angles In Exercises 27 and 28, sketch 
each angle in standard position. 
27. (a) 270° (b) —120° 
28. (a) 135° (b) —750° 
Finding Coterminal Angles In Exercises 29 and 30, 
determine two coterminal angles (one positive and one 
negative) for each angle. Give your answers in degrees. 
29. (a) 120° (b) —210° 
30. (a) 45° (b) —420° 
Complementary and Supplementary Angles In 
Exercises 31-34, find (if possible) the complement and 
supplement of each angle. 
31. (a) 18° (b) 85° 
33. (a) 24° (b) 126° 


32. (a) 46° 
34. (a) 130° 


(b) 93° 
(b) 170° 
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Converting from Degrees to Radians_ In Exercises 
35 and 36, convert each degree measure to radian 
measure as a multiple of 7. Do not use a calculator. 


35. (a) 120° (b) —20° 
36. (a) — 60° (b) 144° 


Converting from Radians to Degrees In Exercises 
37 and 38, convert each radian measure to degree 
measure. Do not use a calculator. 


37. (a) = (b) -2 


7 5 
38. (a) rs (b) a 


Converting from Degrees to Radians_ In Exercises 
39-42, convert the degree measure to radian measure. 
Round to three decimal places. 


39. 45° 40. —48.27° 
41. —0.54° 42. 345° 
Converting from Radians to Degrees In Exercises 


43-46, convert the radian measure to degree measure. 
Round to three decimal places, if necessary. 


Sa 157 
43. Ti 44. a 
45. —4.2n 46. —0.57 


Converting to Decimal Degree Form In Exercises 
47 and 48, convert each angle measure to decimal degree 
form. 

47. (a) 54° 45’ 

48. (a) 135° 10’ 36” 


(b) — 128° 30’ 

(b) —408° 16’ 20” 
Converting to D° MM’ S” Form In Exercises 49 and 50, 
convert each angle measure to D° M’ S” form. 

49. (a) 240.6° (b) —145.8° 

50. (a) 345.12° (b) —3.58° 

Finding Arc Length In Exercises 51 and 52, find the 
length of the arc on a circle of radius r intercepted by a 
central angle 0. 

51. r = 15 inches, 0 = 120° 

52. r = 3 meters, 9 = 150° 

Finding the Central Angle In Exercises 53 and 54, 


find the radian measure of the central angle of a circle 
of radius r that intercepts an arc of length s. 


53. r = 80 kilometers, s = 150 kilometers 
54. r = 14 feet, s = 8 feet 


>t be copied, scanned, or duplicated, in whole or in part. WC 


Finding the Central Angle In Exercises 55 and 56, 
find the radian measure of the central angle. 


55. 28 56. 


LoS 


Area of a Sector of a Circle In Exercises 57 and 
58, find the area of the sector of a circle of radius r and 
central angle 0. 


1 


57. r = 6 inches, 0 = 3 58. r = 2.5 feet, 0 = 225° 


Error Analysis In Exercises 59 and 60, describe the 
error. 


aon 180 rad\ 3600 
59. 20° = (20 deg ( BO a) ~ tad x 


60. A circle has a radius of 6 millimeters. The length of the 
arc intercepted by a central angle of 72° is 


s=ré 


= 6(72) 
= 432 millimeters. x 


Distance In Exercises 61 and 62, find the distance 
between the cities. Assume that Earth is a sphere of 
radius 4000 miles and that the cities are on the same 
longitude (one city is due north of the other). 


City Latitude 
61. Dallas, Texas 32° 47'9"N 
Omaha, Nebraska 41° 15'50"” N 
62. San Francisco, California 37° 47' 36" N 
Seattle, Washington 4T° 37' 18" N 


63. Instrumentation The pointer on a voltmeter is 
6 centimeters in length (see figure). Find the number 
of degrees through which the pointer rotates when it 
moves 2.5 centimeters on the scale. 


64. Linear and Angular Speed A 74-inch circular 
power saw blade rotates at 5200 revolutions per minute. 


(a) Find the angular speed of the saw blade in radians 
per minute. 


(b) Find the linear speed (in feet per minute) of the saw 
teeth as they contact the wood being cut. 
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65. Linear and Angular Speed A carousel with a 
50-foot diameter makes 4 revolutions per minute. 


(a) Find the angular speed of the carousel in radians per 
minute. 


(b) Find the linear speed (in feet per minute) of the 
platform rim of the carousel. 


66. Linear and Angular Speed A computerized spin 
balance machine rotates a 25-inch-diameter tire at 


480 revolutions per minute. 


(a) Find the road speed (in miles per hour) at which the 
tire is being balanced. 


(b) At what rate should the spin balance machine be set 
so that the tire is being tested for 55 miles per hour? 


67. Area A sprinkler on a golf green is set to spray water 
over a distance of 15 meters and to rotate through an angle 
of 150°. Draw a diagram that shows the region that can be 
irrigated with the sprinkler. Find the area of the region. 


68. Speed of a Bicycle 

The radii of the pedal sprocket, the wheel sprocket, 
and the wheel of the bicycle in the figure are 4 inches, 
2 inches, and 14 inches, respectively. A cyclist pedals 
at a rate of 1 revolution per second. 


(a) Find the speed of the bicycle in feet per second 
and miles per hour. 


(b) Use your result 
from part (a) to 
write a function 
for the distance d 
(in miles) a cyclist 
travels in terms of 
the number n of 
revolutions of the 


pedal sprocket. 


(c) Write a function for the distance d (in miles) a cyclist 
travels in terms of the time ¢ (in seconds). Compare 
this function with the function from part (b). 


Exploring the Concepts 


True or False? In Exercises 69-72, determine whether 
the statement is true or false. Justify your answer. 


69. An angle measure containing 2 must be in radian 
measure. 


© Andre Schoenherr/Getty Images 
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70. A measurement of 4 radians corresponds to two 
complete revolutions from the initial side to the terminal 


side of an angle. 


71. The difference between the measures of two coterminal 
angles is always a multiple of 360° when expressed in 
degrees and is always a multiple of 27 radians when 


expressed in radians. 


72. 
73. 


A degree is a larger unit of measure than a radian. 


Proof Prove that the area of a circular sector of radius 
r with central angle 6 is A = 50r?, where @ is measured 
in radians. 


HOW DO YOU SEE IT? Determine which 


angles in the figure are coterminal angles 
with angle A. Explain. 


NP] 


: _ Video solutions at 
Review & Refresh |» LarsonPrecalculus.com 


Using the Pythagorean Theorem In Exercises 
75-78, solve for x in the right triangle. 


75. x 
7 
a 

2 

71, 
1 
3 5 
16 e 
x 
13 


Simplifying a Rational Expression In Exercises 
79-82, write the rational expression in simplest form. 


x -— 9 x-4 
79, ——__—_ 80. ——_ 
x2 —- 2x -— 3 xw—x-6 
x? + 11x + 30 2x? — 3x -—9 
81. ———_—__—_- 82. —___—_—~ 
x2 + x — 30 2x* — 5x — 12 
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1.2 Trigonometric Functions: The Unit Circle 


Trigonometric functions can help 
you analyze the movement of an 
oscillating weight. For example, 
in Exercise 50 on page 138, you 
will analyze the displacement of 
an oscillating weight suspended 
by a spring using a model that is 
a trigonometric function. 


GO DIGITAL 


© Identify a unit circle and describe its relationship to real numbers. 

© Evaluate trigonometric functions using the unit circle. 

© Use domain and period to evaluate sine and cosine functions, and 
use a calculator to evaluate trigonometric functions. 


The Unit Circle 


The two historical perspectives of trigonometry incorporate different methods for 
introducing the trigonometric functions. One such perspective is based on the unit circle. 
Consider the unit circle given by 


rPty=l Unit circle 


as shown in the figure below. 


(0, 1) 


(0, —1) 


Imagine wrapping the real number line around this circle, with positive numbers 
corresponding to a counterclockwise wrapping and negative numbers corresponding to 
a clockwise wrapping, as shown in the figures below. 


As the real number line wraps around the unit circle, each real number ¢ 
corresponds to a point (x, y) on the circle. For example, the real number 0 corresponds 
to the point (1,0). Moreover, the unit circle has a circumference of 27, so the real 
number 27 also corresponds to the point (1, 0). 

Each real number f¢ also corresponds to a central angle @ (in standard position) 
whose radian measure is ¢. With this interpretation of f, the arc length formula 


s=r@ (withr = 1) 


indicates that the real number ¢ is the (directional) length of the arc intercepted by the 
angle 0, given in radians. 


© Richard Megna/Fundamental Photographs 
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The Trigonometric Functions 


From the preceding discussion, it follows that the coordinates x and y are two functions 
of the real variable t. These coordinates are used to define the six trigonometric 
functions of a real number t. 


sine cosecant cosine secant tangent cotangent 


Abbreviations for these six functions are sin, csc, cos, sec, tan, and cot, respectively. 


Definitions of Trigonometric Functions i 


Let t be a real number and let (x, y) be the point on the unit circle corresponding 


Note that the functions in the to ft. 
second row are the reciprocals y 
of the corresponding functions sint = y cost =x tant = oo #0 
in the first row. 
1 1 x 
csct=-, y#0 sect=-, x#0 cott=-, y#0 
y x Dy 


In the definitions of the trigonometric functions, note that the tangent and secant 
are not defined when x = 0. For example, t = 2/2 corresponds to (x, y) = (0, 1), so 
tan(z/2) and sec(z/2) are undefined. Similarly, the cotangent and cosecant are not 
defined when y = 0. For example, t = 0 corresponds to (x, y) = (1, 0), so cot 0 and 
csc 0 are undefined. 

In Figure 1.16, the unit circle is divided into eight equal arcs, corresponding to 
t-values of 


an 30 5a 3n 7a 


Op arm ge a? qa 


d 2z. 


Similarly, in Figure 1.17, the unit circle is divided into 12 equal arcs, corresponding 
to t-values of 


annum 2n Sn Tn 4n 3n 5x I1n 
C72 a6 6s oF ee 


0, and 27. 


To verify the points on the unit circle in Figure 1.16, note that 
(2 2) 
2° 2 


lies on the line y = x. So, substituting x for y in the equation of the unit circle produces 
the following. 


1 2 
meet 1 WB P= wD v=5 = ree 


Because the point is in the first quadrant and y = x, you have 


/2 /2 
x=-—— and y=-—. 
2 
Similar reasoning can be used to verify the rest of the points in Figure 1.16 and the 
points in Figure 1.17. 

Using the (x, y) coordinates in Figures 1.16 and 1.17, you can evaluate the 
trigonometric functions for these common f-values. Examples | and 2 demonstrate this 
procedure. You should study and learn these exact function values for common f-values 
because they will help you perform calculations in later sections. 


its Rese 
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EXAMPLE 1 Evaluating Trigonometric Functions 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


» SKILLS REFRESHER Evaluate the six trigonometric functions at each real number. 


For a refresher on dividing 1 _ Sa us 
fractions and rationalizing : 6 : 4 ° ° 3 
denominators, watch the video 


at T arin PreGH ilies COM: Solution For each f-value, begin by finding the corresponding point (x, y) on the unit 


circle. Then use the definitions of trigonometric functions listed on the preceding page. 


a. t = 1/6 corresponds to the point (x, y) = (73/2, 1/2). 


F el a eee (ae 
a a a aa y 12 
cose =x = v3 sec = : a 2/3 
6 2 6 x /3 3 
tan Z V2 = a V3 cot = =7*= /3/2 = J/3 
6 aj 373 3 6 y 1/2 


b. t = 52/4 corresponds to the point (x, y) =(- /2/2, - ff): 


Sm = Ae st _ 1 2 _ 
sin = y= 5 csc j 2 J/2 

Sm saw? Szt_ ls 2 lg 
cos zi =x= 5 sec 4 . 7 me) 
tan 7% = 2/2 1 eres z= v2/2 

4 x —/2/2 4 y -/2/2 


1 
sina =y=0 csc 7 = — is undefined. 
y 
1 1 
cosm=x=-1 secn =—-=—=-1 
x -il 
y 0 x, . 
tana =—-=——_ =0 cot m = — is undefined. 
x 1 y 
d. Moving clockwise around the unit circle, t = —2/3 corresponds to the point 


(x, y) = (1/2, - V3/2). 


coi) 12-8 

3) y —,/3/2 J3 3 

ff Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Evaluate the six trigonometric functions at each real number. 


at=n/2 bt=0 eat=—Sn/6 d.t=—3n/4 a 


GO DIGITAL 
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Figure 1.18 


From this definition, it follows 
that the sine and cosine 
functions are periodic and have 
a period of 27. The other four 
trigonometric functions are also 
periodic and will be discussed 
further in Section 1.6. 


Pe aa] 
[alta 


TAL 
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Domain and Period of Sine and Cosine 


The domain of the sine and cosine functions is the set of all real numbers. To determine 
the range of these two functions, consider the unit circle shown in Figure 1.18. You 
know that sin ¢ = y and cost = x. Moreover, (x, y) is on the unit circle, so you also 
know that —1 = y = land—1 S x € 1. This means that the values of sine and cosine 
also range between — | and 1. 


-ls y <1 -ls x s1 
and 
—-lssint sl -lscost<l 


Adding 27 to each value of f in the interval [0, 277] results in a revolution around the 
unit circle, as shown in the figure below. 


3a 30 

t Gog t2 ‘ 
t=, 37, 
5a 5a 

t= 7,7 +2m,. 


The values of sin(t + 27) and cos(t + 27) correspond to those of sint and cos t. 
Repeated revolutions (positive or negative) on the unit circle yield similar results. This 
leads to the general result 


sin(t + 27n) = sint and cos(t + 22n) = cost 


for any integer n and real number f. Functions that behave in such a repetitive (or cyclic) 
manner are periodic. 


Definition of Periodic Function | 


A function f is periodic when there exists a positive real number c such that 


AC) 180) 


for all ¢ in the domain of f: The smallest number c for which f is periodic is the 
period of f. 


Recall from Section P.6 that a function f is even when f(—f) = f(t) and is odd 


when f(—1t) = —f(2). 


Even and Odd Trigonometric Functions | 


The cosine and secant functions are even. 
cos(—t) = cos t sec(—t) = sec t 

The sine, cosecant, tangent, and cotangent functions are odd. 
sin(—t) = —sint csc(—t) = —csct 
tan(— 1) 


—tan t cot(—t) = —cott 
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When evaluating trigonometric 
functions with a calculator, 
remember to enclose all 
fractional angle measures in 
parentheses. For example, to 
evaluate sin t for t = 7/6, enter 


(SIN) (0 @) ©) 6 0) (ENTER). 


These keystrokes yield the 
correct value of 0.5. Note that 
some calculators automatically 
place a left parenthesis after 
trigonometric functions. 


Trigonometry 


EXAMPLE 2 Evaluating Sine and Cosine 


1 1 1 
a. Because oe =2n + 7 you have sin ae = sin( 2n + = = sin 7 => 
Tt 1 
b. Because ie —4n + 7 you have 
cos( - 2) = cos( —4n + m =cos= = 0 
2 2 2 . 
c. For sint = §, sin(—1) = —$ because the sine function is odd. 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


a. Use the period of the cosine function to evaluate cos(97/2). 
b. Use the period of the sine function to evaluate sin(— 77/3). 


c. Evaluate cos f given that cos(— 1) = 0.3. |_| 

When evaluating a trigonometric function with a calculator, set the calculator to 
the desired mode of measurement (degree or radian). Most calculators do not have keys 
for the cosecant, secant, and cotangent functions. To evaluate these functions, you can 


use the key with their respective reciprocal functions: sine, cosine, and tangent. 
For example, to evaluate csc(/8), use the fact that 


csc = = oer 
8 sin(z/8) 


and enter the keystroke sequence below in radian mode. 


( GIN) O @) &) 8 © © &) ENTER) 


EXAMPLE 3 Using a Calculator 


Display 2.6131259 


Function Mode Calculator Keystrokes Display 
2 
a. sin Radian © GIN) © 2 @ &) 3 W ENTER) 0.8660254 
b. cot 1.5 Radian (Q (TAN) (QO 1.5 Q) Q) (7) (ENTER) 0.0709148 


Y Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use a calculator to evaluate (a) sin(57/7) and (b) csc 2.0. |_| 


Summarize (Section 1.2) 


1. Explain how to identify a unit circle and describe its relationship to real 
numbers (page 132). 


2. State the unit circle definitions of trigonometric functions (page 133). For an 
example of evaluating trigonometric functions using the unit circle, see 
Example 1. 


3. Explain how to use domain and period to evaluate sine and cosine functions 
(page 135), and describe how to use a calculator to evaluate trigonometric 
functions (page 136). For an example of using domain and period to evaluate 
sine and cosine functions, see Example 2. For an example of using a 
calculator to evaluate trigonometric functions, see Example 3. 
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1.2 Exercises 


1.2 | Trigonometric Functions: The Unit Circle 137 


See CalcChat.com for tutorial help and worked-out solutions fe 
to odd-numbered exercises. ory Fe 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-3, fill in the blanks. 


1. Each real number ¢ corresponds to a point (x, y) on the 


2. A function f is 
for all ¢ in the domain of f. 


3. A function f is when f(—1) = —f(t) and 


Skills and Applications 


Evaluating Trigonometric Functions In Exercises 
5-8, find the exact values of the six trigonometric 
functions of the real number ¢. 


5. y 6. 


Finding a Point on the Unit Circle In Exercises 9-12, 

find the point (x, y) on the unit circle that corresponds to 

the real number ¢. 
9. t= 7/2 

11. t = 52/6 


10. t= 1/4 
12. t = 41/3 
Evaluating Sine, Cosine, and Tangent In Exercises 


13-22, evaluate (if possible) the sine, cosine, and tangent 
at the real number. 


B.r=7 4.1 = 7 
15. 1 = = 16. 1 = = 
17. t= 1 18. t= -2 
19, 1= +2 20, 1= 2 


when there exists a positive real number c such that f(t + c) = f(d) 


when f(—1) = f(t). 


4. Describe the period of a periodic function f in terms of c. 


21. t= —3n/2 22, t= —2n 


Evaluating Trigonometric Functions In Exercises 
23-30, evaluate (if possible) the six trigonometric 
functions at the real number. 


23. t = 2n/3 24. t = 57/6 
25. t = 4n/3 26. t = 71/4 
27. t = —5n/3 28. t = —3n/2 
29. t= —n/2 30. t= —-x 


Using Period to Evaluate Sine and Cosine In 
Exercises 31-36, evaluate the trigonometric function 
using its period as an aid. 
31. sin 47 

33. cos(77/3) 

35. sin(19z/6) 


32. cos 32 
34. sin(97/4) 
36. sin(— 87/3) 


Using the Value of a Function In Exercises 37-42, 
use the given value to evaluate each function. 


37. sint = 5 38. sin(—7) = : 
(a) sin(—?) (a) sint 
(b) csc(—?) (b) csc t 

39. cos(—t) = -t 40. cost = -} 
(a) cost (a) cos(—?f) 
(b) sec(—1) (b) sec(—1) 

41. sint= 3 42. cost = 


(a) sin(z — 2) 
(b) sin(t + 7) 


(a) cos(z — t) 
(b) cos(t + 7) 


Using a Calculator In Exercises 43-48, use a 
calculator to evaluate the trigonometric function. Round 
your answer to four decimal places. (Be sure the 
calculator is in the correct mode.) 


43. sin 0.6 44, cos(—2.8) 
45. tan(7/8) 46. tan(57/7) 
47. sec 3.1 48. cot(— 1.1) 
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49. Harmonic Motion The displacement from 
equilibrium of an oscillating weight suspended by 
a spring is given by y(t) = 2.cos 6t where y is the 
displacement in feet and ¢ is the time in seconds. Find 
the displacement when (a) t = 0 and (b) t = = 


50. Harmonic Motion 

The displacement from equilibrium of an oscillating 
weight suspended by a spring is given by 

y(t) = 3 sin(mt/ 4), where y is the displacement in feet 
and f¢ is the time in seconds. 


(a) Complete the table. 


t | O 


Nie 
— 
NW 
i) 


y 


(b) Use the table feature of the graphing utility to 
determine when the displacement is maximum. 


(c) Use the table 
feature of the 
graphing utility | 
to determine the 
time 1 (0 <r < 8) | 
when the weight | 
| 


passes the point of 
equilibrium (y = 0). 


Exploring the Concepts 


True or False? In Exercises 51-54, determine whether 
the statement is true or false. Justify your answer. 


51. Because sin(—t) = —sinf, the sine of a negative angle 
is a negative number. 


52. The real number 0 corresponds to the point (0, 1) on the 
unit circle. 

53. tana = tan(a — 67) 

54. cos(—72/2) = cos[z + (/2)| 


55. Conjecture Let (x,,y,) and (x, y,) be points on 
the unit circle corresponding to tf = t, and t = m1 — t,, 
respectively. 

(a) Identify the symmetry of the points (x,, y,) and 
(xp, Yo). 

(b) Make a conjecture about any relationship between 
sin ¢, and sin(z — 1). 

(c) Make a conjecture about any relationship between 
cos ft, and cos(7z — 1). 

56. Think AboutIt Because f(t) = sin rand g(t) = tant 
are odd functions, what can be said about the function 


h(t) = fg? 


The symbol 4. indicates an exercise or a part of an exercise in which 
you are instructed to use a graphing utility. 
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57. Error Analysis Describe the error. 


Your classmate uses a calculator to evaluate xX 
tan(/2) and gets a result of 0.0274224385. 

58. Verifying Expressions Are Not Equal Verify 
that sin(t, + t,) # sint, + sint, by approximating 
sin 0.25, sin 0.75, and sin 1. 


PE 59. Using Technology With a graphing utility in 


radian and parametric modes, enter the equations 
x=cos@ and y=sin@ 


and use the settings below. 


@min=0, @max= 6.3, @step = 0.1 
xmin = —1.5, xmax= 1.5, xscale = l 
ymin=-—Il, ymax=1, yscale = 1 


(a) Graph the entered equations and describe the graph. 


(b) Use the trace feature to move the cursor around the 
graph. What do the t-values represent? What do the 
x- and y-values represent? 


(c) What are the least and greatest values of x and y? 


60. HOW DO YOU SEE IT? Use the figure 


below. 


(a) Are all of the y 
trigonometric 
functions of t i 
defined? Explain. 


(b) For those 
trigonometric 
functions that are 
defined, determine (x, y) 
whether the sign of 
the trigonometric function is positive or 
negative. Explain. 


Video solutions at 
LarsonPrecalculus.com 


Review & Refresh » 


Writing the Equation of a Circle In Exercises 61-64, 
write the standard form of the equation of the circle with 
the given characteristics. 

61. Center: (17, 7); Radius: 6 

62. Center: (12, — 12); Radius: 7 

63. Endpoints of a diameter: (— 4, — 7), (—3, —5) 

64. Endpoints of a diameter: (— 10, 20), (16, —3) 

Finding x- and y-Intercepts In Exercises 65-68, find 
the x- and y-intercepts of the graph of the equation. 


65. y =6-x 66. y = x* — 25 
67. y = 4x? — 6x — 4 68. y? = 2|x — 4| 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


139 


1.3. Right Triangle Trigonometry 


Right triangle trigonometry 

has many real-life applications. 
For example, in Exercise 70 on 
page 149, you will use right 
triangle trigonometry to analyze 
the height of a helium-filled 
balloon. 


HISTORICAL NOTE 


Georg Joachim Rheticus 
(1514-1576) was the leading 
Teutonic mathematical 
astronomer of the sixteenth 
century. He was the first 
to define the trigonometric 
functions as ratios of the 
sides of a right triangle. 


GO DIGITAL 


© Evaluate trigonometric functions of acute angles. 
© Use fundamental trigonometric identities. 
© Use trigonometric functions to model and solve real-life problems. 


The Six Trigonometric Functions 


This section introduces the trigonometric functions from a right triangle perspective. 
Consider the right triangle shown below, in which one acute angle is labeled 6. Relative 
to the angle @, the three sides of the triangle are the hypotenuse, the opposite side (the 
side opposite the angle @), and the adjacent side (the side adjacent to the angle 6). 


a} 
Ry 
a 


S 
Ray 


Side opposite 0 


0 
Side adjacent to 0 


Using the lengths of these three sides, you can form six ratios that define the six 
trigonometric functions of the acute angle 0. 


sine cosecant cosine secant tangent cotangent 


In the definitions below, 
0° < 8 < 90° 


(0 lies in the first quadrant). For such angles, the value of each trigonometric function 
is positive. 


Right Triangle Definitions of Trigonometric Functions ) 


“ 


Let 6 be an acute angle of a right triangle. The six trigonometric functions of 
the angle @ are defined below. (Note that the functions in the second row are the 
reciprocals of the corresponding functions in the first row.) 


: opp adj opp 

sin 9 = —— cos 9 = — tan 0 = —— 
hyp hyp adj 
h h j 

esc 9 = P sec @ = YP yee 
opp adj opp 

The abbreviations 
opp, adj, and hyp 


represent the lengths of the three sides of a right triangle. 


opp = the length of the side opposite 0 
adj = the length of the side adjacent to 0 
hyp = the length of the hypotenuse 


© Scott Cornell/Shutterstock.com 
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Figure 1.19 


b>>> SKILLS REFRESHER 


For a refresher on the properties 
of triangles and finding unknown 
dimensions, watch the video at 
LarsonPrecalculus.com. 


EXAMPLE 1 Evaluating Trigonometric Functions 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Use the triangle in Figure 1.19 to find the values of the six trigonometric functions 
of 0. 


Solution In Figure 1.19, opp = 4 and adj = 3, but hyp is not given. To find hyp, 
note that by the Pythagorean Theorem, 


(hyp)? = (opp)? + (adj)?. 
So, it follows that 


hyp = /4 + 3? = /25 =5. 


So, the six trigonometric functions of @ are 


19 = OPP 4 — hyp _ 3 
sin 0 hyp 5 csc 6 ce a 
_ adj 3 _ hyp 5 

cos 0 — 5 sec 0 adi rT 3 
— opp _ 4 _ adj _3 

tan 0 ail 3 cot 0 a 2 


SY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use the triangle below to find the values of the six trigonometric functions of 6. 


In Example 1, you were given the lengths of two sides of the right triangle, but not 
the angle @. Often, you will be asked to find the trigonometric functions of a given acute 
angle 6. To do this, construct a right triangle having 0 as one of its angles. 


45° EXAMPLE 2 Evaluating Trigonometric Functions of 45° 
J2 : Find the values of sin 45°, cos 45°, and tan 45°. 
Solution Construct a right triangle having 45° as one of its acute angles, as shown 
in Figure 1.20. For convenience, choose | as the length of the adjacent side. From 
5 geometry, you know that the other acute angle is also 45°. So, the triangle is isosceles 
= [| and the length of the opposite side is also 1. By the Pythagorean Theorem, the length of 
1 the hypotenuse is \/2. 
Figure 1.20 1 2 
sin 45° = CPP _ = v 
hyp /2 2 
cos 45° adj : v2 
hyp /2 2 
1 
tan 45° = “PP _ = 
adj 1 
A Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
GO GraRAL Find the values of cot 45°, sec 45°, and csc 45°. El 
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130° 


Figure 1.21 


These special angles occur 
frequently in trigonometry, so 
you should learn to construct 
the triangles shown in 
Figures 1.20 and 1.21. 


ere 
GO DIGITAL 


1.3 Right Triangle Trigonometry 141 


EXAMPLE 3 Evaluating Trigonometric Functions of 30° and 60° 


Use the equilateral triangle shown in Figure 1.21 to find the values of sin 60°, cos 60°, 
sin 30°, and cos 30°. 


Solution For 6 = 60°, you have adj = 1, opp = ./3, and hyp = 2. So, 


60° = PR. ¥3 > _ adj _1 
sin 60) hyp 5) and cos 60 ie 
For 6 = 30°, adj = ./3, opp = 1, and hyp = 2. So, 
Gop OPP 1 > _ adj _ V3 
sin 30 iv, 2 and _ cos 30 ny 7 


Jf Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use the equilateral triangle shown in Figure 1.21 to find the values of tan 60° and 


tan 30°. |_| 
Sines, Cosines, and Tangents of Special Angles ) 
: pene te gaa C= eee e— i 8 
sin 30° = ee =5 cos 30° = cos ages tan 30° = tan— = 3 
Se eee ee eet = we eek at 
sin 45° = sin rea cos 45° = cos A 5 tan 45° = tan lis 1 
epee Tn eS ee re Le, 
sin 60° = sin 3 5) cos 60 cos aor 5 tan 60 tan 3 J3 


Note that sin 30° = 4 = cos 60°. This occurs because 30° and 60° are complementary 


angles. In general, it can be shown from the right triangle definitions that cofunctions of 
complementary angles are equal. That is, if 9 is an acute angle, then the relationships 
below are true. 


sin(90° — @) = cos 0 cos(90° — 6) = sin @ tan(90° — 6) = cot @ 
cot(90° — @) = tand sec(90° — 6) = csc 6 csc(90° — @) = sec 8 


To use a calculator to evaluate trigonometric functions of angles measured in 
degrees, remember to set the calculator to degree mode. 


EXAMPLE 4 Using a Calculator 


Use a calculator to evaluate sec 5° 40’ 12”. 


Solution ian by converting to decimal degree form. [Recall that 1’ = sal) and 
1" = saag (1°). 


° Uy ” ° 40 ° 12 —_ fo} 
5° 40' 12" = 5 +(2) + (2) 5.67 


Then, use a calculator to evaluate sec 5.67°. 
Function Calculator Keystrokes Display 


sec 5° 40’ 12” = sec 5.67° (Q (COS) (Q 5.67 0) OQ) (k-*) (ENTER 1.0049166 


Jf Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use a calculator to evaluate csc 34° 30’ 36”. |_| 
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Trigonometric Identities 


Trigonometric identities are relationships between trigonometric functions. 


Fundamental Trigonometric Identities | 


Reciprocal Identities 


: 1 1 1 
= — t = 
ae csc 0 ee sec 0 a) cot 0 
1 1 1 
i sin 0 i. cos @ CoH tan 0 


Quotient Identities 


tan 0 = cot 9 = 


Pythagorean Identities 
sin? 8 + cos? 6 = 1 1 + tan? 6 = sec? 0 1 + cot? 6 = csc? 0 


Note that sin? @ represents 


(sin 6)?, cos? @ represents ENE =Applying Trigonometric Identities 


(cos 6)?, and so on. 
Let @ be an acute angle such that sin 6 = 0.6. Use trigonometric identities to find 


(a) cos @ and (b) tan @. 

Solution 

a. To find the value of cos 0, use the Pythagorean identity 
sin? @ + cos* @ = | 


with sin 9 = 0.6, and solve for cos 0. 


(0.6)? + cos? @ = 1 Substitute 0.6 for sin 6. 
0.36 + cos? 9 = 1 Evaluate power. 
cos? 9 = 0.64 Subtract 0.36 from each side. 
cos? 9 = sf 0.64 Extract positive square root. 
cos 6 = 0.8 Simplify. 


b. Now, knowing the sine and cosine of @, you can find the tangent of 6. 


sin 6 
tan 0 = Quotient identity. 
cos 6 
1 
0.6 0.6 
ae Substitute for sin 6 and cos 0. 
0.8 
0 = 0.75 Simplify. 
0.8 arr : a> Soe 
Use the definitions of cos @ and tan 6 and the triangle shown in Figure 1.22 to check 
Figure 1.22 these results. 


Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Let @ be an acute angle such that cos @ = 0.96. Use trigonometric identities to find 
(a) sin 6 and (b) tan 0. |_| 


la 
GO DIGITAL 
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>>>» SKILLS REFRESHER Applying Trigonometric Identities 


For a refresher on operations with 


fractions, watch the video Let 6 be an acute angle such that tan@ = a Use trigonometric identities to find 
at LarsonPrecalculus.com. (a) cot @ and (b) sec 0. 
Solution 
1 
a. cot@ = tan 0 Reciprocal identity 
an. 
1 ite a 
= 1/3 Substitute 3 for tan @. 
=3 Simplify. 
b. sec? @ = 1 + tan? 6 Pythagorean identity 
1 2 
sec?9@ = 1 + (*) Substitute } for tan 0. 
10 
sec? 9 = 9 Simplify. 
@= ri 10 Extract positive square root 
SLO 3 and simplify. 


Use the definitions of cot @ and sec @ and the triangle below to check these results. 


V10 


3 
VY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Let 6 be an acute angle such that tan 6 = 2. Use trigonometric identities to find 
(a) cot 6 and (b) sec 0. 


EXAMPLE 7 Using Trigonometric Identities 


Use trigonometric identities to transform the left side of the equation into the right side 
(0 < @ < n/2). 


a. sin@csc@ = 1 b. (csc 8 + cot @)(csc 8 — cot @) = 1 


Solution 
a. sin 0 csc 0 = ! cseO = 1 Use a reciprocal 
; identity and simplify. 
cose 
b. (csc 8 + cot @)(csc @ — cot 0) = csc? @ — cot? @ Sum and difference 


of same terms. 


= 1 Pythagorean identity 
af Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use trigonometric identities to transform the left side of the equation into the right side 
(0 < @ < n/2). 


a. tan 0 csc 6 = sec 0 


Ober Ol b. (csc 8 + 1)(csc @ — 1) = cot? 6 | 


es oe 
naa A 


GO DIGITAL 
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Object 


Angle of 


elevation 
Observer 


Horizontal 


Obiver Horizontal 


Angle of 
depression 


Object 


Figure 1.23 


Figure 1.25 


GO DIGITAL 


Applications Involving Right Triangles 


Many applications of trigonometry involve solving right triangles. In this type of 
application, you are usually given one side of a right triangle and one of the acute 
angles and are asked to find one of the other sides, or you are given two sides and are 
asked to find one of the acute angles. 

In Example 8, you are given the angle of elevation, which represents the angle 
from the horizontal upward to an object. In other applications you may be given the 
angle of depression, which represents the angle from the horizontal downward to an 
object. (See Figure 1.23.) 


EXAMPLE 8 Solving a Right Triangle 


A surveyor stands 115 feet from the base of the 
Washington Monument, as shown in Figure 1.24. 
The surveyor measures the angle of elevation to 
the top of the monument to be 78.3°. How tall is 
the Washington Monument? (Round your answer 
to the nearest foot.) 


Solution From Figure 1.24, 


o _ Opp y 
tan 78.3° = —- = = > 
i adj 115 
where y is the height of the monument. So, to Figure 1.24 


the nearest foot, the height of the Washington 
Monument is 


y = 115 tan 78.3° ~ 555 feet. 
Y Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The angle of elevation to the top of a flagpole at a distance of 19 feet from its base is 
64.6°. How tall is the flagpole? P's | 


EXAMPLE 9 Solving a Right Triangle 


A lighthouse is 200 yards from a bike path along the edge of a lake. A walkway to the 
lighthouse is 400 yards long. (See Figure 1.25.) Find the acute angle 6 between the bike 
path and the walkway. 


Solution From Figure 1.25, the sine of the angle @ is 


opp 200 _ 1 
hyp 400 2 


sin 8 = 
You should recognize that 8 = 30°. 


VY Checkpoint | - Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the acute angle @ between the two paths 
shown at the right. 
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In Example 9, you were able to recognize that the special angle 0 = 30° satisfies 
the equation sin 8 = e However, when @ is not a special angle, you can estimate its 
value. For example, to estimate the acute angle @ in the equation sin 8 = 0.6, you could 
reason that sin 30° = ; = 0.5000 and sin 45° = 1/ ./2 = 0.7071, so @ lies somewhere 
between 30° and 45°. In a later section, you will study a method of determining a more 
precise value of 0. 


OTE SSC §=6Solving a Right Triangle 


Find the length c and the height b of the skateboard ramp below. 


13 ft 


Solution From the figure, 


jl 
cos 18.4° = os de 
hyp c 
So, the length of the skateboard ramp is 
13 


c= con eae = 13.7 feet. 


Also from the figure, 


opp _ > 
adj 13° 


tan 18.4° = 


So, the height is 
b = 13 tan 18.4° = 4.3 feet. 


YS Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the length c and the horizontal length a of the loading ramp below. 


_— 
Summarize (Section 1.3) 


1. State the right triangle definitions of the six trigonometric functions 
(page 139). For examples of evaluating trigonometric functions of acute 
angles, see Examples 1-4. 


2. List the reciprocal, quotient, and Pythagorean identities (page 142). For 
examples of using these identities, see Examples 5-7. 


: 3. Describe real-life applications of trigonometric functions (pages 144 and 145, 
oa ot Examples 8-10). 


BS: 
GO DIGITAL 
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See CalcChat.com for tutorial help and worked-out solutions 


1 3 Exe rcises to odd-numbered exercises. 


GO DIGITAL 


Vocabulary and Concept Check 


1. Use the figure to answer each question. 
(a) What is the length of the side opposite the angle 0? 5 
(b) What is the length of the side adjacent to the angle 0? 
(c) What is the length of the hypotenuse? 


/ 


2. Use the figure to determine each function value. 
(a) sina (b) cos f Pb c 
c) tan d t - — 
(c) tan B (d) cot a L = 
(e) sec a (f) csc B b 


In Exercises 3 and 4, fill in the blanks. Figure for 2 


3. Cofunctions of angles are equal. 


4. An angle of represents the angle from the horizontal upward to an object, whereas an angle 
of represents the angle from the horizontal downward to an object. 


Skills and Applications 


Evaluating Trigonometric Functions In Exercises 13. 3 , 14. 6 ‘ 
5-10, find the exact values of the six trigonometric aed FA 
. (7) 2 
functions of the angle 0. 
6 
5. 6. wae a 3 
13 
6 > : ° 6 
aa [| 
8 ; Evaluating Trigonometric Functions In Exercises 
15-22, sketch a right triangle corresponding to the 
7, 8. trigonometric function of the acute angle 6. Then find the 
exact values of the other five trigonometric functions of 6. 
4 12 15 3 
15. cos 8 = 5 16. sind =5 
8 ‘ + 17. sec @ = & 18. tan 0 = 3 
4 7 19, sin@ = + 20. sec @ = 7 
21. cot 0 = 22. = 
9. oe: 10. cot 0 = 3 csc 0 =9 
ae Evaluating Trigonometric Functions of 30°, 
74 45°, and 60° In Exercises 23-26, construct 
an appropriate triangle to find the missing values. 
Evaluating Trigonometric Functions In Exercises (0° < 6 < 90°,0 < 6 < n/2) 


11-14, find the exact values of the six trigonometric 


functions of the angle 0 for each of the two triangles. Function 9 (deg) 9 (rad) Function Value 


Explain why the function values are the same. 23. tan 30° 
24. cos 45° 
11. 12. 1 va 
1 
8 25. sec 7 
I 4 
0 é 
i 26. 7 
CSC 6 
Pm 
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UsingaCalculator InExercises 27-34, usea calculator 
to evaluate each function. Round your answers to four 
decimal places. (Be sure the calculator is in the correct 
mode.) 

27. (a) sin 20° 

28. (a) tan 23.5° 

29. (a) sin 14.21° 
30. (a) cot 79.56° 
31. (a) cos 4° 50’ 15” 
32. (a) sec 42° 12’ 
33. (a) cot 17° 15’ 
34. (a) sec 56° 8’ 10” 


(b) cos 70° 

(b) cot 66.5° 

(b) csc 14.21° 

(b) sec 79.56° 

(b) sec 4° 50’ 15” 

(b) csc 48° 7’ 

(b) tan 17° 15’ 

(b) cos 56° 8’ 10” 

Applying Trigonometric Identities In Exercises 
35-40, use the given function value(s) and the 


trigonometric identities to find the exact value of each 
indicated trigonometric function. 


3 


: Ola WE. ol 
35. sin 60° = 7 cos 60 5 


(a) sin 30° (b) cos 30° 
(c) tan 60° (d) cot 60° 
36. sin 30° = > tan 30° = 3 
(a) csc 30° (b) cot 60° 
(c) cos 30° (d) cot 30° 
37. cos @ = 5 
(a) sin 0 (b) tan @ 
(c) sec 6 (d) csc(90° — @) 
38. sec@ = 5 
(a) cos 6 (b) cot 6 
(c) cot(90° — @) (d) sin 6 
39. cota = 3 
(a) tan a (b) csc a 
(c) cot(90° — a) (d) sin a 
7 
40. cos B = v1 
(a) sec B (b) sin B 
(c) cot B (d) sin(90° — £) 


Using Trigonometric Identities In Exercises 41-50, 
use trigonometric identities to transform the left side of 
the equation into the right side (0 < @ < 2/2). 

41. tan @cot@ = 1 

42. cos @ sec 9 = 1 


43. tana cos a = sina 
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44. cota sina = cosa 
45. (1 + sin 6)(1 — sin @) = cos? 6 
46. (1 + cos @)(1 — cos @) = sin? @ 
47. (sec 8 + tan @)(sec 8 — tan @) = 1 
48. sin? @ — cos? 6 = 2sin’? 6 — 1 
sin@O  cos@ 
cos@ sin@ 
tanB + cotB _ 
tan 6 


49. 


= csc @ sec 0 


50. csc? B 

Finding Special Angles of a Triangle In Exercises 
51-56, find each value of 0 in degrees (0° < 6 < 90°) and 
radians (0 < @ < 2/2) without using a calculator. 


51. (a) sind = 5 (b) csc @ = 2 
52. (a) cos @ = 2 (b) tan@ = 1 
53. (a) sec0 = 2 (b) cot @ = 1 
54. (a) tand = /3 (b) csc 9 = \/2 
55. (a) csc 0 = 2v3 (b) sin @ = 2 
56. (a) cot @ = 3 (b) sec 0 = \/2 


Finding Side Lengths of a Triangle In Exercises 
57-60, find the exact values of the indicated variables. 


57. Find x and y. 58. Find x and r. 


y 30 
1 y 
; 30° 
x 
60° 
x 
59. Find x and r. 60. Find x and r. 
60° , 
= 45 
x 


61. Empire State Building You are standing 45 meters 
from the base of the Empire State Building. You 
estimate that the angle of elevation to the top of the 
86th floor (the observatory) is 82°. The total height of 
the building is another 123 meters above the 86th floor. 
What is the approximate height of the building? One of 
your friends is on the 86th floor. What is the distance 
between you and your friend? 
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62. 


63. 


64. 


65. 


Chapter 1 Trigonometry 


Distance A passenger in an airplane at an altitude of 
10 kilometers sees a town to the east of the plane. The 
angle of depression to the town is 22°. 


(a) Draw aright triangle that gives a visual representation 
of the problem. Label the known quantities of the 
triangle and use variables to represent the number 
of kilometers east the town is from the plane and the 
straight-line distance from the town to the plane. 


(b) Use trigonometric functions to write equations 
involving the unknown quantities. 


(c) How many kilometers east of the plane is the town? 


(d) What is the straight-line distance from the town to 
the plane? 


Angle of Elevation You are skiing down a mountain 
with a vertical height of 1250 feet. The distance from 
the top of the mountain to the base is 2500 feet. What 
is the angle of elevation from the base to the top of the 
mountain? 


Biology A biologist wants to know the width w of 
a river. From point A, the biologist walks downstream 
100 feet and sights to point C (see figure). From this 
sighting, it is determined that 6 = 54°. How wide is the 
river? 


Guy Wire A guy wire runs from the ground to a cell 
tower. The wire is attached to the cell tower 150 feet 
above the ground. The angle formed between the wire 
and the ground is 43° (see figure). 


(a) How long is the guy wire? 


(b) How far from the base of the tower is the guy wire 
anchored to the ground? 


66. 


67. 


68. 


69. 


Height of a Mountain In traveling across flat land, 
you see a mountain directly in front of you. Its angle of 
elevation (to the peak) is 3.5°. After you drive 13 miles 
closer to the mountain, the angle of elevation is 9° (see 
figure). Approximate the height of the mountain. 


Machine Shop Calculations A steel plate has 
the form of one-fourth of a circle with a radius of 
60 centimeters. Two two-centimeter holes are drilled 
in the plate, positioned as shown in the figure. Find the 
coordinates of the center of each hole. 


(x), Yo 


Figure for 68 


Figure for 67 


Machine Shop Calculations A tapered shaft has 
a diameter of 5 centimeters at the small end and is 
15 centimeters long (see figure). The taper is 3°. Find 
the diameter d of the large end of the shaft. 


Geometry Use a compass to sketch a quarter of 
a circle of radius 10 centimeters. Using a protractor, 
construct an angle of 20° in standard position (see 
figure). Construct a line perpendicular to the x-axis 
from the point of intersection of the terminal side 
of the angle and the arc of the circle. By actual 
measurement, calculate the coordinates (x, y) of the 
point of intersection and use these measurements to 
approximate the six trigonometric functions of a 20° 
angle. Use a calculator to check the accuracy of your 
results. 
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70. Helium-Filled Balloon 
A 20-meter line is used to tether a helium-filled 

balloon. The line : 

makes an angle of 

approximately 85° 

with the ground 

because of a breeze. 


(a) Draw a right 
triangle that 
gives a visual 
representation of the problem. Label the known 
quantities of the triangle and use a variable to 
represent the height of the balloon. 


(b 


wm 


Use a trigonometric function to write and solve an 
equation for the height of the balloon. 


(c 


Ne 


The breeze becomes stronger and the angle the line 
makes with the ground decreases. How does this 
affect the triangle you drew in part (a)? 

Complete a table that shows the heights of the 
balloon for 8 = 80°, 70°, 60°,..., 10°. 

As @ approaches 0°, how does this affect the height 
of the balloon? Draw a right triangle to explain 
your reasoning. 


(d 


wm 


(e 


Na 


Inclined Plane The Johnstown 
Inclined Plane in Pennsylvania is one of the longest 
and steepest hoists in the world. The railway cars travel 
a distance of 896.5 feet at an angle of approximately 
35.4°, rising to a height of 1693.5 feet above sea level. 


71. Johnstown 


(a) Find the vertical rise. 
(b) Find the elevation of the lower end. 


72. Johnstown Inclined Plane In Exercise 71, the 
cars move up the mountain at a rate of 300 feet per 
minute. Find the rate at which they rise vertically. 


Exploring the Concepts 


True or False? In Exercises 73-78, determine whether 

the statement is true or false. Justify your answer. 

73. sin 60° csc 60° = 1 74. sec 30° = csc 30° 

75. sin 45° + cos 45° = 1 76. cos 60° — sin 30° = 0 
sin 60° 
sin 30° 


© Scott Cornell/Shutterstock.com 


77, = sin 2° 78. tan[(5°)?] = tan? 5° 
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79. Think About It You are given the value of tan 0. 
Is it possible to find the value of sec 6 without finding 
the measure of 9? Explain. 


80. a) HOW DO YOU SEE IT? Use the figure 


(a) Which side is opposite 0? 
(b) Which side is adjacent to 90° — 6? 
(c) Explain why sin @ = cos(90° — @). 


81. Error Analysis Describe the error. 


o _ Opp _ | 
cos 60° = —— = = 
hyp 2 x 


82. Writing In right triangle trigonometry, explain why 
sin 30° = ; regardless of the size of the triangle. 


Video solutions at 


Review & Refresh » LarsonPrecalculus.com 


Determining the Quadrant for a Point In Exercises 
83-86, determine the quadrant in which the point is 
located. 
83. (1, 3) 
85. (—5, 4) 


84. (9, —2) 

86. (—6, —7) 

Determining the Quadrant for a Line In Exercises 
87-90, determine the quadrants in which the graph of 
the line is located. Give examples of points that lie on the 
line in each of these quadrants. 

87. y= —-x 
89. 2x- y=0 


88. y = a 
90. 4x + 3y = 0 
Finding Coterminal Angles In Exercises 91 and 92, 


determine two coterminal angles (one positive and one 
negative) for each angle. 


91. (a) 8 = 20° (b) 6 = —30° 
1 1 
92. (a) @=5, (b) @= —7 


Even, Odd, or Neither? In Exercises 93-96, determine 
whether the function is even, odd, or neither. Then 
describe the symmetry. 


Bo fa 


xX TX 


1 x? 


94. 6) = 754 


95. f(x) = 12x? 96. f(x) = 5x + 4x4 
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1.4 Trigonometric Functions of Any Angle 


© Evaluate trigonometric functions of any angle. 
© Find reference angles. 
© Evaluate trigonometric functions of real numbers. 


Introduction 


In the preceding section, the definitions of trigonometric functions were restricted to 
acute angles. In this section, the definitions are extended to cover any angle. When @ is 
an acute angle, the definitions here coincide with those in the preceding section. 


Definitions of Trigonometric Functions of Any Angle | 


~ 
Let @ be an angle in standard position with (x, y) a point on the terminal side 
of Oandr = /x? + y? #0. - 
5 — 2 — & 
sin 0 = a‘ cos 8 = (x, y) 
Trigonometric functions have y x 
a wide variety of real-life tm@==, x#0 cOpg = ay 0 
applications. For example, in x y u 
Ee icise a3 bal pale 156; sel secO=-, x #0 csc 8 = oS y#0 x 
will use trigonometric functions y 
to model the average high 


temperatures in two cities. 


Because r = ./x* + y? cannot be zero, it follows that the sine and cosine functions 
are defined for any real value of 6. However, when x = 0, the tangent and secant of 0 
are undefined. For example, the tangent of 90° is undefined. Similarly, when y = 0, the 
cotangent and cosecant of @ are undefined. 


EXAMPLE 1 Evaluating Trigonometric Functions 


Let (— 3, 4) be a point on the terminal side of 6. Find the sine, cosine, and tangent of 0. 


Solution Referring to Figure 1.26, x = —3, y = 4, and 


y 

LY r= /e+y 
- JOFFE 
= 5. 


So, you have 


ee: ee 
sin@ =—= 5 Definition of sine of any angle 
r 
-3 -2 -1 1 % 
cos 9 =— = — 5 Definition of cosine of any angle 
Figure 1.26 " 
and 
222 = 
tand =—= 3 Definition of tangent of any angle 
4 


Sf Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Let (— 2, 3) be a point on the terminal side of 6. Find the sine, cosine, and tangent of 0. 


GO DIGITAL 
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1 1 
7 <O0<7 0<0< 7 
x<0 Uf x>0 
y>O “ y>0 
>X 
x<0 rs Se x>0 
y<0 © e y<0 
3a 3m 
T<O< 7) >) <0<270 
Quadrant IT Quadrant I 
sin 6: + sin 6: + 
cos 0: — cos 0: + 
tan 6: — tan 6: + 
> xX 
Quadrant IIT Quadrant IV 
sin 6: — sin 6: — 
cos 0: — cos 0: + 
tan 6: + tan 6: — 


Figure 1.27 


Figure 1.28 


[ale 
GO DIGITAL 
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The signs of the trigonometric functions in the four quadrants can be determined 
from the definitions of the functions. For example, cos 0 = x/r, so cos @ is positive 
wherever x > 0, which is in Quadrants I and IV, as shown in Figure 1.27. (Remember, 


r is always positive.) In a similar manner, you can verify the other results shown in 
Figure 1.27. 


EXAMPLE 2 Evaluating Trigonometric Functions 


Given tan 8 = —3 and cos @ > 0, find sin @ and sec @. 


Solution Note that @ lies in Quadrant IV because that is the only quadrant in which 
the tangent is negative and the cosine is positive. Moreover, using 


y 5 
t Ses 
an 6 : ri 
and the fact that y is negative in Quadrant IV, let y= —5 and x =4. So, 
r= /16 + 25 = \/41 and you have the results below. 
sing =~ 
r 
= => Exact val 
= SS Xact value 
JA 
= —0.7809 Approximate value 
sec @ =~ 
x 
41 
= val Exact value 
= 1.6008 Approximate value 


VY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Given sin 0 = z and tan @ < 0, find cos @ and tan 0. 


ON" 2RSee =Trigonometric Functions of Quadrantal Angles 


: i 1 3m 
Evaluate the cosine and tangent functions at the quadrantal angles 0, a ™ and 7° 
Solution To begin, choose a point on the terminal side of each angle, as shown in 


Figure 1.28. For each of the four points, r = 1 and you have the results below. 


ee a (x, y) = (1, 0) 
1 x 1 

eS] 5 aos [=> undefined (x,y) = (0,1) 

2 7r 1 2 x 0 ° —— 

| ge Soe (x, y) = (—1, 0) 
r 1 x —-l 

3m x _ OO 3a _y_vl ‘ =< 

cos Pees 0 tan 5 : 0 > undefined (x, y) = (0, -1) 


Sf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


: : 3m 
Evaluate the sine and cotangent functions at the quadrantal angle 3° | 
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Reference Angles 


The values of the trigonometric functions of angles greater than 90° (or less than 0°) can 
be determined from their values at corresponding acute angles called reference angles. 


Definition of a Reference Angle | 


Let @ be an angle in standard position. Its reference angle is the acute angle 0’ 
formed by the terminal side of 6 and the horizontal axis. 


The three figures below show the reference angles for 6 in Quadrants II, II, and IV. 


A A A 
Quadrant II 
Ref Reference 
eference . 9’ 
g aisle: 8 g ) angle: @ 
ee 2 t Quadrant 
angle: 0 Quadrant III IV 
6’ = m— 6 (radians) 6’ = 0-7 (radians) 6’ = 22-6 (radians) 
6’ = 180° — 6 (degrees) 6’ = 0 — 180° (degrees) 0’ = 360° — 6 (degrees) 


EXAMPLE 4 Finding Reference Angles 


Find the reference angle 6’. 
a. 0 = 300° b. 6 = 2.3 c. 8 = — 135° 


Solution 


a. Because 300° lies in Quadrant IV, the angle it makes with the x-axis is 


6’ = 360° — 300° 


Figure 1.29 


= 60°. Degrees 
Figure 1.29 shows the angle 6 = 300° and its reference angle 0’ = 60°. 


b. Because 2.3 lies between 2/2 ~ 1.5708 and 1 ~ 3.1416, it follows that it is in 
Quadrant II and its reference angle is 


=n - 2.3 


Figure 1.30 = 0.8416. Radians 
Figure 1.30 shows the angle 8 = 2.3 and its reference angle 0’ = 2 — 2.3. 


c. First, determine that — 135° is coterminal with 225°, which lies in Quadrant III. So, 
225° and —135° the reference angle is 
225° | are coterminal. 
0’ = 225° — 180° 
= 45°. Degrees 


Figure 1.31 shows the angle 6 = — 135° and its reference angle 6’ = 45°. 


Figure 1.31 wy Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the reference angle 0’. 


147 4n 
a ° es = 
a. 0 = 213 bG=5 © O= | a 
Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Learning the table of values 


at the right is worth the effort 
because doing so will increase 
both your efficiency and your 
confidence when working in 


trigonometry. Below is a pattern 


for the sine function that may 
help you remember the values. 


0 0° 


30° 


45° 


60° 


90° 


0 


1 


2 


3 


4 


sin 0 


2 


2 


2 


2 


2 


Reverse the order to get cosine 
values of the same angles. 


[Esa 
GO DIGITAL 
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Trigonometric Functions of Real Numbers 


To see how to use a reference angle to : 
evaluate a trigonometric function, consider 

the point (x, y) on the terminal side of the 
angle @, as shown at the right. You know that 


(x, y) 


sing =~ 
. 
and 
tan @ =~. 
x 
For the right triangle with acute adj 
angle 9’ and sides of lengths |.| Gene fy, aaa 
and |y|, you have = 
sin 9’ = OPP _ yh 
hyp r 
and 
eng OEP = ly| 
dj |x| 


So, it follows that sin @ and sin 0’ are equal, except possibly in sign. The same is true 
for tan @ and tan 0’ and for the other four trigonometric functions. In all cases, the 
quadrant in which 6 lies determines the sign of the function value. 


Evaluating Trigonometric Functions of Any Angle | 


To find the value of a trigonometric function of any angle 0: 


1. Determine the function value of the associated reference angle 0’. 


2. Depending on the quadrant in which 6 lies, affix the appropriate sign to the 
function value. 


Using reference angles and the special angles discussed in the preceding section 
enables you to greatly extend the scope of exact trigonometric function values. For 
example, knowing the function values of 30° means that you know the function values 
of all angles for which 30° is a reference angle. For convenience, the table below 
shows the exact values of the sine, cosine, and tangent functions of special angles and 
quadrantal angles. 


Trigonometric Values of Common Angles 


@ (degrees) | 0° | 30° | 45° | 60° 90° 180° 270° 
6 (radians) | 0 - ‘i _ A 1 = 
sin 0 0 ; 2 a 1 0 —1 
cos 6 1 _ 2 - 0 -1 0 
tan 0 0 3 1 | J3 | Undef.| 0 | Undef. 
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EXAMPLE 5 Using Reference Angles 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Evaluate each trigonometric function. 


a. COS cus b. tan(— 210°) c. csc um 
3 4 
Solution 
a. Because 0 = 47/3 lies in Quadrant III, the y 


reference angle is 


ra OE, a 
Cg es 


as shown at the right. The cosine is negative in 
Quadrant III, so 
4n 


cos 3 = (—)cos — 


b. Because — 210° + 360° = 150°, it follows that y 
— 210° is coterminal with the second-quadrant 
angle 150°. So, the reference angle is 6” = 30° 


6’ = 180° — 150° 
= 30° 


6 =-210° 


as shown at the right. The tangent is negative in 
Quadrant II, so 


tan(— 210°) 


(—)tan 30° 


V3 
= 


c. Because (1172/4) — 22 = 37/4, it follows that y 
1172/4 is coterminal with the second-quadrant 
angle 37/4. So, the reference angle is 

3a 


ir a 


as shown at the right. The cosecant is positive in 
Quadrant II, so 


csc (+)csc ie 
4 4 

_ 1 
~~ sin(r/4) 


= 4/2, 
SY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Evaluate each trigonometric function. 


Hi 11 
a. sin a b. cos(— 120°) c. tan a | 


red 
GO DIGITAL 
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The fundamental trigonometric identities listed in the preceding section (for an 
acute angle @) are also valid when @ is any angle in the domain of the function. 


EXAMPLE 6 Using Trigonometric Identities 


Let @ be an angle in Quadrant II such that sin 0 = 7 Find (a) cos 8 and (b) tan 8 by 
using trigonometric identities. 


Solution 
a. Using the Pythagorean identity sin? @ + cos? @ = 1, you obtain 


(4) + 79-1 > ee 
3 cos COs 9 9° 


You know that cos 8 < 0 in Quadrant II, so use the negative root to obtain 


V8 _ _2V2 
V9 37 


b. Using the trigonometric identity tan 9 = (sin @)/(cos @), you obtain 


cos 9 = — 


|): a re 
=By2/2 84/2. -* 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


tan 0 = 


Let 6 be an angle in Quadrant III such that sin 0 = —$ Find (a) cos @ and (b) tan 6 by 
using trigonometric identities. 


EXAMPLE 7 Using a Calculator 


Use a calculator to evaluate (a) cot 410°, (b) sin(—7), and (c) sec(z/9). 


Solution 

Function Mode Calculator Keystrokes Display 
a. cot 410° Degree (Q (TAN) (Q 410 () 0) (x=) (ENTER) 0.8390996 
b. sin(—7) Radian (SIN) (Q (©) 7 OD) (ENTER) — 0.6569866 


c. sec(7/9) Radian (0 (Cos) (0 () ©) 9 0) O) G4) (ENTER) ~—:1.0641778 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use a calculator to evaluate (a) tan 119°, (b) csc 5, and (c) cos(z/5). | 


Summarize (Section 1.4) 


1. State the definitions of the trigonometric functions of any angle (page 150). 
For examples of evaluating trigonometric functions, see Examples 1-3. 

2. Explain how to use a reference angle (page 152). For an example of finding 
reference angles, see Example 4. 

3. Explain how to evaluate a trigonometric function of a real number 
(page 153). For examples of evaluating trigonometric functions of real 
numbers, see Examples 5-7. 


fs 
GO DIGITAL 
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1.4 Exercises 


See CalcChat.com for tutorial help and worked-out solutions Sect rhe 
to odd-numbered exercises. oe B+ 


GO DIGITAL 


Vocabulary and Concept Check 


In Exercises 1-6, fill in the blank. Let 6 be an angle in standard position with (x, y) a point on the 


terminal side of 6 and r = \/x? + y? # 0. 


1. sind = 2. 


4. sec 0 = 5. 


“< |e 


= 3. tan @ = 


7. What do you call the acute angle formed by the terminal side of an angle @ in standard position and the horizontal axis? 


8. Why are the sine and cosine functions defined for any real value of 0? 


Skills and Applications 


Evaluating Trigonometric Functions In Exercises 
9-12, find the exact values of the six trigonometric 
functions of each angle 6. 


9. (a) y (b) y 
(4, 3) 9 
8 & x 
(-8, 15) 
10. (a) y (b) y 
6 + 6 
Pe) aN 
11. (a) y (b) y 
gh 
x “Cs 
(V3, -1) (4, 4) 
12. (a) (b) y 


Evaluating Trigonometric Functions In Exercises 
13-18, the point is on the terminal side of an angle 
in standard position. Find the exact values of the six 
trigonometric functions of the angle. 


13. (5, 12) 14. (8, 15) 
15. (—5, —2) 16. (—4, 10) 
17. (—5.4, 7.2) 18. (33, —2,/15) 


Determining a Quadrant In Exercises 19-22, 
determine the quadrant in which 6 lies. 

19. sin@ > 0, cos@>0 

20. sin@ < 0, cosé < 0 

21. csc9 > 0, tand <0 

22. sec@ > 0, coté <0 


Evaluating Trigonometric Functions In Exercises 
23-32, find the exact values of the remaining trigonometric 
functions of 6 satisfying the given conditions. 

23. tnd =, sin@ > 0 

24. cos @ = 4, tan@d < 0 

25. sin@ = 0.6, @ lies in Quadrant II. 

26. cos 6 = —0.8, @ lies in Quadrant III. 

27. cot@ = —3, cos@>0 

28. csc0 = 4, cot@ <0 

29. cos8 =0, cscO=1 

30. sn@ =0, sec? = -1 


31. cot @ is undefined, S <@s 
32. tan @ is undefined, a < 0 S 27 


An Angle Formed by a Line Through the Origin In 
Exercises 33-36, the terminal side of 6 lies on the given 
line in the specified quadrant. Find the exact values of 
the six trigonometric functions of 6 by finding a point 
on the line. 


Line Quadrant 
33. y= —-x II 
34. y =4x rn 
35. 2x —-y=0 I 
36. 4x + 3y = 0 IV 
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Trigonometric Function of a Quadrantal Angle In 
Exercises 37—46, evaluate the trigonometric function of 
the quadrantal angle, if possible. 


37. sinO 38. csc 2 
39. sec = 40. sec 2 
41. sin 42. cot 0 
43. csc 1 44. cot 5 

On 1 
45. cos > 46. tan( - 2 


Finding a Reference Angle In Exercises 47-54, find 
the reference angle 0’. Sketch 6 in standard position and 
label 0’. 


47. 0 = 160° 48. 0 = 309° 
49. 0 = — 125° 50. 0 = —215° 
Qn 71 
51. 0 = 3 52. 0 = rs 
53. 0 = 4.8 54. 0 = 12.9 


Using a Reference Angle In Exercises 55-68, 
evaluate the sine, cosine, and tangent of the angle 
without using a calculator. 


55. 225° 56. 300° 
57. 750° 58. 675° 
59. — 120° 60. —570° 
Qn 3m 
61. 3 62. a 
1 Qn 
. => 4. —— 
63 6 6 3 
lla 13a 
65. rl 66. 6 
17a 23m 
67. “6_ 68. “4- 


Using a Trigonometric Identity In Exercises 69-74, 
use the function value to find the indicated trigonometric 
value in the specified quadrant. 


Function Value Quadrant Trigonometric Value 
69. sind = -2 IV cos 6 
70. cot@ = —3 II csc 6 
71. tan 6 = 2 Il sec 0 
72. csc 9 = —2 IV cot 0 
73. cos 0 = 5 I csc 0 
74. secO = -$ Il cot 6 
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Using a Calculator In Exercises 75-90, use a 
calculator to evaluate the trigonometric function. Round 
your answer to four decimal places. (Be sure the 
calculator is in the correct mode.) 


75. sin 10° 76. tan 304° 
77. cos(— 110°) 78. sin(— 330°) 
79. cot 178° 80. sec 72° 
81. csc 405° 82. cot(—560°) 
1 Qn 
83. tan 9 84. cos 7 
lla 15a 
85. sec 7 86. csc a, 
87. sin(—0.65) 88. cos 1.35 
89. csc(— 10) 90. sec(—4.6) 


Solving for 0 In Exercises 91-96, find two solutions 
of each equation. Give your answers in degrees 
(0° < 6 < 360°) and in radians (0 < @ < 27). Do not use 
a calculator. 


fa 


os Aue ll _ v4 
91. (a) sin@ = 5 92. (a) cos@ = 5 


a __v2 
(b) sin@ = 5) (b) cos 8 = 5 
93. (a) cos 0 = : 94. (a) sind = ~ 
(b) sec 6 = 2 (b) csc 8 = av 


95. (a) tané = 1 
(b) cot @ = — /3 


96. (a) cot? =0 
(b) sec 0 = —/2 


97. Distance An airplane, flying at an altitude of 
6 miles, is on a flight path that passes directly over an 
observer (see figure). Let 6 be the angle of elevation 
from the observer to the plane. Find the distance d 
from the observer to the plane when (a) @ = 30°, 
(b) 8 = 90°, and (c) 8 = 120°. 


- I —— 


— Not drawn to scale 


98. Harmonic Motion The displacement from 
equilibrium of an oscillating weight suspended by 
a spring is given by y(t) = 2.cos 6f, where y is the 
displacement in centimeters and ¢ is the time in seconds. 
Find the displacement when (a) ¢t = 0, (b) t= i and 
(c) t = 3. 
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99, Temperature 
The table shows the average high temperatures (in 
degrees Fahrenheit) in Boston, Massachusetts (B), 
and Fairbanks, Alaska (F), for selected months in 
2019. (Source: U.S. Climate Data) 


Boston, Fairbanks, 
B F 


5] January 
=) 
<= 2| March 
- Ss 
25) June 
ae 
3 3] August 
as 
” 1 November 


(a) Use the regression feature of a graphing utility to 
find a model of the form 


y = asin(bt +c) +d 


for each city. Let t represent the month, with t = 1 
corresponding to January. 


(b) Use the models from part (a) to estimate the 
monthly average high temperatures for 
the two cities 
in February, 
April, May, 
July, September, 
October, and 
December. 

(c) Use a graphing 
utility to graph 
both models in 

the same viewing window. Compare the 

temperatures for the two cities. 


100. Sales A company that produces snowboards 
forecasts monthly sales over the next 2 years to be 


S = 23.1 + 0.442t + 4.3 cos 


where S is measured in thousands of units and t is the 
time in months, with t = 1 corresponding to January 
2022. Predict the sales for each month. 


(a) February 2022 (b) February 2023 
(c) June 2022 (d) June 2023 


Exploring the Concepts 


True or False? In Exercises 101 and 102, determine 
whether the statement is true or false. Justify your answer. 


101. In each of the four quadrants, the signs of the secant 
function and the sine function are the same. 


102. The reference angle for an angle @ (in degrees) is 
the angle 0’ = 360°n — @, where n is an integer and 
0° < 6’ < 360°. 


© iStockPhoto.com/DenisTangneyJr 


103. Writing Write a short essay explaining to a 
classmate how to evaluate the six trigonometric 
functions of any angle @ in standard position. Include 
an explanation of reference angles and how to use 
them, the signs of the functions in each of the four 
quadrants, and the trigonometric values of common 
angles. Include figures or diagrams in your essay. 


104. HOW DO YOU SEE IT? Consider an 
angle in standard position with r = 12 
centimeters, as shown in the figure. Describe 
the changes in the values of x, y, sin 8, cos 0, 
and tan @ as @ increases continuously from 
0° to 90°. 


yy 


= Video solutions at 
Review & Refresh \» LarsonPrecalculus.com 


Describing Transformations In Exercises 105 and 
106, g is related to one of the parent functions. 
(a) Identify the parent function f. (b) Describe the 
sequence of transformations from / to g. 


105. (ea) =-Yer12+9) 106 [eay= 1542-4] 


y 
A 
20 -- 


15+ 
10+ 


Finding Relative Minima or Maxima _ In Exercises 
107 and 108, use the graph to find any relative minima 
or maxima of the function. 


107. 


>< 


108. y 
A 


Finding the x-intercepts of a Function In Exercises 
109 and 110, find the x-intercepts of the function. 


109. y =x? +x — 132 110. y = 2x7 -— x» -— 3X 
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1.5 Graphs of Sine and Cosine Functions 


1.5 Graphs of Sine and Cosine Functions 


Graphs of sine and cosine 
functions have many scientific 
applications. For example, in 
Exercise 80 on page 168, you will 
use the graph of a sine function 
to analyze airflow during a 
respiratory cycle. 


To use a graphing utility to 
produce the graphs shown in 
Figures 1.32 and 1.33, make 
sure you set the graphing 
utility to radian mode. 


GO DIGITAL 


© Sketch the graphs of basic sine and cosine functions. 

© Use amplitude and period to help sketch the graphs of sine and 
cosine functions. 

© Sketch translations of the graphs of sine and cosine functions. 

© Use sine and cosine functions to model real-life data. 


Basic Sine and Cosine Curves 


In this section, you will study techniques for sketching the graphs of the sine and cosine 
functions. The graph of the sine function, shown in Figure 1.32, is a sine curve. In the 
figure, the black portion of the graph from x = 0 to x = 27 represents one period of 
the function and is one cycle of the sine curve. Note that the basic sine curve repeats 
indefinitely to the left and right. Figure 1.33 shows the graph of the cosine function. 

Recall from Section 1.2 that the domain of the sine and cosine functions is the set 
of all real numbers. Moreover, the range of each function is the interval [—1, 1], and 
each function has a period of 27. This information is consistent with the basic graphs 
shown in Figures 1.32 and 1.33. 


oe 1 \ T—> * 
cs 3a -m™\ ft Sn 
2 \ 2 2 
\ 
Period: 27 

Figure 1.32 

y: 

A 
Range: \ 
-l<y<l Pa 

Seto . 
Period: 27 


Figure 1.33 


Note in Figures 1.32 and 1.33 that the sine curve is symmetric with respect to 
the origin, whereas the cosine curve is symmetric with respect to the y-axis. These 
properties of symmetry follow from the fact that the sine function is odd and the cosine 
function is even. 


© De Visu/Shutterstock.com 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


160 Chapter 1 = Trigonometry 


To sketch the graphs of the basic sine and cosine functions, it helps to note five 
key points in one period of each graph: the intercepts, maximum points, and minimum 
points. The figures below show the five key points on the graphs of y = sin x and 
y = cos x. 


Maximum Intercept Minimum Intercept Intercept Minimum Intercept Maximum 
! i 


log I 7 I 
Intercept ‘ox 1) (0, 1) << S (2m, 1): 


| (a, 0) | | (5; 0) 


>X > XxX 
(0:0) Quarter Half (2m, 0) Quarter Full 
period period Full period period 
Period: 27 Three-quarter pos Period: 27 Half Three-quarter 
2 : period 
period period 


EXAMPLE 1 Using Key Points to Sketch a Sine Curve 


p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 
Sketch the graph of 


y =2sinx 
on the interval [— 7, 47]. 
Solution Note that 
y=2sinx 
= 2sin x). 


So, the y-values for the key points have twice the magnitude of those on the graph of 
y = sin x. Divide the period 27 into four equal parts to obtain the key points 


Intercept Maximum Intercept Minimum Intercept 
(0, 0), (3.2), (, 0), (% -2}, and (27, 0). 


By connecting these key points with a smooth curve and extending the curve in both 
directions over the interval [— 7, 47], you obtain the graph below. 
When using a graphing 
utility to graph trigonometric y 
functions, pay special attention 4 
to the viewing window you use. 
For example, graph 


sin 10x 
10 


> X 


in the standard viewing window 
in radian mode. What do you 
observe? Use the zoom feature 
to find a viewing window that 
displays a good view of 


y=sinx 


the graph. 5 oo ; 
i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Sketch the graph of 
y = 2cosx 
ferry on the interval [—7/2, 97/2]. a 
GO DIGITAL 
Copyright 2022 Cengage Learning. All Rights R d, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Ri; Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


1.5 Graphs of Sine and Cosine Functions 161 


Amplitude and Period 


In the rest of this section, you will study the effect of each of the constants a, b, c, 
and d on the graphs of equations of the forms 


y = d+ asin(bx — c) 
and 
y =d + acos(bx — c). 


A quick review of the transformations you studied in Section P.8 will help in this 
investigation. 

The constant factor a in y = asinx and y = acos x acts as a scaling factor—a 
vertical stretch or vertical shrink of the basic curve. When |a| > 1, the basic curve is 
stretched, and when 0 < |a| < 1, the basic curve is shrunk. The result is that the graphs 
of y = asinx and y = acos x range between —a and a instead of between — | and 1. 
The absolute value of a is the amplitude of the function. The range of the function for 
a>Ois-asyé£a. 


Definition of the Amplitude of Sine and Cosine Curves i 


The amplitude of y = asin x and y = a cos x represents half the distance 
between the maximum and minimum values of the function and is given by 


Amplitude = |al. 


EXAMPLE 2 Scaling: Vertical Shrinking and Stretching 


In the same coordinate plane, sketch the graph of each function. 


1 
a. y = 7 cosx 


2 
b. y = 3cosx 
Solution 


a. The amplitude of y = 5 cos x is a: so the maximum value is 5 and the minimum value 
is —}. Divide one cycle, 0 © x <= 27, into four equal parts to obtain the key points 


Maximum Intercept Minimum Intercept Maximum 


2) (ee Ca) ow Gt) 


b. A similar analysis shows that the amplitude of y = 3 cos x is 3, and the key points are 


Maximum Intercept Minimum Intercept Maximum 
3 
(0, 3), (Z 0), (x, -3), (= 0}, and (27, 3). 
2 2 
Figure 1.34 Figure 1.34 shows the graphs of these two functions. Notice that the graph of 


y= 5 cos x is a vertical shrink of the graph of y = cos x, and the graph of y = 3 cos x 
is a vertical stretch of the graph of y = cos x. 


Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


In the same coordinate plane, sketch the graph of each function. 


At 
a. y = > sinx 


ee 3 
EHS 
GO DIGITAL b. y = 3sinx a 


g. All Rights F 
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You know from Section P.8 that the graph of y = —f(x) is a reflection in the 
x-axis of the graph of y = f(x). For example, the graph of y = —3 cos x is a reflection 
of the graph of y = 3 cos x, as shown in Figure 1.35. 

Next, consider the effect of the positive real number D on the graphs of y = a sin bx 
and y = acos bx. For example, compare the graphs of y = asin x and y = asin bx. 
The graph of y = a sin x completes one cycle from x = 0 to x = 27, so it follows that 
the graph of y = a sin bx completes one cycle from x = 0 to x = 27/b. 


Period of Sine and Cosine Functions 


Let b be a positive real number. The period of y = a sin bx and y = acos bx is 
given by 


y 
[y= 3 cos x | h |» =—3 cos x] 


Figure 1.35 


21 
Period = —. 
eriod i 


Note that when 0 < b < 1, the period of y = asin bx is greater than 27 and 
represents a horizontal stretch of the basic curve. Similarly, when b > 1, the period of 
y = asin bx is less than 27 and represents a horizontal shrink of the basic curve. These 
two statements are also true for y = a cos bx. When b is negative, rewrite the function 
using the identity sin(—x) = —sin x or cos(—x) = cos x. 


EXAMPLE 3 Scaling: Horizontal Stretching 


Sketch the graph of 


= sin ca 
y 7 


Solution The amplitude is 1. Moreover, b = a so the period is 


ee Pat: 
7 a 1/2 = 4n. Substitute for b. 
Now, divide the period-interval [0, 47r] into four equal parts using the values 7, 27, and 
3 to obtain the key points 
In general, to divide a period- 
interval into four equal parts, 
successively add “‘period/4,” (0, 0), (, 1), (27, 0), (372,—1), and (4m, 0). 
starting with the left endpoint 
of the interval. For example, 
for the period-interval 
[—2/6, 2/2] of length 27/3, 
you would successively add 


2n/3 _ 1 
4 6 
to obtain — 7/6, 0, 2/6, 7/3, 


and 7/2 as the x-values for 
the key points on the graph. Period: 47 


Intercept Maximum Intercept Minimum Intercept 


The graph is shown below. 


yi Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of 


xX 
= cos 5. a 
y COs 3 


GO DIGITAL 
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Translations of Sine and Cosine Curves 
The constant c in the equations 
y =asin(bx —c) and y= acos(bx — c) 


results in horizontal translations (shifts) of the basic curves. For example, compare 
the graphs of y = asin bx and y = asin(bx — c). The graph of y = asin(bx — c) 
completes one cycle from bx — c = 0 to bx — c = 27. Solve for x to find that the 
interval for one cycle is 


Left endpoint Right endpoint 


ie _—— 
c c 2a 
= eS ee, 
b b b 
— 
Period 


This implies that the period of y = a sin(bx — c) is 27/b, and the graph of y = a sin bx 
is shifted by an amount c/b. The number c/b is the phase shift. 


Graphs of Sine and Cosine Functions ) 


The graphs of y = a sin(bx — c) and y = acos(bx — c) have the characteristics 
below. (Assume b > 0.) 


2 
Amplitude = |a| Period = a 


The left and right endpoints of a one-cycle interval can be determined by solving 
the equations bx — c = O and bx — c = 2z. 


EXAMPLE 4 Horizontal Translation 


1 
Analyze the graph of y = = sn( 2 = a 


2 f) 
Algebraic Solution Graphical Solution 
The amplitude is 5 and the period is 27/1 = 27. Solving the equations Use a graphing utility set in radian mode 
to graph y = (1/2) sin[x — (7/3)], as shown 
1 1 i ; oe 
x =O mm x= in the figure below. Use the minimum, 
3 3 . 
maximum, and zero or root features of the 
and graphing utility to approximate the key points 
7 (1.05, 0), (2.62, 0.5), (4.19, 0), (5.76, —0.5), 
apni z =2 > x= = and (7.33, 0). 


shows that the interval [7/3, 77/3] corresponds to one cycle of the graph. 
Dividing this interval into four equal parts produces the key points 


Intercept Maximum Intercept Minimum Intercept 


1 5x 1 An llxz 1 Tn = 
(5-0). (F.5) (F.9), Ga aca (Fo), 


VY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Zero 
X=1.0471976 Y=0 
-1 


Analyze the graph of y = 2 cos( 1 = 2) a Tait ay 
GO DIGITAL 
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EXAMPLE 5 Horizontal Translation 


y =-3 cos(2mx + 47) Sketch the graph of 
Y y = —3 cos(2mx + 47). 
34 Solution The amplitude is 3 and the period is 27/27 = 1. Solving the equations 
27 2nx + 4n = 0 
fs 2nx = —4r 
i: a HHH x ae 
ie Ae ' and 
ls 2nx + 40 = 27 
3M 2nx = —2n 
pai x=-l1 
Figure 1.36 shows that the interval [—2, — 1] corresponds to one cycle of the graph. Dividing this 
interval into four equal parts produces the key points 
Minimum Intercept Maximum Intercept Minimum 
(=2, =4), (-2), (-2 3) (-3.0}, and (—1,—3). 
Figure 1.36 shows the graph. 
VY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Sketch the graph of 
y= — 5 sin( nex + 7). a 
The constant d in the equations 
y=d+asin(bx—c) and y=d+acos(bx — c) 
results in vertical translations of the basic curves. The shift is d units up for d > 0 and 
d units down for d < 0. In other words, the graph oscillates about the horizontal line 
y = d instead of about the x-axis. 
y 


t >¢\J0- Vertical Translation 


Sketch the graph of 
y =2 + 3 cos 2x. 


Solution The amplitude is 3 and the period is 27/2 = 7. The key points over the 
interval [0, 7] are 


(0, 5), (4.2), (2-1) (2), and (, 5). 


aera Figure 1.37 shows the graph. Compared with the graph of f(x) = 3 cos 2x, the graph 
Period = ; : : 
of y = 2 + 3 cos 2x is shifted up two units. 
Figure 1.37 
Wa Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
| Sketch the graph of 
aie 12 y =2cosx — 5. |_| 
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>t 


Depth, y 
g 0 3.4 
Z 2 8.7 
ce 4 11.3 
2a 6 9.1 
BS 8 3.8 
10 0.1 
12 1.2 
Water Depth 
y 
A 
12+ 
cK 
@ 10> : \ 
2 , 
& 4 6 
a 1 
A Y¢ Z 
2 v 
S 
}—}-—}_-_ 9.2 
4 8 12 
Time 
Figure 1.38 


12 (14.7, 10) (17.3, 10) 


ae J 24 


Rae 


[ y = 5.6 cos(0.5241 — 2.094) + 5.7] 


Figure 1.39 


as =F 
GO DIGITAL 
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Mathematical Modeling 


EXAMPLE 7 Finding a Trigonometric Model 


The table shows the depths (in feet) of the water at the end of a dock every two hours 
from midnight to noon, where t = 0 corresponds to midnight. (a) Use a trigonometric 
function to model the data. (b) A boat needs at least 10 feet of water to moor at the 
dock. Use a graphing utility to determine the times in the afternoon that the boat can 
safely dock. 


Solution 


a. 


Begin by graphing the data, as shown in Figure 1.38. Use either a sine or cosine 
model. For instance, a cosine model has the form y = acos(bt — c) + d. The 
difference between the maximum value and the minimum value is twice the 
amplitude of the function. So, the amplitude is 


a = 4[(maximum depth) — (minimum depth)] = (11.3 — 0.1) = 5.6. 


The cosine function completes one half of a cycle between the times at which the 
maximum and minimum depths occur. So, the period p is 


Pp = 2[(time of min. depth) — (time of max. depth)] = 2(10 — 4) = 12. 
This implies that the value of b is 
2 2 
bora ee 
Pp 12 6 
The maximum depth occurs 4 hours after midnight, so the left endpoint of one cycle 
is c/b = 4. So, the value of c is 


c c 1 
pe a ag a (5) = * 
Moreover, the average depth is $(11.3 + 0.1) = 5.7, so it follows that d = 5.7. So, 
with a = 5.6, b = 1/6 ~ 0.524, c ~ 2.094, and d = 5.7, a model for the depth is 


y = 5.6 cos(0.524t — 2.094) + 5.7. 


. Using a graphing utility, graph the model with the line y = 10. Using the intersect 


feature, determine that the depth is at least 10 feet between 2:42 P.m. (t ~ 14.7) and 
5:18 p.m. (¢ ~ 17.3), as shown in Figure 1.39. 


Jf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find a sine model for the data in Example 7. P| 


Summarize (Section 1.5) 


1. Explain how to sketch the graphs of basic sine and cosine functions (page 159). 
For an example of sketching the graph of a sine function, see Example 1. 

2. Explain how to use amplitude and period to help sketch the graphs of sine 
and cosine functions (pages 161 and 162). For examples of using amplitude 
and period to sketch graphs of sine and cosine functions, see 
Examples 2 and 3. 

3. Explain how to sketch translations of the graphs of sine and cosine functions 
(page 163). For examples of translating the graphs of sine and cosine 
functions, see Examples 4-6. 

4. Give an example of using a sine or cosine function to model real-life data 
(page 165, Example 7). 
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1.5 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


| 
fol 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. One period of a sine or cosine function is one 


2. The 
and minimum values of the function. 


of the sine or cosine curve. 


of a sine or cosine curve represents half the distance between the maximum 


3. Describe the effect of the constant d on the graph of y = sinx + d. 


4. Find an interval that corresponds to one cycle of the graph of y = 3 cos(2x — 1/4). 


Skills and Applications 


Finding the Amplitude and Period In Exercises 
5-12, find the amplitude and period. 


5. y = 2 sin 5x 6. y = 3cos 2x 
3 7X . 1X 
7 Jae 8. y= 5 sin 
5x 1.x 
9. y 7 sin 10. y = 7 sin & 


11. y= a ag 


2 
3 2 12. y= 5 cos 107x 


Describing the Relationship Between Graphs 
In Exercises 13-24, describe the relationship between 
the graphs of f and g. Consider amplitude, period, and 
shifts. 


13. f(x) = cos x 14. f(x) = sinx 
c 


g(x) = cos 5x g(x) = 2 sinx 
15. f(x) = cos 2x 16. f(x) = sin 3x 

g(x) = —cos 2x g(x) = sin(— 3x) 
17. f(x) = sinx 18. f(x) = cos x 

g(x) = sin(x — 2) g(x) = cos(x + 7) 
19. f(x) = sin 2x 20. f(x) = cos 4x 


Sketching Graphs of Sine or Cosine Functions In 
Exercises 25-30, sketch the graphs of f and g in the 
same coordinate plane. (Include two full periods.) 


25. f(x) = sinx 26. f(x) = —sinx 
g(x) = 4sinx g(x) = —3 sinx 
27. f(x) = cosx 28. f(x) = cosx 


g(x) = 2 + cos x 


29. f(x) = —cosx 30. f(x) = sinx 


g(x) = —cos(x — 7) g(x) = sin5 
Sketching the Graph of a Sine or Cosine 
Function In Exercises 31-52, sketch the graph of the 
function. (Include two full periods.) 


31. y = 5sinx 32. y=jsinx 
33. y = ¢cos x 34. y = 4cosx 
35. y= cos 5 36. y = sin 4x 
37. y = cos 27x 38. y = sin a 
. 2nx 7X 
39. y = —sin — 40. y = 10 cos — 
3 6 
1 : 
41. y= cos(2 - z 42. y = sin(x — 27) 
P 1 
43. y = 3 sin(x + 7) 44. y=-4 cos(2 + a 
45 29 gig 46 = =3 + 500s 
es 3 ne 12 
47. y=2+ 5cos 62x 48. y = 2sin3x + 5 


49. y=3sinan+2)—3 50. y= —3sin(6x + zm) 


2. x Tn 1 
7 == ——— ; = +=)— 
51. y 3 cos(# z) 52. y=4 cos(m =) 1 
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Describing a Transformation In Exercises 53-58, g is 
related toa parentfunction f(x) = sin(x) or f(x) = cos(x). 
(a) Describe the sequence of transformations from f to 
g. (b) Sketch the graph of g. (c) Use function notation to 
write g in terms of f. 

53. g(x) = sin(4x — z) 

54. g(x) = sin(2x + z) 


55. g(x) = cos(x = 7 +2 


56. e(x) = 1 + cos(x + zm) 
57. g(x) = 2 sin(4x — 2) — 3 


58. 9(x) =4—- sin( 2x + 2) 


AB Graphing a Sine or Cosine Function In Exercises 


59-64, use a graphing utility to graph the function. 
(Include two full periods.) Be sure to choose an 
appropriate viewing window. 


59. y = —2sin(4x + m1) 


{2 1 
60. y= —4 sin( 20 Z| 


61. y= cos( 2x = z +1 


TUX 1 
: = 
62 y 3 cos + 2 


__ (mx 
63. y = —0.1 sin( + n) 


1 
64. y= Too °°S 120zt 


Graphical Reasoning In Exercises 65-68, find a and 
d for the function f(x) = a cos x + d such that the graph 
of f matches the figure. 


65. 


67. y 68. y 
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Graphical Reasoning In Exercises 69-72, find a, b, 
and c for the function f(x) = a sin(bx — c) such that the 
graph of f matches the figure. 


eA 


&6 Finding Real Numbers In Exercises 73 and 74, use 


a graphing utility to graph y, and y, in the interval 
[—2z, 27]. Use the graphs to find real numbers x such 
that y,; = yp. 


73. y, = sin x, yo =-3 74. y, =cosx, y= -1 


Writing an Equation In Exercises 75-78, write an 
equation for a function with the given characteristics. 


75. A sine curve with a period of 7, an amplitude of 2, a 
right phase shift of 7/2, and a vertical translation up 
1 unit 


76. A sine curve with a period of 47, an amplitude of 3, a 
left phase shift of 2/4, and a vertical translation down 
1 unit 


77. A cosine curve with a period of 7, an amplitude of 1, 
a left phase shift of 7, and a vertical translation down 
3 units 

78. A cosine curve with a period of 47, an amplitude of 3, 
a right phase shift of 2/2, and a vertical translation up 
2 units 


79. Respiratory Cycle For a person exercising, the 
velocity v (in liters per second) of airflow during a 
respiratory cycle (the time from the beginning of one 
breath to the beginning of the next) is modeled by 
v = 175 sin(zt/2) 
where ft is the time (in seconds). (Inhalation occurs 
when v > 0, and exhalation occurs when v < 0.) 

(a) Find the time for one full respiratory cycle. 
(b) Find the number of cycles per minute. 


(c) Sketch the graph of the velocity function. 
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81. 


82. 


83. 


80. Respiratory Cycle 


Chapter 1 Trigonometry 


For a person at rest, the velocity v (in liters 

per second) of airflow during a respiratory cycle 

(the time from the 

beginning of 

one breath to the 

beginning of the 

next) is modeled by 

v = 0.85 sin (xt/3), 

where ¢ is the time 

(in seconds). 

(a) Find the time for one full respiratory cycle. 

(b) Find the number of cycles per minute. 

(c) Sketch the graph of the velocity function. Use 
the graph to confirm your answer in part (a) by 
finding two times when new breaths begin. 

(Inhalation occurs when v > 0, and exhalation 

occurs when v < 0.) 


Blood Pressure The function P = 100 — 20 cos(5zt/3) 
approximates the blood pressure P (in millimeters of 
mercury) at time ¢ (in seconds) for a person at rest. 


(a) Find the period of the function. 

(b) Find the number of heartbeats per minute. 

Piano Tuning When tuning a piano, a technician 

strikes a tuning fork for the A above middle C and 

sets up a wave motion that can be approximated by 

y = 0.001 sin 8807, where f is the time (in seconds). 

(a) What is the period p of the function? 

(b) The frequency f is given by f = 1/p. What is the 
frequency of the note? 


Astronomy The table shows the percent y (in 
decimal form) of the moon’s face illuminated on 
day x in the year 2021, where x = | corresponds to 
January 1. (Source: U.S. Naval Observatory) 


oo 


e| 28 | 1.00 

z| 35 | 0.50 
22) 42 0.00 
22] 50 | 0.49 
22] 58 | 1.00 
7" 64 | 054 


(a) Create a scatter plot of the data. 

(b) Find a trigonometric model for the data. 

(c) Add the graph of your model in part (b) to the 
scatter plot. How well does the model fit the data? 

(d) What is the period of the model? 


(e) Estimate the percent of the moon’s face illuminated 
on March 28, 2021 (x = 87). 


© De Visu/Shutterstock.com 


BB s4. Meteorology The table shows the normal daily 


85. 


maximum temperatures (in degrees Fahrenheit) in 
Las Vegas L and International Falls J for month t, where 
t = | corresponds to January. (Source: NOAA) 


International 
Falls, I 


Las Vegas, 


! | Month, ¢ 


5 1 58.0 15.4 
3 2 62.5 22.0 
8 3 70.3 34.7 
5 4 78.3 51.5 
2 5 88.9 64.8 
z 6 98.7 752 
= 7 104.2 77.8 
Bl 8 102.0 75.9 
9 94.0 65.4 
10 80.6 511 
a 66.3 33.7 
12 56.6 19.0 


(a) A model for the temperatures in Las Vegas is 


t 7 
L(t) = 80.4 + 23.8 cos( = mm) 
6 6 
Find a trigonometric model for the temperatures in 
International Falls. 

(b) Use a graphing utility to graph the data points and 
the model for the temperatures in Las Vegas. How 
well does the model fit the data? 

(c) Use the graphing utility to graph the data points 

and the model for the temperatures in International 

Falls. How well does the model fit the data? 

Use the models to estimate the average maximum 

temperature in each city. Which value in each 

model did you use? Explain. 


(d) 


What is the period of each model? Are the periods 
what you expected? Explain. 

(f) Which city has the greater variability in temperature 
throughout the year? Which value in each model 


determines this variability? Explain. 
Ferris Wheel The height / (in feet) above ground 
of a seat on a Ferris wheel at time f (in seconds) is 
modeled by 

1 1 

= 53 + 50 sin|—7 — =]. 
h(t) = 53 + 50 snl 21 z) 
(a) Find the period of the model. What does the period 

tell you about the ride? 


(b) Find the amplitude of the model. What does the 
amplitude tell you about the ride? 


aad (c) Use a graphing utility to graph one cycle of the model. 
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86. Fuel Consumption The daily consumption C 
(in gallons) of diesel fuel on a farm is modeled by 
2nt 
= 30.3 + 21.6 sin| —— + 10. 
C = 30.3 6 sin( 2 09) 
where ¢ is the time (in days), with t = 1 corresponding 
to January 1. 
(a) What is the period of the model? Is it what you 
expected? Explain. 
(b) What is the average daily fuel consumption? Which 
value in the model did you use? Explain. 
A (c) Use a graphing utility to graph the model. Use the 
graph to approximate the time of the year when 
consumption exceeds 40 gallons per day. 


Exploring the Concepts 


True or False? In Exercises 87 and 88, determine 
whether the statement is true or false. Justify your answer. 


87. The function y = + cos 2x has an amplitude that is 
twice that of the function y = cos x. 


88. The graph of y = —cos x is a reflection of the graph of 


y = sin[x + (7/2)] in the x-axis. 


89. Error Analysis Describe the error. 


The key points in the graph of y = sin x 
on the interval [0, 27] are 


(0, 1), (Z, 0), bem, (= 0), and Gre; 1); 


x 


90. HOW DO YOU SEE IT? The figure below 


shows the graph of y = sin(x — c) for 
1 
and 1 


y 


A 
0 y=sin(x —c) 


(a) How does the value of c affect the graph? 
(b) Which graph is equivalent to that of 


1 
=- + —}? 
y cos(1 *) 
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1.5 Graphs of Sine and Cosine Functions 169 

91. Writing Sketch the graph of y = cos bx for b = 5, 2, 
and 3. How does the value of b affect the graph? How 
many complete cycles of the graph occur between 0 and 
2n for each value of b? 


92. Polynomial Approximations Using calculus, it 
can be shown that the sine and cosine functions can be 
approximated by the polynomials 
3 45 2 4 
. x x x 
sinx=~x—-—=+— and cosx=1l-— 


3! oS! 2! 


Al 


where x is in radians. 


(a) Use a graphing utility to graph the sine function and 
its polynomial approximation in the same viewing 
window. How do the graphs compare? 


(b 


wm 


Use the graphing utility to graph the cosine function 
and its polynomial approximation in the same 
viewing window. How do the graphs compare? 


Predict the next term in the polynomial 
approximations of the sine and cosine functions. 
Then repeat parts (a) and (b). How does the 
accuracy of the approximations change when an 
additional term is added? 


Video solutions at 


Review & Refresh \» LarsonPrecalculus.com 


Sketching the Graph of an Equation In Exercises 
93-96, (a) complete the table, (b) use the algebraic tests 
to check for symmetry with respect to both axes and 
the origin, and (c) use the results of parts (a) and (b) to 
sketch the graph of the equation. 


= 
93. y= xr? + 4 xl01/11)21314 
v 
eee ee 
94, y 1-x e 
yjol1/2/3]4 
== 
95. y=xr-x mo 7 1 3 > 
ay 
— 9/,3 
96. y = 2/x = 1 at at 
BY 
97. Solving Inequalities Graph the functions y = 3* 


and y = 4* and use the graphs to solve each inequality. 
(a) 4° < 3% (b) 4* > 3% 


Project: Meteorology To work an extended application 
analyzing the normal daily mean temperatures and normal 
precipitation for Honolulu, Hawaii, visit this text’s website 
at LarsonPrecalculus.com. (Source: NOAA) 
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170 Chapter 1 = Trigonometry 


1.6 Graphs of Other Trigonometric Functions 


© Sketch the graphs of tangent functions. 

© Sketch the graphs of cotangent functions. 

© Sketch the graphs of secant and cosecant functions. 
© Sketch the graphs of damped trigonometric functions. 


Graph of the Tangent Function 


Recall that the tangent function is odd. That is, tan(—x) = — tan x. Consequently, the 
graph of y = tan x is symmetric with respect to the origin. You also know from the 
identity tan x = (sin x)/(cos x) that the tangent function is undefined for values at 
which cos x = 0. Two such values are x = +2/2 ~ +£1.5708. As shown in the table 
below, tan x increases without bound as x approaches 7/2 from the left and decreases 
without bound as x approaches — 7/2 from the right. 


Graphs of trigonometric 
functions have many real-life 


applications, such as in modeling _m _a 1 1 

the distance from a television * 2 — 157 ~15 4 0 4 1.5 1.57 2 

camera to a unit in a parade, 

as in Exercise 81 on page 179. tan x Undef. — 1255.8 —-14.1 -1 0) 1 14.1 1255.8 Undef. 
So, the graph of y = tanx has vertical asymptotes at x = n/2 and x = —7/2, as 


shown in the figure below. Moreover, the period of the tangent function is 7, so vertical 
asymptotes also occur at x = (1/2) + nm, where n is an integer. The domain of the 
tangent function is the set of all real numbers other than x = (1/2) + nm, and the range 


is the set of all real numbers. 
Period: 7 
2 Domain: all x # z + ni 


Range: (—00, 00) 

; : 1 
Vertical asymptotes: x = ry + nt 
l x-intercepts: (nz, 0) 


3n y-intercept: (0, 0) 
2 Symmetry: origin 


Se seia Sho StS ereaetsiemiaeas 


Odd function 


-------NJA+---------- 
a 
w 
a 


Sketching the graph of y = a tan(bx — c) is similar to sketching the graph of 
y = asin(bx — c) in that you locate key points of the graph. When sketching the 
graph of y = a tan(bx — c), the key points identify the intercepts and asymptotes. Two 
consecutive vertical asymptotes can be found by solving the equations 

bx c= 5 and bx =F. 
On the x-axis, the point halfway between two consecutive vertical asymptotes is an 
x-intercept of the graph. The period of the function y = a tan(bx — c) is the distance 
between two consecutive vertical asymptotes. The amplitude of a tangent function is 
not defined. After plotting two consecutive asymptotes and the x-intercept between 
them, plot additional points between the asymptotes and sketch one cycle. Finally, 
sketch one or two additional cycles to the left and right. 
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1 1 
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Figure 1.40 
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Figure 1.41 
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1.6 Graphs of Other Trigonometric Functions 171 


Sketching the Graph of a Tangent Function 


Sketch the graph of y = tan y 


Solution 


Solving the equations 


x 1 q 222 
—~=-> and -=—= 
2 2 2 2 
shows that two consecutive vertical asymptotes occur at x = —7 and x = 7. Between 


these two asymptotes, find a few points, including the x-intercept, as shown in the table. 
Figure 1.40 shows three cycles of the graph. 


NIA 


us 
2 


tan 5 Undef. | -1 | 0 | 1 | Under. 


a Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of y = tan rn 


EXAMPLE 2 Sketching the Graph of a Tangent Function 
Sketch the graph of y = —3 tan 2x. 


Solution 


Solving the equations 
7 1 
2x=-7> and 2x=- 
2 2 
shows that two consecutive vertical asymptotes occur at x = —7/4 and x = 1/4. 


Between these two asymptotes, find a few points, including the x-intercept, as shown 
in the table. Figure 1.41 shows three cycles of the graph. 


1 
x aoe = a 


m m 
4 8 8 4 
—3 tan 2x | Undef. 3 0 | —3 | Undef. 


1 
0 


of Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of y = tan 2x. a 


Compare the graphs in Examples 1 and 2. The graph of y = a tan(bx — c) 
increases between consecutive vertical asymptotes when a > 0 and decreases between 
consecutive vertical asymptotes when a < 0. In other words, the graph for a < 0 
is a reflection in the x-axis of the graph for a > 0. Also, the period is greater when 
0 < b < 1 than when b > 1. In other words, compared with the case where b = 1, 
the period represents a horizontal stretch when 0 < b < 1 and a horizontal shrink 
when b > 1. 
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172 Chapter 1 Trigonometry 


Graph of the Cotangent Function 


The graph of the cotangent function is similar to the graph of the tangent function. It 
also has a period of 7. However, the identity 


shows that the cotangent function has vertical asymptotes when sin x is zero, which 
occurs at x = nz, where n is an integer. The graph of the cotangent function is shown 
below. Note that two consecutive vertical asymptotes of the graph of y = a cot(bx — c) 
can be found by solving the equations bx — c = 0 and bx —c = 7. 


Period: 
Domain: all x # nz 
Range: (—©0, 00) 
Vertical asymptotes: x = na 
x-intercepts: (Z +n, 0) 
> Xx Symmetry: origin 
2n Odd function 


Sketching the Graph of a Cotangent Function 


shows that two consecutive vertical asymptotes occur at x = 0 and x = 3z. Between 
7 3n 4n\ 60 these two asymptotes, find a few points, including the x-intercept, as shown in the table. 
Figure 1.42 shows three cycles of the graph. Note that the period is 37, the distance 
between consecutive asymptotes. 


Sketch the graph of y = 2 cot s 
A 
34 Solution Solving the equations 
2+ 
a =0O and - = 


Figure 1.42 4\o14) 2 


38 
2 cot 3 Undef. 2 0 —2 | Undef. 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of y = cot i a 


Some graphing utilities do not have a key for the cotangent function. To 
overcome this, use the identity cot x = (cos x)/(sin x) to graph the function. 
For instance, to graph the function in Example 3, rewrite it as 


y= 2 cot 5 = (es a) 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Some graphing utilities 

have difficulty graphing 
trigonometric functions that 
have vertical asymptotes. In 
connected mode, your graphing 
utility may connect parts of the 
graphs of tangent, cotangent, 
secant, and cosecant functions 
that are not supposed to be 
connected. In dot mode, the 
graphs are represented as 
collections of dots, so the 
graphs do not resemble solid 
curves. 


4 | Cosecant: |} 
' relative ; 

3 vminimum | 
2 1 i 

| Sine: ! 

! ‘minimum ! 
a ? 6 

Sine: 1 2n 

—1> maximum | ' 
-2 
—3-+ Cosecant:~' 
relative | ' 

-47 maximum | i 


Figure 1.43 
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Graphs of the Reciprocal Functions 


You can obtain the graphs of the cosecant and secant functions from the graphs of the 
sine and cosine functions, respectively, using the reciprocal identities 


cscx = —— and secx = : 
sin x cos x 
For example, at a given value of x, the y-coordinate of sec x is the reciprocal of the 
y-coordinate of cos x. Of course, when cos x = 0, the reciprocal does not exist. Near 
such values of x, the behavior of the secant function is similar to that of the tangent 
function. In other words, the graphs of 


nx 


and secx = 
OS x COs x 


tan x = 


have vertical asymptotes where cos x = 0, that is, at x = (1/2) + nz, where n is an 
integer. Similarly, 


cos x 
cotx = ——— and cscx = —— 
sin x 
have vertical asymptotes where sin x = 0, that is, at x = nz, where n is an integer. 

To sketch the graph of a secant or cosecant function, first make a sketch of its 
reciprocal function. For example, to sketch the graph of y = csc x, first sketch the 
graph of y = sin x. Then find reciprocals of the y-coordinates to obtain points on the 
graph of y = csc x. You can use this procedure to obtain the graphs below. 


y Period: 27 

Domain: all x # na 

Range: (—0, —1] U[1, ©) 
Vertical asymptotes: x = nz 
No intercepts 

Symmetry: origin 

Odd function 


f 
ib, 
t 
NIA 


Period: 27 


Domain: all x # : + nw 


Range: (—0°o, —1] U[1, co) 


i 


; 1 
Vertical asymptotes: x = a + nt 


5 
Hg 


y-intercept: (0, 1) 
Symmetry: y-axis 
Even function 


In comparing the graphs of the cosecant and secant functions with those of 
the sine and cosine functions, respectively, note that the “hills” and “valleys” are 
interchanged. For example, a hill (or maximum point) on the sine curve corresponds 
to a valley (a relative minimum) on the cosecant curve, and a valley (or minimum 
point) on the sine curve corresponds to a hill (a relative maximum) on the cosecant 
curve, as shown in Figure 1.43. Additionally, x-intercepts of the sine and cosine 
functions become vertical asymptotes of the cosecant and secant functions, respectively 
(see Figure 1.43). 
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Figure 1.44 


EXAMPLE 4 Sketching the Graph of a Cosecant Function 
Sketch the graph of y = 2 ese(x + 7) 


Solution 


Begin by sketching the graph of 


1 
= 2sin(x + >]. 
y sn( x =) 


For this function, the amplitude is 2 and the period is 27. Solving the equations 


1 7 
x+—=0 and x+—=2n 
4 4 
shows that one cycle of the sine function corresponds to the interval from x = —7/4 


to x = 72/4. The dashed gray curve in Figure 1.44 represents the graph of the sine 
function. At the midpoint and endpoints of this interval, the sine function is zero. So, 
the corresponding cosecant function 


1 
=2 oa 
y eso(x *) 


7 (5, e r al) 


has vertical asymptotes at x = —7/4, x = 32/4, x = 77/4, and so on. The solid black 
curve in Figure 1.44 represents the graph of the cosecant function. 


Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of y = 2 eso(x i m) 


Sketching the Graph of a Secant Function 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Sketch the graph of y = sec 2x. 
Solution 


Begin by sketching the graph of y = cos 2x, shown as the dashed gray curve in 
Figure 1.45. Then, form the graph of y = sec 2x, shown as the solid black curve in the 
figure. Note that the x-intercepts of y = cos 2x 


0} (G0) Che) 


correspond to the vertical asymptotes 


1 1 37 


of the graph of y = sec 2x. Moreover, notice that the period of y = cos 2x and 
y = sec 2x is 7. 


Y Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of y = sec _ a 
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Do you see why the graph of 
f(x) = x sin x touches the lines 
y = +xatx = (1/2) + nm and 
why the graph has x-intercepts 
at x = nm? Recall that the sine 
function is equal to +1 at odd 
multiples of 7/2 and is equal 

to 0 at multiples of z. 


Figure 1.46 


Land 
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Damped Trigonometric Graphs 


You can graph a product of two functions using properties of the individual functions. 
For example, consider the function 


f(x) = xsinx 


as the product of the functions y = x and y = sin x. Using properties of absolute value 
and the fact that |sin x| <= 1, you have 


0 < |x||sinx| < |x|. 
Consequently, 


=|x| = xsinx = |x| 


which means that the graph of f(x) = x sin x lies between the lines y = —x and y = x. 
Furthermore, 

y 

A 


; 1 
f(x) =xsinx = +x at eS inte [y=-3] ol (gee 


and 


f(x) =xsinx =O at x=nn7 


where n is an integer, so the graph of f 
touches the line y = x or the line y = —x 
at x = (1/2) + nm and has x-intercepts at 
x = nm. A sketch of f is shown at the right. 
In the function f(x) = x sin x, the factor x 
is called the damping factor. 


EXAMPLE 6 Damped Sine Curve 


Sketch the graph of f(x) = x? sin 3x. 


Solution 


Consider f as the product of the two functions y = x? and y = sin 3x, each of which 
has the set of real numbers as its domain. For any real number x, you know that x? = 0 
and |sin 3x| <= 1. So, 

x |sin 3a| = x” 
which means that 


—x? < x? sin 3x = +x?. 


Furthermore, 
fa) =2sin3x=4+2 at x= 724% 
6 3 
and 
f(x) =x sin3x=0 at x= me 
so the graph of f touches the curve y= —x* or the curve y=. at 


x = (2/6) + (nz/3) and has intercepts at x = n7/3. Figure 1.46 shows a sketch of f. 
SY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of f(x) = x? sin 4x. | 
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Below is a summary of the characteristics of the six basic trigonometric functions. 


y Domain: (—©, 00) Y Domain: (—©, 00) 
Range: [—1, 1] Range: [—1, 1] 
Period: 27 Period: 27 

x-intercepts: (nz, 0) 2+ pres) . 1 
y-intercept: (0, 0) x-intercepts: (z + nn, 0) 
Odd function 


aa y-intercept: (0, 1) 
Origin symmetry 


Even function 


y-axis symmetry 


—2+ 
=e =e 
Domain: all x # s +n Domain: all x # nz 

[at fi Np Range: (-08, 00) | oy Range: (~ 00, 0°) 
1 1 1 1 : ' ' 1 Period: 7 
1 1 1 1 Period: 7 1 1 1 
1 1 i 1 . 1 i i) vin 
x-intercepts: (nz, 0) H x-intercepts: ( + nn, 0) 
y-intercept: (0, 0) 2 
| | |» Vertical asymptotes: i H H Vertical asymptotes: x = nz 
1 an fn 3n _1 | | |» x Odd function 
2 : oe a —% m 2n Origin symmetry 
Odd function H 
Origin symmetry i i i 


Domain: all x # S + nt 


Domain: all x # nz 
y Range: (—00o, — 1] U[1, 00) y 
al ; Period: 27 al Range: (—oo, —1] U[]1, 00) 
No intercepts Period: 27 
Vertical asymptotes: x = nz 


i 


i i) 
1 1 
1 1 1 
1 1 1 1 7 
! y-intercept: (0, 1) 
i | Odd finction ! ! ! Vertical asymptotes: 
: Origin symmetry ! I ' e= a ag 
ft —_ }—}—} +> x 2 
-n non 2n peeee a ee Even function 
iu ; i @ ? 
y-axis symmetry 
I + 1 1 1 -2 ~~ 1 1 
1 1 1 1 1 1 
| = | Pat 4 | 
1 1 1 i 1 i 


Summarize (Section 1.6) 


1. Explain how to sketch the graph of y = a tan(bx — c) (page 170). For 
examples of sketching graphs of tangent functions, see Examples | and 2. 


2. Explain how to sketch the graph of y = acot(bx — c) (page 172). For an 
example of sketching the graph of a cotangent function, see Example 3. 


3. Explain how to sketch the graphs of y = acsc(bx — c) and 
y = asec(bx — c) (page 173). For examples of sketching graphs of cosecant 
and secant functions, see Examples 4 and 5. 


4. Explain how to sketch the graph of a damped trigonometric function 
(page 175). For an example of sketching the graph of a damped trigonometric 
function, see Example 6. 
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See CalcChat.com for tutorial help and worked-out solutions 


1 . 6 Exe rcises to odd-numbered exercises. 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-4, fill in the blanks. 


1. The tangent, cotangent, and cosecant functions are , So the graphs of 
these functions have symmetry with respect to the 
2. To sketch the graph of a secant or cosecant function, first make a sketch of its function. 
3. For the function f(x) = x sin x, the factor x is called the factor. 
4. The domain of y = cot x is all real numbers such that 


5. What is the range of y = csc x and y = sec x? 


6. Which four parent trigonometric functions have a period of 27? 


Skills and Applications 


Matching In Exercises 7-12, match the function with 15. y = tan(2x/4) 16. y = tan 4x 
its graph. State the period of the function. [The graphs 17 


. y = —2 tan 3x 18. y = —3 tanax 
are labeled (a), (b), (c), (d), (e), and (f).] 


19. y = 3 cot 2x 20. y = 3 cot(mx/2) 
(a) (b) aon ae 21. y= —} sec x 22. y =4secx 
\J + ly 23. y = csc(x/2) 24. y = csc(x/3) 
t ile 4 25. y = $sec nx 26. y = 2 sec 3x 
‘i aegs 27. y= cscnx — 2 28. y = 3csc4x + 1 
\ f\ { 29. y = —secnx + 1 30. y = —2sec4x + 2 
_- 31. y = tan(x + 71) 2. =? coi(x + a 
(c) (d) 7 
\3f \ 33. y = 2 sec(x + 2) 34. y = 2 csc(x — 2) 
\ oft 
f f 1 Tt 3 
1 is) cad i 7 = — + et ie = —_— — 
an [ie 35. y 4 esos z) 36. y 5 sec(2x — 7) 
jo Ae oe i, Oh 
“| : {\ e &8 Graphing a Trigonometric Function In Exercises 
el 37-46, use a graphing utility to graph the function. 
(Include two full periods.) 
y y 
(e) ; ake 4 (f) ie 37. y = cot(x/3) 38. y = —tan 2x 
| + | | UY | 39. y = —2 sec 4x 40. y = csc mx 
eee | IN eee ee: me ee: 
} i } >x } T } >x 41. y tan( x z) 42. y Fcor{ x *) 
{\ T {\ ( | a. ( | 43. y = —csc(4x — zm) 44. y = 2 sec(2x — 7) 
oa 45. y=0.1 tan( + a) 46. y= i see( + 2 
7. y = sec 2x 8. y = tan(x/2) 
9 y= 5 cot 1X 10. y = —cscex Solving a Trigonometric Equation In Exercises 
ll. y= 1 sec(sx/2) 12. y = —2 sec(mx/2) 47-52, find the solutions of the equation in the interval 
[—2z, 27]. Use a graphing utility to verify your results. 
Sketching the Graph of a Trigonometric Function 47. tanx=1 CB ties 3 
In Exercises 13-36, sketch the graph of the function. , _ ‘ _ 
(Include two full periods.) 49. cotx = — /3 50. cotx = 1 7 
51. secx = 2 52. cscx = \/2 


13. y = Ftanx 14. y= —}tanx 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


178 Chapter 1 = Trigonometry 


Even and Odd Trigonometric Functions In BB Analyzing a Trigonometric Graph In Exercises 
Exercises 53-60, use the graph of the function to 73-78, use a graphing utility to graph the function. 
determine whether the function is even, odd, or neither. Describe the behavior of the function as x approaches 


Verify your answer algebraically. zero. 
53. f(x) = sec x 54. f(x) = tanx 723. y = 6 +cosx, x>0 
55. f(x) = esc 2x 56. f(x) = cot 2x . 


57. f(x) =x + tanx 


4 

74. y=—+sin2x, x>0 
x 

59. g(x) = xcscx 


sin x 1 — cosx 
Identifying Damped Trigonometric Functions 75. g(x) = x 76. flx) = x 
In Exercises 61-64, match the function with its graph. 
Describe the behavior of the function as x approaches 


zero. [The graphs are labeled (a), (b), (c), and (d).] 
(a) (b) 4 


1 1 
77. f(x) = sin- 78. h(x) = x sin— 
x x 
79. Meteorology Thenormal monthly high temperatures 
HT (in degrees Fahrenheit) in Erie, Pennsylvania, are 
approximated by 


H(i) = 57.54 — 18.53 cos z — 14.03 sin 


and the normal monthly low temperatures L are 
approximated by 
(d) 


L(t) = 42.03 — 15.99 cos n ~ 1432 sin 


where f is the time (in months), witht = 1 corresponding 
to January (see figure). (Source: NOAA) 


61. f(x) = |x cos x| 
63. g(x) = |x| sinx 


62. f(x) = xsinx 
64. 9(x) = |x| cos x 


lon oo 
oO oO 
i i i 

T T T T 


& 
o 


[oS 


_— a a t 
12 3 4 5 6 7 8 9 10 11 1 


Conjecture In Exercises 65-68, graph the functions 
f and g. Use the graphs to make a conjecture about the 
relationship between the functions. 


Y 
i=) 
i 


Temperature 
(in degrees Fahrenheit) 


Month of 
65. f(x) = sinx + cos(s + a g(x) = 0 ai i 
(a) What is the period of each function? 
(b) During what part of the year is the difference between 
the normal high and normal low temperatures 


greatest? When is it least? 


66. f(x) = sinx — cos(x + 2) g(x) = 2 sinx 


i J Sate = 5(l sao) 

(c) The sun is northernmost in the sky around June 21, 

but the graph shows the warmest temperatures 

at a later date. Approximate the lag time of the 
temperatures relative to the position of the sun. 


1 

68. f(x) = cos? o e(x) = als + cos 7x) 

BB Analyzing a Damped Trigonometric Graph In 
Exercises 69-72, use a graphing utility to graph the 
function and the damping factor of the function in the 
same viewing window. Describe the behavior of the 


80. Sales The projected monthly sales S (in thousands of 
units) of lawn mowers are modeled by 


SS 9b 5p ances 


function as x increases without bound. 


69. g(x) = xcos mx 
70. f(x) = x? cos x 
71. f(x) = x3 sinx 
72. h(x) = x3 cos x 


6 
where ¢ is the time (in months), witht = 1 corresponding 
to January. 
(a) Graph the sales function over | year. 


(b) What are the projected sales for June? 
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81. Television Coverage 
A television camera is on 
a reviewing platform 
27 meters from the 
street on which a 
parade passes from 
left to right (see 
figure). Write the 
distance d from the 
camera to a unit in 
the parade as a function 
of the angle x, and graph 

the function over the interval 


—n/2<x< n/2. 


(Consider x as negative when a unit in the parade 
approaches from the left.) 


Not drawn to scale 


82. Distance A plane flying at an altitude of 7 miles 
above a radar antenna passes directly over the radar 
antenna (see figure). Let d be the ground distance from 
the antenna to the point directly under the plane and let 
x be the angle of elevation to the plane from the antenna. 
(d is positive as the plane approaches the antenna.) 
Write d as a function of x and graph the function over 
the interval 0 < x < 7. 


Exploring the Concepts 


True or False? In Exercises 83 and 84, determine 
whether the statement is true or false. Justify your answer. 


83. You can obtain the graph of y = csc x on a calculator 
by graphing the reciprocal of y = sin x. 


84. You can obtain the graph of y = sec x on a calculator 
by graphing a translation of the reciprocal of y = sin x. 


© irin-k/Shutterstock.com 
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85. Think About It Let f(x) = x — cos x. 

A (a) Use a graphing utility to graph the function and 
verify that there exists a zero between 0 and 1. Use 
the graph to approximate the zero. 


(b) Starting with x, = 1, generate a sequence x,, 
X>, X3,. . ., Where x, = cos(x,_,). For example, 
Xo = 1,x, = cos(Xp), Xy = cos(x,), x3 = cos(x,),.... 
What value does the sequence approach? 


HOW DO YOU SEE IT? Determine which 
function each graph represents. Do not use a 
calculator. Explain. 


(a) (b) : 
I Ib all Ip: 
I feck f = MAM A 
eps eee 
(i) f(x) = tan 2x (i) f(x) = sec 4x 
(ii) f(x) = tan(x/2) (ii) f(x) = csc 4x 
(iti) f(x) = —tan 2x (iii) f(x) = csc(x/4) 
(iv) f(x) = —tan(x/2) (iv) f(x) = sec(x/4) 


Video solutions at 


Review & Refresh \») LarsonPrecalculus.com 


Finding Domains of Functions and Composite 
Functions In Exercises 87-90, find (a) fog and 
(b) g°f. Find the domain of each function and of each 
composite function. 

87. f(x) = Sx, g(x) = 

88. f(x) =x + 4, g(x) = 1/x 

89. f(x) = x4, g(x) = /x-—1 

90. f(x) = x/(x? — 4), g(x) = 2x 

Finding an Inverse Function In Exercises 91-96, 
determine whether the function has an inverse function. 
If it does, find the inverse function. 

91. f(x) =9 - x? 92. g(x) = 4x 4+ 1 

93. h(x) = 1/x3 94. h(x) = |x — 3| 

95. f(x) = /3x — 6 

96. f(x) = (x — 5)?,x <5 


Xx 
Xx 
Sketching the Graph of an Equation In Exercises 
97-100, test for symmetry and graph the equation. Then 
identify any intercepts. 
97. y=x* —2x-3 
99. y = 64 — 4x? 


98. y=x? + 2x41 
100. y = 2x? — 18 
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1.7 Inverse Trigonometric Functions 


© Evaluate and graph the inverse sine function. 
© Evaluate and graph other inverse trigonometric functions. 
© Evaluate composite functions involving inverse trigonometric functions. 


Inverse Sine Function 


Recall from Section P.10 that for a function to have an inverse function, it must be 
one-to-one—that is, it must pass the Horizontal Line Test. Notice in Figure 1.47 that 
y = sin x does not pass the test because different values of x yield the same y-value. 


sin x has an inverse function 
on this interval. 


Inverse trigonometric functions Figure 1.47 
have many applications in real 
life. For example, in Exercise 94 


; However, when you restrict the domain to the interval —2/2 <x < 2/2 
on page 188, you will use an 


inverse trighnpmetticfuncwen (corresponding to the black portion of the graph in Figure 1.47), the properties listed 


to model the angle of elevation below hold. 


from a television camera to a 1. On the interval [— 72/2, 2/2], the function y = sin x is increasing. 


huttle. : : ; 
ici alas 2. On the interval [—2/2,2/2], y = sinx takes on its full range of values, 


—-1 <sinx < 1. 


3. On the interval [— 7/2, 2/2], y = sin x is one-to-one. 


So, on the restricted domain —2/2 < x < 2/2, y = sinx has a unique inverse 
function called the inverse sine function. It is denoted by 


y=arcsinx or y=sin''x. 


The notation sin~! x is consistent with the inverse function notation f~'(x). The 
arcsin x notation (read as “the arcsine of x”) comes from the association of a central 
angle with its intercepted arc length on a unit circle. So, arcsinx means the angle 
(or arc) whose sine is x. Both notations, arcsin x and sin~! x, are commonly used in 
mathematics. You must remember that sin~! x denotes the inverse sine function, not 
1/sin x. The values of arcsin x lie in the interval 


1 ; 1 
—— S arcsinx S — 
2 2 


The graph of y = arcsin x is shown in Figure 1.48 on the next page. 


Definition of Inverse Sine Function | 


ALGEBRA HELP 


: . The inverse sine function is defined b 
When evaluating the inverse 2 


sine function, it helps to y =arcesinx ifandonlyif siny =x 


peemiber Ge Datasets where —1 S$ x < land —7/2 < y S$ m/2. The domain of y = arcsin x is 


arcsine of x is the angle (or [—1, 1], and the range is [—/2, 2/2]. 
number) whose sine is x.” 


© Vladi333/Shutterstock.com 
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EXAMPLE 1 Evaluating the Inverse Sine Function 


If possible, find the exact value of each expression. 


we 


. sin~! za c. sin~!2 


As with trigonometric functions, 
some of the work with inverse 4, arcsin{ -4) b 
trigonometric functions can 

be done by exact calculations 
rather than by calculator 
approximations. Exact 


Solution 


a. You know that sn( z) ; and Z lies in |-3. Z| Ne) 


calculations help to increase 6 6 2 
your understanding of inverse 1 
functions by relating them to aesin( = i) =- - Angle whose sine is —5 
the right triangle definitions 
of trigonometric functions. 0 3 tm. . m 1 
b. You know that sin — = V3 and — lies in| —=, —], so 
3 2 3 22, 
ee ee os 
sin 7 = 3° Angle whose sine is \/3/2 


c. It is not possible to evaluate y = sin~'x when x = 2 because there is no angle 


whose sine is 2. Remember that the domain of the inverse sine function is [— 1, 1]. 
Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


If possible, find the exact value of each expression. 


a. arcsin 1 b. sin7!(—2) 


EXAMPLE 2 Graphing the Arcsine Function 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Sketch the graph of y = arcsin x. 
Solution 


By definition, the equations y= arcsinx and siny =x are equivalent for 
—n/2 < y < n/2. So, their graphs are the same. From the interval [—7/2, 2/2], 
assign values to y in the equation sin y = x to make a table of values. 


_ _ _ mn yn yn 

y 2 4 6/°le6] 4/2 
ae J2} _1 1 | 2 

x = siny -1 a 2 0 5) 2 1 


Then plot the points and connect them with a smooth curve. Figure 1.48 shows the 
graph of y = arcsin x. Note that it is the reflection (in the line y = x) of the portion 
of the graph of y = sin x on the interval [— 7/2, 2/2] in Figure 1.47. Be sure you see 
that Figure 1.48 shows the entire graph of the inverse sine function. Remember that 
Figure 1.48 the domain of y = arcsin x is the closed interval [—1, 1] and the range is the closed 
interval [— 2/2, 2/2]. 


wy Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use a graphing utility to graph f(x) = sin x, g(x) = arcsin x, and y = x in the same 
viewing window to verify geometrically that g is the inverse function of f. (Be sure to 
restrict the domain of f properly.) 
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[)-zht 
GO DIGITAL 


Other Inverse Trigonometric Functions 


The cosine function is decreasing and one-to-one on the interval 0 < x © 7, as shown 
in the figure below. 


cos x has an inverse function 
on this interval. 


Consequently, on this interval the cosine function has an inverse function—the inverse 
cosine function—denoted by 


1 


y =arccosx or y=cos!x. 


Similarly, to define an inverse tangent function, restrict the domain of y = tan x 
to the interval (— 2/2, 2/2). The inverse tangent function is denoted by 


1 


y= arctanx or y= tan x. 


The list below summarizes the definitions of the three most common inverse 
trigonometric functions. Definitions of the other three inverse trigonometric functions 
are explored in Exercises 105-107. 


Definitions of the Inverse Trigonometric Functions ) 


Function Domain Range 
y = arcsin x if and only if sin y = x — || ss oy = I = 
y = arccos x if and only if cos y = x =| Ses | Osysn 

; ; 7 1 
y = arctan x if and only if tan y = x —cO <x <0 = 


The graphs of these three inverse trigonometric functions are shown below. 


Domain: [—1, 1] Domain: [—1, 1] Domain: (—9©, 00) 
; Uae Range: [0, z] : (-z 2 
Range: | > | Range: ow 


Intercept: (0, 0) 
Symmetry: origin 
Odd function 


Copyright 2022 Cen 


1 
-int t: | 0, = : 
oes ( 5) Horizontal asymptotes: y = + 


NIA 


Intercept: (0, 0) 
Symmetry: origin 
Odd function 


y. All Rights Reserved. Mz 
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EXAMPLE 3 Evaluating Inverse Trigonometric Functions 


Find the exact value of each expression. 


2 
a. arccos —— 
2 


b. cos !(— 1) 
c. arctan 0 
d. tan~!(—1) 


Solution 
a. You know that cos(/4) = /2/2 and 77/4 lies in [0, 1], so 
J2 a 


arccos 7 = rt Angle whose cosine is af 2/2 
b. You know that cos 7 = —1 and z lies in [0, z], so 
cos~ !(— 1) = 7. Angle whose cosine is — | 


c. You know that tan 0 = 0 and 0 lies in (— 2/2, 2/2), so 
arctan 0 = 0. Angle whose tangent is 0 


d. You know that tan(— 2/4) = —1 and —7/4 lies in (— 1/2, 2/2), so 


tan7!(— 1) = Angle whose tangent is — | 


a 
4° 
Y Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the exact value of each expression. 


a. cos-(-~2) b. arctan ./3 


EXAMPLE 4 Calculators and Inverse Trigonometric Functions 


Use a calculator to approximate the value of each expression, if possible. 


a. arctan(— 8.45) b. sin! 0.2447 c. arccos 2 

Solution 
Function Mode Calculator Keystrokes 

a. arctan(— 8.45) Radian TAN‘) (0 (©)) 8.45 ()) (ENTER) 
From the display, it follows that arctan(— 8.45) ~ — 1.4530010. 

b. sin™! 0.2447 Radian (SIN-") (Q 0.2447 
From the display, it follows that sin~! 0.2447 ~ 0.2472103. 

c. arccos 2 Radian (cos~*) (QO 2 Q) (ENTER) 


The calculator should display an error message because the domain of the inverse 
cosine function is [— 1, 1]. 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use a calculator to approximate the value of each expression, if possible. 


a. arctan 4.84 b. arcsin(— 1.1) c. arccos(— 0.349) |_| 
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Compositions with Inverse Trigonometric Functions 


Recall from Section P.10 that for all x in the domains of f and f~', inverse functions 
have the properties 


f(f'@)) =x and f-'(f(x)) = x. 


Inverse Properties of Trigonometric Functions | 


If -—1 sx < land-7/2 < y ¥ 7/2, then 
sin(arcsin x) = x and arcsin(sin y) = y. 
If-1 <x < landO < y < 7, then 
cos(arccos x) = x and  arccos(cos y) = y. 
If x is a real number and —7/2 < y < 7/2, then 


tan(arctanx) = x and arctan(tan y) = y. 


Keep in mind that these inverse properties do not apply for arbitrary values of x 
and y. For example, 


fe OTE) os : _ _ a, 30 
aresin{ sin 2) = aresin l= a 5 


In other words, the property arcsin(sin y) = y is not valid for values of y outside the 
interval [— 7/2, 2/2]. 


EXAMPLE 5 Using Inverse Properties 


If possible, find the exact value of each expression. 


1 


a. tan[arctan(—5)] b. aresin{ sn =) c. cos(cos”! 7) 


Solution 


a. You know that —5 lies in the domain of the arctangent function, so the inverse 
property applies, and you have 


tan[arctan(—5)] = —5. 


b. In this case, 57/3 does not lie in the range of the arcsine function, —2z/2 < y S$ 7/2. 
However, 57/3 is coterminal with 


us 
ae 


which does lie in the range of the arcsine function, and you have 


aresin{ sin =) = aesin| sn( ~ “| aes 
3 3 3° 


c. The expression cos(cos~! 7) is not defined because cos~!z is not defined. 
Remember that the domain of the inverse cosine function is [—1, 1]. 


S Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


If possible, find the exact value of each expression. 


a. tan[tan~'(—14)] b. sin-*( sin 7) c. cos(arccos 0.54) | 
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EXAMPLE 6 Evaluating Composite Functions 


Find the exact value of each expression. 


A a. tan(arccos 2) b. cos|arcsin(—3)] 
Solution 
ey aa a. If you let u = arccos z then cos u = The range of the inverse cosine function is 
ala i [0, 2] and cos u is positive, so u is a first-quadrant angle. Sketch and label a right 
triangle with acute angle u, as shown in Figure 1.49. Consequently, 
2 = 
oan =x tan( arccos 2) = tanu = alee v/s 
2 3 adj 20 
eels whose ene a b. If you let u = arcsin( — 2), then sinu = — 2. The range of the inverse sine function is 
Figure 1.49 [— 72/2, 2/2] and sin u is negative, so u is a fourth-quadrant angle. Sketch and label 
a right triangle with acute angle u, as shown in Figure 1.50. Consequently, 
y cos arsin( = 3) COS U ee 
5) | hyp 5 
/5?- (3)? =4 * 


, | aa VY Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 
u = arcsin(— 


Find the exact value of cos{arctan(— 4). 


=3 
CN Rye ~=Some Problems from Calculus f 
‘i Write an algebraic expression that is equivalent to each expression. 
Angle whose sine is —5 : i 
Figure 1.50 a. sin(arccos 3x), OS x S53 b. cot(arccos 3x), OS x <3 


Solution 


If you let u = arccos 3x, then cos u = 3x, where —1 S 3x < 1. Write 
cos u = —— = — 


,/1-(3x)?_ and sketch a right triangle with acute angle u, as shown in Figure 1.51. From this 
triangle, convert each expression to algebraic form. 


= ———; 1 

u = arccos 3x a. sin(arccos 3x) = sinu = OPP J/1— 9x, OSx<55 

3x hyp 3 

Angle whose cosine is 3x bi watt 3x) : adj _ 3x ae 1 
Figure 1.51 . cot(arccos 3x) = cot u opp JT — oF SRA 


a Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Write an algebraic expression that is equivalent to sec(arctan x). Bi 


Summarize (Section 1.7) 


1. State the definition of the inverse sine function (page 180). For examples 
of evaluating and graphing the inverse sine function, see Examples | and 2. 


2. State the definitions of the inverse cosine and inverse tangent functions 
(page 182). For examples of evaluating inverse trigonometric functions, 
see Examples 3 and 4. 


4 3. State the inverse properties of trigonometric functions (page 184). For 
Pe A examples of finding composite functions involving inverse trigonometric 


Oe functions, see Examples 5-7. 
GO DIGITAL 
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See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


1.7. Exercises 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-4, fill in the blanks. 
Alternative Notation 


Function Domain Range 


1. y = arcsin x = 
2. y=cos!x =-lex2 1 

3. y = arctan x 
4 


. A trigonometric function has an function only when its domain is restricted. 


5. What notation can you use to represent the inverse cosecant function? 


6. Does arccos x = 1/cos x? 


Skills and Applications 


Finding Missing Coordinates In Exercises 35 and 
36, determine the missing coordinates of the points on 


Evaluating an Inverse Trigonometric Function In 
Exercises 7-20, find the exact value of the expression, if 


approximate the value of the expression, if possible. 
Round your result to two decimal places. 


23. arccos 0.37 24. arcsin 0.65 


25. arcsin(— 0.75) 26. arccos(— 0.7) 
27. arctan(—3) 28. arctan 25 

29. sin”! 1.36 30. cos~! 0.26 

31. arccos(—§) 32. arcsin g 

33. tan~'(—) 34. tan !(— /372) 


possible. the graph of the function. 
all : 
7. arcsin > 8. arcsin 0 
1 
9. arccos 0 10. arccos 5 
3 
11. arctan ae 12. arctan 1 
13. arcsin 3 14. arcsin /3 
15. tan~!(— /3) 16. cos~!(—2) 
17. arceos( —3) 18. arcsin v2 Using an Inverse Trigonometric Function In 
2 2 Exercises 37-40, use an inverse trigonometric function 
to write 0 as a function of x. 
19, sin-'(-~3) 20. wan(-~2) 
2 3 37. 38. 
BB Graphing an Inverse Trigonometric Function In ~ r 
Exercises 21 and 22, use a graphing utility to graph 
J, g, and y = x in the same viewing window to verify Q Q 
geometrically that g is the inverse function of /. (Be sure a 4 
to restrict the domain of f properly.) 
39. 40. 
21. f(x) = cosx, g(x) = arccos x 
2. 
22. f(x) =tanx, g(x) = arctan x 5 x42 : 
Calculators and Inverse Trigonometric 0 0 
Functions In Exercises 23-34, use a calculator to x+3 


Using Inverse Properties In Exercises 41-44, find 
the exact value of the expression, if possible. 

41. sin(arcsin 0.3) 

42. cos|arccos(— © 3)| 

43. arcsin[sin (97/4) | 

44. arccos[cos(—32/2)] 
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Evaluating a Composite Function In Exercises 75. f(x) = oF de mites: 76. g(t) = arccos(t + 2) 
45-56, find the exact value of the expression, if possible. 2 
v _ x 
45. sin(arctan 3) 46. cos(arcsin 2) 77. h(v) = arccos 2 78. f(x) = arcsin 4 
47. cos(tan~! 2) 48. sin(cos~! //5) : : : : 
ne i BB Graphing an Inverse Trigonometric Function In 
49. sec(aresin a) 50. esc[arctan(—)| Exercises 79-84, use a graphing utility to graph the 
51. cot|arctan(—3)] 52. sec| arccos(—3)} function. 
53. tan| arccos(—3)} 54. cot(arctan 2) 79. f(x) = 2 arccos 2x 80. f(x) = 7 arcsin 4x 
3 81. = arctan(2x — 3 
55. eso cos! =) 56. tan] sin-"(- 2) fie = ereian2e ) 
2 2 82. f(x) = —3 + arctan mx 
f Writing an Expression In Exercises 57-66, write 83. f(x) = m — sin“! = bcos! = 


an algebraic expression that is equivalent to the given 
expression. 84 


7 x x 
: == + cos! = 4+ sin“ = 
f(x) cost + sin” t= 


57. cos(arcsin 2x) 58. sin(arctan x) 2 
59. cot(arctan x) 60. sec(arctan 3x) PS Using a Trigonometric Identity In Exercises 85 and 
61. sin(arccos x) 62. csc[arccos(x — 1)] 86, write the function in terms of the sine function by 
x 1 using the identity 
63. tan( arcoos *) 64. cot(arctan ‘) 
x 


x 
65. eso arctan *) 
a 


66. cos{ aresn 


5 A 
A cos wt + B sin wt = \/A? + B? sin + arctan 4) 


Use a graphing utility to graph both forms of the 
x *) function. What does the graph imply? 
> 


85. f(t) = 3.cos 2t + 3 sin 2t 


BE Verifying Two Functions Are Equal In Exercises 86. f(t) = 4cos mt + 3 sin mt 
67 and 68, use a graphing utility to graph f and g in the 
same viewing window to verify that the two functions ff Behavior of an Inverse Trigonometric Function 
are equal. Explain why they are equal. Identify any In Exercises 87-92, fill in the blank. (Note: The notation 


asymptotes of the graphs. x—c* indicates that x approaches c from the right and 
dx x—c™ indicates that x approaches c from the left.) 
67. f(x) = sin(arctan 2x), g(x) = af eae 87. As x 1°, the value of arcsin x > 
x J4 — 2 88. As x 17, the value of arccos x > 
Stas tan arccos a ats) = x 89. As x00, the value of arctan x > 


Completing an Equation In Exercises 69-72, 


90. As x — 11, the value of arcsin x > 


complete the equation. 91. As x —1*, the value of arccos x > 


69. arctan ~ = arcsin( ), x>0O 


92. As x > —©0, the value of arctan x > 


93. Docking a Boat A boat is pulled in by means of a 
</ 36 — x? winch located on a dock 5 feet above the deck of the 


70. arcsin 6 = arccos( ) OSe=0 boat (see figure). Let 0 be the angle of elevation from 
3 the boat to the winch and let s be the length of the rope 
71. arccos ——————. = arcsin( ) from the winch to the boat. 
Je — 2x + 10 
=—2 
72. arccos ~ = arctan( i} 2<x<4 


Sketching the Graph of a Function In Exercises 
73-78, sketch the graph of the function and compare the 
graph to the graph of the parent inverse trigonometric 
function. 


(a) Write @ as a function of s. 


73. y = 2 arcsin x 74. f(x) = arctan 2x 
(b) Find 8 when s = 40 feet and s = 20 feet. 
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94. Space Shuttle 

A television camera at 
ground level films 
the liftoff of a space 
shuttle at a point 

750 meters from the 
launch pad. Let @ be 
the angle of elevation 
to the shuttle and let s 
be the height of the 
shuttle. 


(a) Write 6 as a function of s. 
(b) Find 6 when s = 300 meters and s = 1200 meters. 


95. Granular Angle of Repose Different types of 
granular substances naturally settle at different angles 
when stored in cone-shaped piles. This angle 6 is called 
the angle of repose (see figure). When rock salt is stored 
in a cone-shaped pile 5.5 meters high, the diameter of 
the pile’s base is about 17 meters. 


(a) Find the angle of repose for rock salt. 


(b) How tall is a pile of rock salt that has a base 
diameter of 20 meters? 


96. Granular Angle of Repose When shelled corn is 
stored in a cone-shaped pile 20 feet high, the diameter 


of the pile’s base is about 94 feet. 


(a) Draw a diagram that gives a visual representation of 
the problem. Label the known quantities. 


(b) Find the angle of repose (see Exercise 95) for 
shelled corn. 

(c) How tall is a pile of shelled corn that has a base 
diameter of 60 feet? 


Angle of Elevation An airplane flies at an altitude 
of 6 miles toward a point directly over an observer. 
Consider 6 and x as shown in the figure. 


97 


ee 
8 


epee es Oe aE SLE 


(a) Write @ as a function of x. 
(b) Find 8 when x = 12 miles and x = 7 miles. 


© Vladi333/Shutterstock.com 


98. Police Patrol A police car with its spotlight on is 
parked 20 meters from a warehouse. Consider 6 and x 
as shown in the figure. 


use) 


(a) Write 6 as a function of x. 
(b) Find 8 when x = 5 meters and x = 12 meters. 
Exploring the Concepts 


True or False? InExercises 99-102, determine whether 
the statement is true or false. Justify your answer. 


i 1 
99, arctan x = “2 * 100. sin-! x = —— 
arccos x sin x 
onl jb _ 5m 
101. sin 62 => arcsin 5 =e 


102. tan( -) =-1 @®  arctan(-1) = - 


is 
4 
103. Error Analysis Describe the error. 


5 2 a 5 
Because sin 7 = _v2 sin-(- 2) a x 


below to determine the value(s) of x for 
which each statement is true. 


y =arccos x~ 


t 
=1 
y = arcsin x~_ 


(a) arcsinx < arccos x 


(b) arcsin x = arccos x 


(c) arcsin x 


arccos xX 


105. Inverse Cotangent Function Define the inverse 
cotangent function by restricting the domain of the 
cotangent function to the interval (0, 7), and sketch the 
graph of the inverse trigonometric function. 
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106. Inverse Secant Function Define the inverse 
secant function by restricting the domain of the secant 
function to the intervals [0, 2/2) and (2/2, 2], and 
sketch the graph of the inverse trigonometric function. 


107. Inverse Cosecant Function Define the inverse 
cosecant function by restricting the domain of 
the cosecant function to the intervals [—7/2, 0) 
and (0, 2/2], and sketch the graph of the inverse 
trigonometric function. 


PE 108. Writing Use the results of Exercises 105-107 


to explain how to graph (a) the inverse cotangent 
function, (b) the inverse secant function, and (c) the 
inverse cosecant function on a graphing utility. 


Evaluating an Inverse Trigonometric Function In 
Exercises 109-118, use the results of Exercises 105-107 
to find the exact value of the expression. 


109. arcsec \/2 110. arcsec 1 

111. arccot(— 1) 112. arccot{— /3) 

113. arcesc 2 114. arccsc(— 1) 
_ 5 

115. arccsc 23 116. sec”! v3 


3 2/3 
117. cor(-S) 118. sresee( —?97) 


Calculators and Inverse  Trigonometric 
Functions In Exercises 119-126, use the results of 
Exercises 105-107 and a calculator to approximate 
the value of the expression. Round your result to two 
decimal places. 


119. arcsec 2.54 120. arcsec(— 1.52) 
121. arccsc(—*%) 122. arccsc(— 12) 
123. arccot 5.25 124. arccot(— 10) 
125. arccot 3 126. arccot{—*) 


Pe 127. Think About It Consider the functions 


f(x) =sinx and f7~'(x) = arcsin x. 

(a) Use a graphing utility to graph the composite 
functions fe f—! and f—! of. 

(b) Explain why the graphs in part (a) are not the 
graph of the line y = x. Why do the graphs of 
feof! and f—! of differ? 


cd 128. Think About It Use a graphing utility to graph the 


functions 
f(x) = J/x and g(x) = 6 arctan x 


in a standard viewing window. For x > 0, it appears 
that g > f. Explain how you know that there exists 
a positive real number a such that g < f for x > a. 
Adjust the viewing window until the intersection of 
the two curves is visible. Then use the intersect feature 
of the graphing utility to approximate a. 
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LJ 129. Area_ In calculus, it is shown that the area of the 


region bounded by the graphs of y = 0, y = 1/(x? + 1), 
x = a, and x = b (see figure) is given by 


Area = arctan b — arctan a. 


y 


Find the area for each value of a and b. 


(a) a=0,b=1 (bt) a=—-1,b=1 

(c) a=0,b = 3 (d) a= —-1,b=3 
130. Proof Prove each identity. 

(a) arcsin(—x) = —arcsin x 

(b) arctan(—x) = —arctan x 

(c) arctan x + arctan = 7 x>0 

(d) arcsin x + arccos x = . 


(e) arcsin x = arctan 
= 72 


Review & Refresh \» Video solutions at 


LarsonPrecalculus.com 


Using the Pythagorean Theorem In Exercises 
131-134, solve for x in the right triangle. 


131. 132. 
‘ 12 3 a 
Xx 
8 


Writing an Equation In Exercises 135-138, write an 
equation that you can use to find c. 


135. 136. 
B) c 5 
40° 40° 
Cc 
137. 138. 
5 5 
40° ce 
c 6 
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190 Chapter 1 Trigonometry 


1.8 Applications and Models 


Right triangles often occur in 
real-life situations. For example, 
in Exercise 25 on page 197, you 
will use right triangles to analyze 
the design of a new slide ata 
water park. 


Oe? | 
GO DIGITAL 


© Solve real-life problems involving right triangles. 
© Solve real-life problems involving directional bearings. 
© Solve real-life problems involving harmonic motion. 


Applications Involving Right Triangles 


In this section, the three angles of a right triangle are denoted by A, B, and C (where C 
is the right angle), and the lengths of the sides opposite these angles are denoted by a, 
b, and c, respectively (where c is the hypotenuse). 


EXAMPLE 1 Solving a Right Triangle 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Solve the right triangle shown at the right for all B 
unknown sides and angles. Round your results to 
two decimal places, if necessary. 


Solution Because C = 90°, it follows that 
A+B=90 and B= 90° — 34.2° = 55.8°. ge 


To solve for a, use the fact that 


=> a= btana. 


adj b 19.4 


A= = = = 
oo hyp cosA cos 34.2° 


a 
b 
So, a = 19.4 tan 34.2° = 13.18. In a similar manner, solve for c. 
b 
Cc 


=~ 23.46. 


= c 


a Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve the right triangle shown at the right B 
for all unknown sides and angles. Round your 3 c 
results to two decimal places, if necessary. 508 
c b=15 A 


Finding a Side of a Right Triangle 


A safety regulation states that the maximum angle of elevation for a rescue ladder is 
72°. A fire department’s longest ladder is 110 feet. To the nearest foot, what is the 
maximum safe rescue height? 


Solution Represent this situation by drawing a sketch, as shown in Figure 1.52. 
From the equation sin A = a/c, it follows that 


a=csinA = 110 sin 72° = 105. 
So, the maximum safe rescue height is about 105 feet above the height of the fire truck. 


i Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


A ladder that is 16 feet long leans against the side of a house. The angle of elevation 
of the ladder is 80°. Find the height (to the nearest foot) from the top of the ladder to 
the ground. Hi 


© PhotoRoman/Shutterstock.com 
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Figure 1.53 


~ 20 m >! 
Seen ee een 1.3m 
A 2.7m 
Angle of 
depression 


Figure 1.54 
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Finding a Side of a Right Triangle 


At a point 200 feet from the base of a building, the angle of elevation to the bottom 
of a smokestack is 35°, whereas the angle of elevation to the top is 53°, as shown in 
Figure 1.53. Find the height s of the smokestack alone. Round your answer to one 
decimal place. 


Solution 
This problem involves two right triangles. For the smaller right triangle, use the fact that 


a 
tan 35° = 300 
to find that the height of the building is 

a = 200 tan 35°. 
For the larger right triangle, use the equation 


ats 
200 


to find that a + s = 200 tan 53°. So, the height of the smokestack is 


s = 200 tan 53° — a 
= 200 tan 53° — 200 tan 35° 
= 125.4 feet. 


tan 53° = 


Sf Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


At a point 65 feet from the base of a building, the angle of elevation to the bottom of an 
antenna is 35°, whereas the angle of elevation to the top is 43°. Find the height of the 
antenna. Round your answer to one decimal place. 


EXAMPLE 4 Finding an Angle of Depression 


A swimming pool is 20 meters long and 12 meters wide. The bottom of the pool is 
slanted so that the water depth is 1.3 meters at the shallow end and 4 meters at the deep 
end, as shown in Figure 1.54. Find the angle of depression (in degrees) of the bottom 
of the pool. Round your answer to two decimal places. 


Solution Using the tangent function, 
Opp 
adj 


a7 
20 


= 0.135. 


tan A = 


So, the angle of depression is 


A = arctan 0.135 = 7.69°. 
Y Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


From the time a small airplane is 100 feet high and 1600 ground feet from its landing 
runway, the plane descends in a straight line to the runway. Determine the angle of 
descent (in degrees) of the plane. Round your answer to two decimal places. 
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» 


In air navigation, bearings are 
measured in degrees clockwise 
from north. The figures below 
illustrate examples of air 
navigation bearings 


270° W E 90° 


270° W E 90° 


re 


GO DIGITAL 


Trigonometry 


Trigonometry and Bearings 


In surveying and navigation, directions can be given in terms of bearings. A bearing 
measures the acute angle that a path or line of sight makes with a fixed north-south line. 
For example, in the figures below, the bearing S 35° E means 35 degrees east of south, 
N 80° W means 80 degrees west of north, and N 45° E means 45 degrees east of north. 


N N N 
80° 45 


35° ° re} ° 
S S35°E S N 80° W S N45°E 


EXAMPLE 5 Finding Directions in Terms of Bearings 


A ship leaves port at noon and heads due west at 20 knots, or 20 nautical miles (nm) 
per hour. At 2 p.m. the ship changes course to N 54° W, as shown in the figure below. 
Find the ship’s bearing and distance from port at 3 p.m. 


Solution 
For triangle BCD, you have B = 90° — 54° = 36°. The two sides of this triangle are 
b = 20sin 36° and d= 20 cos 36°. 
To find angle A in triangle ACD, note that 
b 20 sin 36° 


aA 7d) Meese a0 
which yields 
A = arctan eve 3s = 11.82°. Use a calculator in degree mode. 


20 cos 36° + 40 
The angle with the north-south line is 90° — 11.82° = 78.18°. So, the bearing of the 
ship is N 78.18° W. Finally, from triangle ACD, you have 


sin A = B 
c 


which yields 


_ b = 20 sin 36° 
sinA sin 11.82° 


=~ 57.4 nautical miles. Distance from port 


A Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


A sailboat leaves a pier heading due west at 8 knots. After 15 minutes, the sailboat 
changes course to N 16° W at 10 knots. Find the sailboat’s bearing and distance from 
the pier after 12 minutes on this course. a 
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Harmonic Motion 


The periodic nature of the trigonometric functions is useful for describing the motion 
of a point on an object that vibrates, oscillates, rotates, or is moved by wave motion. 

For example, consider a ball that is bobbing up and down on the end of a spring. 
Assume that the maximum distance the ball moves vertically upward or downward 
from its equilibrium (at rest) position is 10 centimeters (see figure). Assume further 
that the time it takes for the ball to move from its maximum displacement above zero to 
its maximum displacement below zero and back again is tf = 4 seconds. With the ideal 
conditions of perfect elasticity and no friction or air resistance, the ball would continue 
to move up and down in a uniform and regular manner. 


Equilibrium Maximum negative Maximum positive 
displacement displacement 


The period (time for one complete cycle) of the motion is 
Period = 4 seconds 

the amplitude (maximum displacement from equilibrium) is 
Amplitude = 10 centimeters 


and the frequency (number of cycles per second) is 


1 
Frequency = 4 cycle per second. 


Motion of this nature can be described by a sine or cosine function and is called simple 
harmonic motion. 


Definition of Simple Harmonic Motion ) 


A point that moves on a coordinate line is in simple harmonic motion when its 
distance d from the origin at time ¢ is given by either 


d=asinwt or d=acosat 
where a and w are real numbers such that w > 0. The motion has 


2n w 
> d fi as 
5 an requency on 


amplitude |a 


i period 


GO DIGITAL 
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EXAMPLE 6 Simple Harmonic Motion 


Write an equation for the simple harmonic motion of the ball described on the preceding 
page, where the period is 4 seconds. Verify that the frequency is ri cycle per second. 


Solution The spring is at equilibrium (d = 0) when t = 0, so use the equation 
d = asinwt. Moreover, because the maximum displacement from zero is 10, you 
know that 


Amplitude = |a| = 10. 


Also, the period is 4 seconds. So, use the expression for period to find w. 


: 2n 
Period = — Definition of period 

(cy) 
2n 

4=— Substitute. 
(ay) 

o= = Solve fe 

= olve for w. 

2 


Consequently, an equation for the motion of the ball is 


1 
= 10 sin >t. 
d O sin 5) 
Note that the choice of a = 10 or a = — 10 depends on whether the ball initially moves 
up or down. To verify the frequency, note that 
w 
Frequency = On Definition of frequency 
uf 
2 
= aie Substitute. 
2n 
1 
= i cycle per second. Simplify. 


a Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Write an equation for the simple harmonic motion given d = 0 when t¢ = 0, the 
amplitude is 6 centimeters, and the period is 3 seconds. Then find the frequency. Mi 


One illustration of the relationship between sine waves and harmonic motion is 
in the wave motion that results when you drop a stone into a calm pool of water. The 
waves move outward in roughly the shape of sine (or cosine) waves, as shown in Figure 
1.55. Now suppose you are fishing in the same pool of water and your fishing bobber 
does not move horizontally. As the waves move outward from the dropped stone, the 
fishing bobber moves up and down in simple harmonic motion, as shown Figure 1.56. 


Figure 1.55 Figure 1.56 
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EXAMPLE 7 Simple Harmonic Motion 


3 
Consider the equation for simple harmonic motion d = 6 cos ra Find (a) the maximum 


displacement, (b) the frequency, (c) the value of d when t = 4, and (d) the least positive 
value of t for which d = 0. 


Algebraic Solution Graphical Solution 


The equation has the form d=acoswt, with a =6 and | Usea graphing utility set in radian mode. 
w = 37/4. 


a. 
a. The maximum displacement (from the point of equilibrium) 
is the amplitude. So, the maximum displacement is 6. The maximum 
displacement is 6. 
w 
b. Frequency = =— 
4 y 2m 0 Qa 


_ 3n/4 
21 


Maximum 
X=2 6666688 Y=6 


3 ; ‘ 
= 8 cycle per unit of time 


The period is about 2.67. 
= So, the frequency is about 


d. To find the least positive value of t for which d = 0, solve | 1/2.67 ~ 0.37 cycle per 


unit of time. 


c. d= 6 cos| (| = 6cos 3 = 6(—1) = —6 


37 
6 cos a! = 0. 


First divide each side by 6 to obtain 


37 
cos ri = 0. 


0 Qn 
This equation is satisfied when When t= 4, 
=-6. 
3a, _m 3a Sn E 
4 OF es - 
d. The least positive value of t 
Multiply these values by 4/(372) to obtain g for which d= 0 is t = 0.67. 
2, 10 
t= >? 2, ar 
3 3 


So, the least positive value of f is t = 2 


Zero 
X=.66666667 Y=0 
-8 


A Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Rework Example 7 for the equation d = 4 cos 61. a 


Summarize (Section 1.8) 


1. Describe real-life applications of right triangles (pages 190 and 191, 
Examples 1-4). 


2. Describe a real-life application of a directional bearing (page 192, Example 5). 


Dba 3. Describe real-life applications of simple harmonic motion (pages 194 and 
hay 195, Examples 6 and 7). 


GO DIGITAL 
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Chapter 1 Trigonometry 


1.8 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. 
2. 


3. Does the bearing of N 20° E mean 20 degrees north of east? 


GO DIGITAL 


A measures the acute angle that a path or line of sight makes with a fixed north-south line. 


A point that moves on a coordinate line is in simple 


when its distance d from the 


origin at time ¢ is given by either d = asin wt or d = acos wt. 


4. Given the period of a point in harmonic motion, how do you find the frequency of the point? 


Skills and Applications 


Solving a Right Triangle In Exercises 5-12, solve the 
right triangle shown in the figure for all unknown sides 
and angles. Round your answers to two decimal places. 


5. 
7. 
9. 
11. 


18. 


Length The sun is 20° above the horizon. Find 
the length of a shadow cast by a park statue that is 
12 feet tall. 


A= 60°, c= 12 6. B= 25°, b=4 19. Height A ladder that is 20 feet long leans against the 
ide of a house. The angle of elevation of the ladder is 

B=72.8, a=44 -A= 8.4, a= 40, . Z 
cee e Bere 1G 08 80°. Find the height from the top of the ladder to the 

a=3, b=4 10. a = 25, c= 35 ground. 
b= 15.70, c=55.16 12.b= 1.32, c= 9.45 20. Height The length of a shadow of a tree is 125 feet 
B when the angle of elevation of the sun is 33°. 
Approximate the height of the tree. 

a 7 21. Height Ata point 50 feet from the base of a castle, 
9 0 the angles of elevation to the bottom of a tower and the 
ral ; A D ; \ top of the tower are 35° and 48°, respectively. Find the 


Figure for 5-12 Figure for 13-16 


Finding an Altitude In Exercises 13-16, find the 
altitude of the isosceles triangle shown in the figure. 
Round your answers to two decimal places. 


13. 
14. 
15. 
16. 


17. 


6= 45°, b=6 

6=229, b=14 

6 = 32°, b=8 

6=27T, b=11 

Length The sun is 25° above the horizon. Find the 


length of a shadow cast by a building that is 100 feet 
tall (see figure). 


22. 


23. 


height of the tower. 


Distance An observer in a lighthouse 350 feet above 
sea level observes two ships directly offshore. The 
angles of depression to the ships are 4° and 6.5° (see 
figure). How far apart are the ships? 


Distance A passenger in an airplane at an altitude of 
10 kilometers sees two towns directly to the east of the 
plane. The angles of depression to the towns are 28° and 
55° (see figure). How far apart are the towns? 


10 km; a a 


Not drawn to scale 
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24, Altitude You observe a plane approaching overhead 
and assume that its speed is 550 miles per hour. The 
angle of elevation of the plane is 16° at one time and 57° 
one minute later. Approximate the altitude of the plane. 


25. Waterslide Design 


The designers of a water park have sketched a 
preliminary drawing of a new slide (see figure). 


(a) Find the height h of the slide. 


(b) Find the angle of depression @ from the top of the 
slide to the end of the slide at the ground in terms 
of the horizontal distance d a rider travels. 


(c 


wa 


Safety restrictions 
require the angle 
of depression to 
be no less than 
25° and no more 
than 30°. Find an 
interval for how 
far a rider travels 
horizontally. 


26. Speed Enforcement A police department has set up 
a speed enforcement zone on a straight length of highway. 
A patrol car is parked parallel to the zone, 200 feet from 
one end and 150 feet from the other end (see figure). 


(a) Find the length / of the zone and the measures of 
angles A and B (in degrees). 


(b) Find the minimum amount of time (in seconds) 
it takes for a vehicle to pass through the zone 
without exceeding the posted speed limit of 
35 miles per hour. 


27. Angle of Elevation An engineer designs a 75-foot 
cellular telephone tower. Find the angle of elevation to 
the top of the tower at a point on level ground 50 feet 
from its base. 


© PhotoRoman/Shutterstock.com 
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28. Angle of Depression A cellular telephone tower 
that is 120 feet tall is placed on top of a mountain that is 
1200 feet above sea level. What is the angle of depression 
from the top of the tower to a cell phone user who is 
5 horizontal miles away and 400 feet above sea level? 


29. Angle of Depression A Global Positioning System 
satellite orbits 12,500 miles above Earth’s surface (see 
figure). Find the angle of depression from the satellite 
to the horizon. Assume the radius of Earth is 4000 miles. 


\-e——_ 12,500 mi ———> GPS 


4 satellite 
- / 


ae Angle of 
depression 


1 
1 
I 
I 
Not drawn to scale 


30. Height You are holding one of the tethers attached 
to the top of a giant character balloon that is floating 
approximately 20 feet above ground level. You are 
standing approximately 100 feet ahead of the balloon 
(see figure). 


3 ft 


(a) Find an equation for the length / of the tether you 
are holding in terms of h, the height of the balloon 
from top to bottom. 

(b) Find an equation for the angle of elevation @ from 
you to the top of the balloon. 

(c) The angle of elevation to the top of the balloon is 
35°. Find the height / of the balloon. 

31. Navigation A ship is 45 miles east and 30 miles 
south of port. The captain wants to sail directly to port. 
What bearing should the captain take? 

32. Air Navigation An airplane is 160 miles north and 
85 miles east of an airport. The pilot wants to fly directly 
to the airport. What bearing should the pilot take? 

33. Air Navigation A jet flies 2472 miles from Reno, 
Nevada, to Miami, Florida, at a bearing of 100°. 

(a) How far north and how far west is Reno relative to 
Miami? 

(b) The jet is to return directly to Reno from Miami. At 
what bearing should it travel? 
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34. Air Navigation An airplane flying at 550 miles per 
hour has a bearing of 52°. After flying for 1.5 hours, 
how far north and how far east will the plane have 
traveled from its point of departure? 

35. Airplane Ascent During takeoff, an airplane’s angle 
of ascent is 18° and its speed is 260 feet per second. 


(a) Find the plane’s altitude after 1 minute. 
(b) How long will it take for the plane to climb to an 
altitude of 10,000 feet? 

36. Navigation A privately owned yacht leaves a dock 
in Myrtle Beach, South Carolina, and heads toward 
Freeport in the Bahamas at a bearing of S 1.4° E. 
The yacht averages a speed of 20 knots over the 
428-nautical-mile trip. 

(a) How long will it take the yacht to make the trip? 
(b) How far east and south is the yacht after 12 hours? 


(c) A plane leaves Myrtle Beach to fly to Freeport. At 
what bearing should it travel? 
37. Surveying A surveyor wants to find the distance 
across a pond (see figure). The bearing from A to B is 
N 32° W. The surveyor walks 50 meters from A to C, 
and at the point C the bearing to B is N 68° W. 
(a) Find the bearing from A to C. 


(b) Find the distance from A to B. 


38. Location of a Fire Fire tower A is 30 kilometers 
due west of fire tower B. A fire is spotted from the 
towers, and the bearings from A and B are N 76° E and 
N 56° W, respectively (see figure). Find the distance d 
of the fire from the line segment AB. 


39. Geometry Find the length of the sides of a regular 
pentagon inscribed in a circle of radius 25 inches. 

40. Geometry Find the length of the sides of a regular 
hexagon inscribed in a circle of radius 25 inches. 


41. Geometry Determine the angle between the diagonal 
of a cube and the diagonal of its base (see figure). 


Figure for 41 


Figure for 42 


42. Geometry Determine the angle between the diagonal 
of a cube and its edge (see figure). 


Simple Harmonic Motion In Exercises 43-46, find 
a model for simple harmonic motion satisfying the 
specified conditions. 


Displacement (¢ = 0) Amplitude Period 
43. 0 centimeters 4 centimeters 2 seconds 
44. 0 meters 3 meters 6 seconds 
45. 3 inches 3 inches 1.5 seconds 
46. 2 feet 2 feet 10 seconds 


47. Tuning Fork A point on the end of a tuning 
fork moves in simple harmonic motion described by 
d=asinwt. Find w given that the tuning fork for 
middle C has a frequency of 262 vibrations per second. 


48. Wave Motion A buoy oscillates in simple harmonic 
motion as waves go past. The buoy moves a total of 
3.5 feet from its low point to its high point (see figure), 
and it returns to its high point every 10 seconds. Write 
an equation that describes the motion of the buoy where 
the high point corresponds to the time ¢ = 0. 


Simple Harmonic Motion In Exercises 49-52, for the 
simple harmonic motion described by the trigonometric 
function, find (a) the maximum displacement, (b) the 
frequency, (c) the value of d when ¢ = 5, and (d) the least 
positive value of ¢ for which d = 0. Use a graphing utility 
to verify your results. 


49. d = 9cos my 50. d= 500s 20nt 


1. a oo 
51. d= q sin 6nt 52. d= 6A sin 7927t 
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53. Oscillation of a Spring A ball that is bobbing 
up and down on the end of a spring has a maximum 
displacement of 3 inches. Its motion (in ideal conditions) 
is modeled by y = ri cos 16t,t > 0, where y is measured 
in feet and ¢ is the time in seconds. 

(a) Graph the function. 

(b) What is the period of the oscillations? 

(c) Determine the first time the weight passes the point 
of equilibrium (y = 0). 

54. Hours of Daylight The numbers of hours H of 
daylight in Denver, Colorado, on the 15th of each 
month starting with January are: 9.68, 10.72, 11.92, 
13.25, 14.35, 14.97, 14.72, 13.73, 12.47, 11.18, 10.00, 
and 9.37. A model for the data is 


H(t) = 12.13 + 2.77 sin(at/6 — 1.60) 

where ¢ represents the month, with t = 1 corresponding 

to January. (Source: United States Navy) 

fb (a) Use a graphing utility to graph the data and the 

model in the same viewing window. 

(b) What is the period of the model? Is it what you 
expected? Explain. 

(c) What is the amplitude of the model? What does it 
represent in the context of the problem? 


55. Sales The table shows the average sales S (in 
millions of dollars) of an outerwear manufacturer for 
each month ¢, where t = | corresponds to January. 


Time, t 1 2 3 4 
Sales, S 


Time, t 5 6 7 8 
Sales, S | 2.54 1.70 | 2.54 | 4.85 


Time, t 9 10 11 12 
Sales, S | 8.00 | 11.15 


13.46 


(a) Create a scatter plot of the data. 


(b) Find a trigonometric model that fits the data. Graph 
the model with your scatter plot. How well does the 
model fit the data? 


(c) What is the period of the model? Do you think it is 
reasonable given the context? Explain. 


(d) Interpret the meaning of the model’s amplitude in 
the context of the problem. 


Exploring the Concepts 


True or False? In Exercises 56 and 57, determine 
whether the statement is true or false. Justify your 
answer. 


56. The bearing N 24° E means 24 degrees north of east. 
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57. The Leaning Tower of Pisa is not vertical, but when you 
know the angle of elevation @ to the top of the tower as 
you stand d feet away from it, its height can be found 
using the formula h = d tan @. 


OH HOW DO YOU SEE IT? The graph below 


shows the displacement of an object in simple 
harmonic motion. 


Distance (centimeters) 


Time (seconds) 


(a) What is the amplitude? 
(b) What is the period? 


(c) Is the equation of the simple harmonic motion 
of the form d = a sin wt or d = acos at? 


Video solutions at 


Review & Refresh |» LarsonPrecalculus.com 


Factoring Polynomials In Exercises 59-64, factor 
the expression. 

59. 6f? — 2t + 107 
61. 10y? — 13y — 3 
63. 25z4 — x? 


60. d2 + 7d - 18 
62. —3x2 + 22x — 24 
64. w? + 125v 


Applying Trigonometric Identities In Exercises 65 
and 66, use the given function value and the trigonometric 
identities to find the exact value of each indicated 
trigonometric function. Assume that 0 < 0 < 7/2. 


1 
65. sin 0 = ri 
(a) cos 0 (b) cot 0 
(c) csc 0 (d) tan(90° — @) 
66. csc 0 =6 
(a) sin @ (b) sec 6 
(c) tan 6 (d) cos(90° — @) 


Writing the Equation of a Circle In Exercises 67—70, 
write the standard form of the equation of the circle with 
the given characteristics. 

67. Center: (0, 3); Radius: 7 

68. Center: (5, — 2); Radius: 2 

69. Center: (— 2, — 1); Solution point: (1, 3) 

70. Endpoints of a diameter: (1, 12), (11, — 12) 
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Pleyel 


Summary and Study Strategies 


| 
GO DIGITAL 


What Did You Learn? 


The list below reviews the skills covered in the chapter and correlates each one to 
the Review Exercises (see page 202) that practice the skill. 


Section 1.1 Review Exercises 
@ Describe angles (p. 122). 1-4 
@ Use radian measure (p. 123). 5-8 
@ Use degree measure (p. 125). 9-]2 


To convert degrees to radians, multiply degrees by 7 rad/180°. 
To convert radians to degrees, multiply radians by 180°/z rad. 


M@ Use angles and their measures to model and solve real-life problems (p. 126). 13-16 


Section 1.2 


@ Identify a unit circle and describe its relationship to real numbers (p. 132). 17-20 
™@ Evaluate trigonometric functions using the unit circle (p. 133). 21, 22 
@ Use domain and period to evaluate sine and cosine functions, and use a calculator to 23-30 


evaluate trigonometric functions (p. 135). 


The cosine and secant functions are even, so cos(—t) = cos t and sec(—f) = sec t. 
The sine, cosecant, tangent, and cotangent functions are odd, so sin(—t) = —sint, 
csc(— ft) = —csc ¢, tan(—t) = —tan tt, and cot(—f) = —cott. 


Section 1.3 


@ Evaluate trigonometric functions of acute angles (p. 139). d1-96 
@ Use fundamental trigonometric identities (p. 142). BM, 3s) 
sin 0 = 1/csc 0 cos 6 = 1/sec 0 tan 0 = 1/cot 8 
tan @ = (sin @)/(cos @) cot 6 = (cos @)/(sin 0) 
sin? 6 + cos? 6 = 1 1 + tan? 6 = sec? 0 1 + cot? 6 = csc? 6 
™ Use trigonometric functions to model and solve real-life problems (p. 144). 39, 40 


Section 1.4 


@ Evaluate trigonometric functions of any angle (p. 150). 41-48 
@ Find reference angles (p. 152). 120 
@ Evaluate trigonometric functions of real numbers (p. 153). 57-60 


Section 1.5 


@ Sketch the graphs of basic sine and cosine functions (p. 159). 61, 62 

@ Use amplitude and period to help sketch the graphs of sine and cosine functions 63, 64 
(p. 161). 

@ Sketch translations of the graphs of sine and cosine functions (p. 163). 65-68 

™ Use sine and cosine functions to model real-life data (p. 165). 69, 70 
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Section 1.6 


Review Exercises. 
™ Sketch the graphs of tangent functions (p. 170). 71 
®@ Sketch the graphs of cotangent functions (p. 172). 72 
™@ Sketch the graphs of secant and cosecant functions (p. 173). Th, He 
™@ Sketch the graphs of damped trigonometric functions (p. 175). 75, 76 
Section 1.7 
@ Evaluate and graph the inverse sine function (p. 180). 77, 86 


y = arcsin x if and only if sin y = x, where -1 S$ x S$ land—z/2 < y S 7/2. 


m@ Evaluate and graph other inverse trigonometric functions (p. 182). 78-85 


y = arccos x if and only if cos y = x, where -1 S$ x S$ landO<y<q. 
y = arctan x if and only if tan y = x, where —00 < x < COand—w/2 < y S n/2. 


@ Evaluate composite functions involving inverse trigonometric functions (p. 184). 87-92 


| Section 1.8 


@ Solve real-life problems involving right triangles (p. 190). 93, 94 

M@ Solve real-life problems involving directional bearings (p. 192). ve) 

@ Solve real-life problems involving harmonic motion (p. 193). 96 
Study Strategies 


Using a Test-Taking Strategy What do runners do before a race? They design a strategy for 
running their best. They get enough rest, eat sensibly, and get to the track early to warm up. In 
the same way, it is important for students to get a good night’s sleep, eat a healthy meal, and get 
to class early to allow time to focus before a test. 


The biggest difference between a runner’s race and a math test is that a math student does not 
have to reach the finish line first! In fact, many students would increase their scores if they used 
all the test time instead of worrying about being the last student left in the class. This is why it is 
important to have a strategy for taking the test. 

1. Do a memory data dump. When you get the test, turn it over and write down anything that you 

have trouble remembering, such as formulas, calculations, and rules. 

2. Preview the test. Look over the test and mark the questions you know how to do easily. 

These are the problems you should do first. 

3. Do a second memory data dump. As you previewed the test, you may have remembered 

other information. Write this information on the back of the test. 

4. Develop a test progress schedule. Based on how many points each question is worth, decide 
on a progress schedule. You should always have more than half the test done before half the 
time has elapsed. 

Answer the easiest problems first. Solve the problems you marked while previewing the test. 
Skip difficult problems. Skip the problems that you suspect will give you trouble. 

7. Review the skipped problems. After solving all the problems that you know how to do, go 

back and reread the problems you skipped. 

8. Try your best at the remaining problems. Even if you cannot completely solve a problem, 

you may be able to get partial credit for a few correct steps. 

9. Review the test. Look for any careless errors you may have made. 

10. Use all the allowed test time. The test is not a race against the other students. 


Aw 
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Review Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


EE] Estimating an Angle In Exercises 1 and 2, 
estimate the angle to the nearest one-half radian. 


Estimating an Angle In Exercises 3 and 4, estimate 
the number of degrees in the angle. 


3. | 4, a 
Using Radian or Degree Measure In Exercises 5-12, 
(a) sketch the angle in standard position, (b) determine 


the quadrant in which the angle lies, and (c) determine 
two coterminal angles (one positive and one negative). 


15a Qn 
5. — 6. — 
4 9 
An 231 
eae 8. ——— 
3 3 
9. 85° 10. 310° 
11. — 110° 12. —405° 


13. Arc Length Find the length of the arc on a circle of 
radius 20 inches intercepted by a central angle of 138°. 


14. Phonograph Phonograph records are vinyl discs 
that rotate on a turntable. A typical record album is 
12 inches in diameter and plays at 334 revolutions per 
minute. 


(a) Find the angular speed of a record album. 


(b) Find the linear speed (in inches per minute) of the 
outer edge of a record album. 


Area of a Sector of a Circle In Exercises 15 and 
16, find the area of the sector of a circle of radius r and 
central angle 0. 

Radius r Central Angle 0 
15. 20 inches 150° 
16. 7.5 millimeters 27/3 radians 
EE) Finding a Point on the Unit Circle In Exercises 
17-20, find the point (x,y) on the unit circle that 
corresponds to the real number f. 
17. t = 27/3 18. t = 72/4 
19. t = 72/6 20. t= —4n/3 


Evaluating Trigonometric Functions In Exercises 
21 and 22, evaluate the six trigonometric functions at 
the real number. 


21. t= 37/4 22. t= —2n/3 


Using Period to Evaluate Sine and Cosine In 
Exercises 23-26, evaluate the trigonometric function 
using its period as an aid. 


24. cos 47 


: 137 
26. sin( 3 


Using a Calculator In Exercises 27-30, use a 
calculator to evaluate the trigonometric function. Round 
your answer to four decimal places. (Be sure the 
calculator is in the correct mode.) 


27. seo 28. sin( -2) 
29. tan 33 30. csc 10.5 


EE] Evaluating Trigonometric Functions In 
Exercises 31 and 32, find the exact values of the six 
trigonometric functions of the angle 0. 


31. 32. 


LZ CT 
> 


Using a Calculator In Exercises 33-36, use a 
calculator to evaluate the trigonometric function. Round 
your answer to four decimal places. (Be sure the 
calculator is in the correct mode.) 


33. tan 33° 34. sec 79.3° 
35. cot 15° 14’ 36. cos 78° 11'58” 


Applying Trigonometric Identities In Exercises 37 
and 38, use the given function value and the trigonometric 
identities to find the exact value of each indicated 
trigonometric function. 


37. sind = t 
(a) csc 0 (b) cos 8 
(c) sec 0 (d) tan @ 
38. csc 96 = 5 
(a) sin 0 (b) cot 8 
(c) tan 0 (d) sec(90° — @) 
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39. Railroad Grade A train travels 3.5 kilometers on a 
straight track with a grade of 1.2° (see figure). What is 
the vertical rise of the train in that distance? 


Not drawn to scale 


40. Guy Wire A guy wire runs from the ground to the top 
of a 25-foot telephone pole. The angle formed between 
the wire and the ground is 52°. How far from the base of 
the pole is the guy wire anchored to the ground? Assume 
the pole is perpendicular to the ground. 


EE] Evaluating Trigonometric Functions In 
Exercises 41-44, the point is on the terminal side of an 
angle in standard position. Find the exact values of the 
six trigonometric functions of the angle. 

41. (12, 16) 42. (3, —4) 

43. (0.3, 0.4) 44, (—2, —3) 

Evaluating Trigonometric Functions In Exercises 
45-48, find the exact values of the remaining five 
trigonometric functions of 6 satisfying the given 
conditions. 

45. sec @ = tanéd < 0 

46. csc 0 = cos§ <0 

47. cos@ = —2, sind >0 

48. sin@ = —4, cos@>0 


6 
5? 
3 
2° 


Finding a Reference Angle In Exercises 49-52, find 
the reference angle 0’. Sketch 6 in standard position and 
label 0’. 

49. 0 = 264° 
51. 0 = —6n/5 


50. 0 = 635° 
52. 6 = 17n/3 
Using a Reference Angle In Exercises 53-56, 


evaluate the sine, cosine, and tangent of the angle 
without using a calculator. 


53. — 150° 
55. 1/3 


54, 495° 

56. —57/4 

Using a Calculator In Exercises 57-60, use a 
calculator to evaluate the trigonometric function. Round 
your answer to four decimal places. (Be sure the 
calculator is in the correct mode.) 

57. sin 106° 

58. tan 37° 

59. tan(— 177/15) 

60. cos(—257/7) 
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Review Exercises 203 


1.5] Sketching the Graph of a Sine or Cosine 
Function In Exercises 61-68, sketch the graph of the 
function. (Include two full periods.) 

62. f(x) = —cos 3x 

64. f(x) = 8 cos(—x/4) 


61. y = sin 6x 

63. f(x) = 5 sin(2x/5) 
65. y=5 + sinax 
66. y = —4 — cos mx 
67. g(t) =} sin(t — 2) 
68. g(t) = 3 cos(t + 2) 


69. Sound Waves_ Sound waves can be modeled using 
sine functions of the form y = asin bx, where x is 
measured in seconds. 


(a) Write an equation of a sound wave whose amplitude 
is 2 and whose period is sai second. 

(b) What is the frequency of the sound wave described 
in part (a)? 

70. Meteorology The times S$ of sunset (Greenwich 
Mean Time) at 40° north latitude on the 15th of each 
month starting with January are: 16:59, 17:35, 18:06, 
18:38, 19:08, 19:30, 19:28, 18:57, 18:10, 17:21, 16:44, 
and 16:36. A model (in which minutes have been 
converted to the decimal parts of an hour) for the data is 


S(t) = 18.10 — 1.41 sin( 7 = 155) 


where f represents the month, with t = | corresponding 
to January. (Source: NOAA) 
ad (a) Use a graphing utility to graph the data and the 

model in the same viewing window. 

(b) What is the period of the model? Is it what you 
expected? Explain. 

(c) What is the amplitude of the model? What does it 
represent in the context of the problem? 


1.6 | Sketching the Graph of a Trigonometric 
Function In Exercises 71-74, sketch the graph of the 
function. (Include two full periods.) 


71. f(t) = tan( + =) 


5 72. f(x) = T cote 


2 


73. f(x) = x esc 


74, A(t) = se(1 - = 


BB Analyzing a Damped Trigonometric Graph In 


Exercises 75 and 76, use a graphing utility to graph 
the function and the damping factor of the function in 
the same viewing window. Describe the behavior of the 
function as x increases without bound. 

75. f(x) = xcosx 

76. 9(x) = x* cos x 
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204 Chapter 1 Trigonometry 


Evaluating an Inverse Trigonometric Function 
In Exercises 77—80, find the exact value of the expression. 
77. arcsin(— 1) 

78. cos! 1 

79, arccot \/3 

80. arcsec( — /2) 


Calculators and Inverse Trigonometric Functions 
In Exercises 81-84, use a calculator to approximate the 
value of the expression, if possible. Round your result to 
two decimal places. 

81. tan~!(— 1.3) 

82. arccos 0.372 

83. arccot 15.5 

84. arccsc(— 4.03) 


BB Graphing an Inverse Trigonometric Function In 


Exercises 85 and 86, use a graphing utility to graph the 
function. 

85. f(x) = arctan(x/2) 

86. f(x) = —arcsin 2x 


Evaluating a Composite Function In Exercises 
87-90, find the exact value of the expression. 


87. cos(arctan 3) 
88. tan(arccos 2) 
89. sec(arctan 2) 


90. cot[arcsin( = 12)| 


if Writing an Expression In Exercises 91 and 92, write 
an algebraic expression that is equivalent to the given 
expression. 


91. tan[arccos(x/2) | 
92. sec[arcsin(x — 1)] 


93. Angle of Elevation The height of a radio transmission 
tower is 70 meters, and it casts a shadow of length 
30 meters. Draw a right triangle that represents the 
situation. Label the known and unknown quantities. Then 
find the angle of elevation. 


94. Height A football lands at the edge of the roof of your 
school building. When you are 25 feet from the base of 
the building, the angle of elevation to the football is 21°. 
How high off the ground is the football? 

95. Air Navigation From city A to city B, a plane flies 
650 miles at a bearing of 48°. From city B to city C, 
the plane flies 810 miles at a bearing of 115°. Find the 
distance from city A to city C and the bearing from city A 
to city C. 


All Rights Reservec 


96. Wave Motion A fishing bobber oscillates in simple 
harmonic motion because of the waves in a lake. The 
bobber moves a total of 1.5 inches from its low point 
to its high point and returns to its high point every 3 
seconds. Write an equation that describes the motion 
of the bobber, where the high point corresponds to the 
time ¢ = 0. 


Exploring the Concepts 


True or False? In Exercises 97 and 98, determine 
whether the statement is true or false. Justify your answer. 


97. The equation y = sin@ does not represent y as a 
function of 0 because sin 30° = sin 150°. 
3 3 
98. Because tan — = — 1, arctan(—1) = oe 
4 4 
99. Writing Describe the behavior of f(@) = sec @ at the 
zeros of g(@) = cos @. Explain. 


100. Conjecture 
aad (a) Use a graphing utility to complete the table. 
0 0.1 | 0.4 | 0.7 | 1.0) 1.3 
1 
tan( 6 *) 
—cot 6 


(b) Make a conjecture about the relationship between 
tan[@ — (7/2)] and —cot 6. 

Writing When graphing a sine or cosine function, 
it is important to determine the amplitude of the 
function. Explain why this is not true for the other four 
trigonometric functions. 

Graphical Reasoning Use the formulas for 
the area of a circular sector and arc length given in 
Section 1.1. 


101. 


102. 


(a) For 6 = 0.8, write the area and arc length as 
functions of r. What is the domain of each function? 
Use a graphing utility to graph the functions. Use the 
graphs to determine which function changes more 
rapidly as r increases. Explain. 


(b) For r = 10 centimeters, write the area and arc 
length as functions of 6. What is the domain of 
each function? Use the graphing utility to graph the 
functions. 


103. Writing Describe a real-life application that can be 
represented by a simple harmonic motion model and is 
different from any that you have seen in this chapter. 
Explain which equation for simple harmonic motion you 
would use to model your application and why. Explain 
how you would determine the amplitude, period, and 


frequency of the model for your application. 
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Chapter Test 205 


See CalcChat.com for tutorial help and worked-out solutions 
C h a pter Test to odd-numbered exercises. 


GO DIGITAL 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


1. Consider an angle that measures a radians. (Section 1.1) 


(a) Sketch the angle in standard position. 
(b) Determine two coterminal angles (one positive and one negative). 
(c) Convert the radian measure to degree measure. 


2. A truck is moving at a rate of 105 kilometers per hour, and the diameter of each of 
(—2, 6) its wheels is | meter. Find the angular speed of the wheels in radians per minute. 
) (Section 1.1) 


>x 3. A water sprinkler sprays water on a lawn over a distance of 25 feet and 
rotates through an angle of 130°. Find the area of the lawn watered by the 
sprinkler. (Section 1.1) 


71 
4, Evaluate the sine, cosine, and tangent at t = 6" (Section 1.2) 


Figure for 6 
5. Given that @ is an acute angle and tan 0 = 3, find the exact values of the other five 
trigonometric functions of 6. (Section 1.3) 
6. Find the exact values of the six trigonometric functions of the angle 6 shown in 
the figure. (Section 1.4) 
7. Determine the quadrant in which 6 lies when sec@ < 0 and tané > 0. 
(Section 1.4) 
8. Find two exact values of 6 in degrees (0° < @ < 360°) for which cos 9 = — /3/2. 
Do not use acalculator. (Section 1.4) 
In Exercises 9 and 10, find the exact values of the remaining five trigonometric 
functions of 6 satisfying the given conditions. (Section 1.4) 
9. cos @ = 3, tan@d < 0 10. sec @ = —32, sin6 > 0 
In Exercises 11-13, sketch the graph of the function. (Include two full 
periods.) (Sections 1.5 and 1.6) 
‘ 1 1 1 
r 11. g(x) = -2 sin( x = a 12. fi) = cos(1 + m -—] 13. f(x) = 3 tan 2x 
A 


14. Find a, b, and c for the function f(x) = a sin(bx + c) such that the graph of f 
matches the figure. (Section 1.5) 


a4 In Exercises 15 and 16, use a graphing utility to graph the function. If the function 
is periodic, find its period. If not, describe the behavior of the function as x 
increases without bound. (Section 1.6) 


Figure for 14 15. y = sin 2ax + 2 cos mx 16. y = 6x cos(0.25x) 
17. Find the exact value of cot(arcsin 4). (Section 1.7) 
aad 18. Use a graphing utility to graph the function f(x) = 5 arcsin(4x). (Section 1.7) 
19. An airplane is 90 miles south and 110 miles east of an airport. What bearing should 
the pilot take to fly directly to the airport? (Section 1.8) 
20. A ball on a spring starts at its lowest point of 6 inches below equilibrium, bounces 
to its maximum height of 6 inches above equilibrium, and returns to its lowest 


point in a total of 2 seconds. Write an equation for the simple harmonic motion of 
the ball. (Section 1.8) 
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Proofs in Mathematics STITT it : ll i ; 


The Pythagorean Theorem 


The Pythagorean Theorem is one of the most famous theorems in mathematics, with 
hundreds of different proofs. James A. Garfield, the twentieth president of the United 
States, developed a proof of the Pythagorean Theorem in 1876. His proof, shown 
below, involves the fact that a trapezoid can be formed from two congruent right 
triangles and an isosceles right triangle. 


The Pythagorean Theorem 


In a right triangle, the sum of the squares of the lengths of the legs is equal to 
the square of the length of the hypotenuse, where a and b are the legs and c is 
the hypotenuse. 


C+hP=c 


a Cc 
b 
Proof 

O 
N b 

a 
M b CO” 2 ee 

Area of _ Areaof , Areaof , Area of 


trapezoid MNOP  AMNO bs APQO ui ANOQ 


1 1, 2 7 
5 (a + b)(a + b) = wah + ab + xe 


sla + b)(a +b) = ab + 50? 


2, 
(a + b)(a + b) = 2ab + ce? 
a + 2ab + b* = 2ab + c? 
@+h=c? | 
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PS. Problem Solving 


See CalcChat.com for tutorial help and worked-out 


solutions to odd-numbered exercises. 


1. Angle of Rotation The restaurant at the top of the 
Space Needle in Seattle, Washington, is circular and has 
a radius of 47.25 feet. The dining part of the restaurant 
revolves, making about one complete revolution every 
48 minutes. A dinner party, seated at the edge of the 
revolving restaurant at 6:45 p.M., finishes at 8:57 P.M. 


(a) Find the angle through which the dinner party 
rotated. 


(b) Find the distance the party traveled during dinner. 


. Bicycle Gears A bicycle’s gear ratio is the number 
of times the freewheel turns for every one turn of the 
chainwheel (see figure). The table shows the numbers 
of teeth in the freewheel and the chainwheel for the 
first five gears of an 18-speed touring bicycle. The 
chainwheel completes one rotation for each gear. Find 
the angle through which the freewheel turns for each 
gear. Give your answers in both degrees and radians. 


Number of 
Teeth in 
Chainwheel 


Number of 


Gear 
Number 


Teeth in 
Freewheel 


LarsonPrecalculus.com 


Spreadsheet at 


AUIS G4 Chainwheel 


3. Height of a Ferris Wheel Car A model for the 
height / (in feet) of a Ferris wheel car is 


h = 50 + 50 sin 82 


where f is the time (in minutes). (The Ferris wheel has a 
radius of 50 feet.) This model yields a height of 50 feet 
when t = 0. Alter the model so that the car follows the 
same path and has a height of 1 foot when t = 0. 

. Periodic Function The function f is periodic, with 
period c. So, f(t + c) = f(t). Determine whether each 
statement is true or false. Explain. 


(a) flt— 2c) =f) —b) f(t + 4c) = FG) 
() fGr+ cl) =fG)  @ Gl + 4e]) = 6G) 


5. 


Be 7. 


. Squares of Even and Odd Functions 


Surveying A surveyor in a helicopter is determining 
the width of an island, as shown in the figure. 


3000 ft : ; — 


Not drawn to scale 


(a) What is the shortest distance d the helicopter must 
travel to land on the island? 

(b) What is the horizontal distance x the helicopter must 
travel before it is directly over the nearer end of the 
island? 

(c) Find the width w of the island. Explain how you 
found your answer. 


. Similar Triangles and Trigonometric Functions 


Use the figure below. 


A 


Cc E G 


(a) Explain why AABC, AADE, and AAFG are similar 
triangles. 


(b) What does similarity imply about the ratios 


(c) Does the value of sin A depend on which triangle 
from part (a) is used to calculate it? Does the value of 
sin A change when you use a different right triangle 
similar to the three given triangles? 

(d) Do your conclusions from part (c) apply to the other 
five trigonometric functions? Explain. 

Graphical Reasoning Use a graphing utility to 

graph h, and use the graph to determine whether h is 

even, odd, or neither. 

(a) h(x) = cos? x (b) h(x) = sin? x 

Given that 

f is an even function and g is an odd function, use the 

results of Exercise 7 to make a conjecture about each 

function h. 


(a) h(x) = [f@)P (b) AG) = [g@)P 
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9. 


208 


Blood Pressure The pressure P (in millimeters of 
mercury) against the walls of the blood vessels of a 
patient is modeled by 


p= 100 = 20 cos 


where ¢ is the time (in seconds). 

(a) Use a graphing utility to graph the model. 

(b) What is the period of the model? What does it 
represent in the context of the problem? 

(c) What is the amplitude of the model? What does it 
represent in the context of the problem? 

(d) If one cycle of this model is equivalent to one 
heartbeat, what is the pulse of the patient? 


(e) A physician wants the patient’s pulse rate to be 
64 beats per minute or less. What should the period 
be? What should the coefficient of t be? 


. Biorhythms A popular theory that attempts to 


explain the ups and downs of everyday life states that 
each person has three cycles, called biorhythms, which 
begin at birth. These three cycles can be modeled by 
the sine functions below, where f is the number of days 
since birth. 


2nt 
Physical (23 days): P = sin us 


—__ > 
ae fae 
: . 2nt 
Emotional (28 days): E = sin 28° t20 
2nt 
Intellectual (33 days): J = sin sales t20 


33 


Consider a person who was born on July 20, 2000. 


(a) Use a graphing utility to graph the three models in 
the same viewing window for 7300 <= t © 7380. 

(b) Describe the person’s biorhythms during the month 
of September 2020. 


(c) Calculate the person’s three energy levels on 
September 22, 2020. 


. Graphical Reasoning 


(a) Use a graphing utility to graph the functions 
f(x) = 2 cos 2x + 3 sin 3x 
and 
g(x) = 2. cos 2x + 3 sin 4x. 


(b) Use the graphs from part (a) to find the period of 
each function. 


(c) Is the function h(x) = A cos ax + B sin Bx, where 
a and f are positive integers, periodic? Explain. 


12. Analyzing Trigonometric 


13. 


Functions Two 
trigonometric functions f and g have periods of 2, and 
their graphs intersect at x = 5.35. 


(a) Give one positive value of x less than 5.35 and one 
value of x greater than 5.35 at which the functions 
have the same value. 


(b) Determine one negative value of x at which the 
graphs intersect. 


(c) Is it true that f(13.35) = g(—4.65)? Explain. 


Refraction When you stand in shallow water and 
look at an object below the surface of the water, the 
object will look farther away from you than it really is. 
This is because when light rays pass between air and 
water, the water refracts, or bends, the light rays. The 
index of refraction for water is 1.333. This is the ratio 
of the sine of 6, and the sine of @, (see figure). 


y Ll aes 
<x >< d>i 
x— y—" 


(a) While standing in water that is 2 feet deep, you look 
at a rock at angle 0, = 60° (measured from a line 
perpendicular to the surface of the water). Find @,. 

(b) Find the distances x and y. 


(c) Find the distance d between where the rock is and 
where it appears to be. 

(d) What happens to d as you move closer to the rock? 
Explain. 


. Polynomial Approximation Using calculus, it 


can be shown that the arctangent function can be 
approximated by the polynomial 


x3 
arctan x ~ x — — + 


3 


a 


ex 
5 7 


where x is in radians. 

(a) Use a graphing utility to graph the arctangent 
function and its polynomial approximation in 
the same viewing window. How do the graphs 
compare? 


Predict the next term in the polynomial 
approximation of the arctangent function. Then 
repeat part (a). How does the accuracy of the 
approximation change when an additional term is 
added? 


(b 


wm 
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Analytic Trigonometry — 


Lays ed 
GO DIGITAL 


2.1 Using Fundamental Identities 

2.2. ~+Verifying Trigonometric Identities 

2.3 Solving Trigonometric Equations 

2.4 Sum and Difference Formulas 

2.5 Multiple-Angle and Product-to-Sum Formulas 


2.3 Ferris Wheel (Exercise 94, p. 234) 2.4 Standing Waves (Exercise 82, p. 241) 
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210 Chapter 2 Analytic Trigonometry 


2.1 Using Fundamental Identities 


© Recognize and write the fundamental trigonometric identities. 
© Use the fundamental trigonometric identities to evaluate trigonometric functions, 
simplify trigonometric expressions, and rewrite trigonometric expressions. 


Introduction 


In the preceding chapter, you studied the basic definitions, properties, graphs, and 
applications of the individual trigonometric functions. In this chapter, you will learn 
how to use the fundamental identities to perform the four tasks listed below. 

1. Evaluate trigonometric functions. 

2. Simplify trigonometric expressions. 

3. Develop additional trigonometric identities. 

4 


. Solve trigonometric equations. 


Fundamental Trigonometric Identities ) 
. . . ege ) 
Fundamental trigonometric Reciprocal Identities 
identities are useful in 1 1 1 
implifyi i i sin u = cos u = tan u = 
simplifying trigonometric ; ca ey ona 
expressions. For example, in 
Exercise 59 on page 216, you 1 1 1 
; : He i csc lu = = secu = cotu = 
will use trigonometric identities sin u COS tan u 
to simplify an expression for the 
coefficient of friction. Quotient Identities 
sin u COS U 
tan u = cotu = — 
COS u sin u 
Pythagorean Identities 
sin? u + cos?u = 1 1 + tan? uw = sec? u 1 + cot? u = csc? u 
Cofunction Identities 
sin( 3 cos cos(3 sin 
Ton —~ =k} = u ee SE u 
pA A HELP a) 2 
You should learn the = = 
fundamental trigonometric tan( 4 = u) = cot u coi(4 = u) = tan u 
identities well, because you 
will use them frequently in 1 - 1 _ 
trigonometry and they will Recline Ten ena ee Oey he Se eres 
also appear in calculus. Note i pias 
that u can be an angle, a real ven/Odd Identities 
number, or a variable. sin(—u) = —sinu cos(—u) = cos u tan(—u) = —tan u 
csc(—u) = —cscu sec(—u) = sec u cot(—u) = —cot u 


Pythagorean identities are sometimes used in radical form such as 


sinu = +./1 — cos? u 


or 
tanu = +./sec? u — 1 
laa where the sign depends on the choice of u. 
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Use a graphing utility to check 
the result of Example 2. To do 
this, let 


sin x cos? x — sinx 


yi 


and 
fe es eS 
y, = —sin’ x. 


Select the line style for y, and 
the path style for y,, then graph 
both equations in the same 
viewing window. The two 
graphs appear to coincide, so 

it is reasonable to assume that 
their expressions are equivalent. 
Note that the actual equivalence 
of the expressions can only be 
verified algebraically, as 

in Example 2. 
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2.1 Using Fundamental Identities 211 


Using the Fundamental Identities 


One common application of trigonometric identities is to use given information about 
trigonometric functions to evaluate other trigonometric functions. 


EXAMPLE 1 Using Identities to Evaluate a Function 


Given sec u = -3 and tan u > O, find the values of all six trigonometric functions. 
Solution Using a reciprocal identity, you have 


I b . 2 
secu —3/2 3° 


COS U 
Using the Pythagorean identity sin*u + cos*u=1 in the equivalent form 
sin? u = | — cos* u, you have 


sin? u = 1 — cos* u Pythagorean identity 


2. 2 
=1- (- =) Substitute -3 for cos u. 
4 
=l- 9 Evaluate power. 
5 Simplif 
aed implify. 
9 


Because sec u < O and tanu > 0, it follows that wu lies in Quadrant II. Moreover, 
sin u is negative when u is in Quadrant III, so choose the negative root and obtain 
sin u = — \/5/3. Knowing the values of the sine and cosine enables you to find the 
values of the remaining trigonometric functions. 


af 5 1 3 


sin u = ———— CSC U _ 


ys 
5 


3 sin u JS 
cos u = = 7 __3 
u 3 ec U 5 
eee sinu _ — /5/3 _ JS ei a 2/5 
4 Cos u —2/3 2 “tan u fd. 5 


of Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Given tan x = 4 and cos x < 0, find the values of all six trigonometric functions. 


EXAMPLE 2 Simplifying a Trigonometric Expression 


Simplify the expression sin x cos* x — sin x. 


Solution First factor out the common factor sinx and then use a Pythagorean 
identity. 


sin x cos*x — sinx = (sin x) (cos? x — 1) Factor out common factor. 


—(sin x)(1 — cos? x) Factor out — 1. 


= (sin x) (sin? x) Pythagorean identity 


= —sin? x Multiply. 
VY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Simplify the expression cos? x csc x — csc x. wi 


d, or duplic 
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When factoring trigonometric expressions, it is helpful to find a polynomial form 
that fits the expression, as shown in Example 3. 


EXAMPLE 3 Factoring Trigonometric Expressions 


>>» SKILLS REFRESHER Factor each expression. 


For a refresher on factoring a. sec2@ — 1 b. 4 tan? 6 + tand — 3 
polynomials, watch the video 


at LarsonPrecalculus.com. Solution 


a. This expression has the polynomial form u* — v’, which is the difference of two 
squares. It factors as 


sec? @ — 1 = (sec 8 + 1)(sec 6 — 1). 
b. This expression has the polynomial form ax? + bx + c, and it factors as 


4tan? 6 + tan@ — 3 = (4tan 6 — 3)(tan@ + 1). 
Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Factor each expression. 


a. 1 — cos? 0 b. 2csc2? 6 — 7csc 0 +6 |_| 


In some cases, when factoring or simplifying a trigonometric expression, it is 
helpful to first rewrite the expression in terms of just one trigonometric function or in 
terms of sine and cosine only. These strategies are demonstrated in Examples 4 and 5. 


EXAMPLE 4 Factoring a Trigonometric Expression 


Factor csc? x — cotx — 3. 


Solution Use the identity csc? x = 1 + cot? x to rewrite the expression. 


csc?.x — cotx -—3= (1 + cot? x) — cotx — 3 Pythagorean identity 
= cot? x — cotx — 2 Combine like terms. 
= (cot x — 2)(cot x + 1) Factor. 


Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Factor sec? x + 3tanx + 1. 


EXAMPLE 5 Simplifying a Trigonometric Expression 


Remember that when adding 


fractions, you must first find >>> See LarsonPrecalculus.com for an interactive version of this type of example. 
the least common denominator ee 
(LCD). In Example 5, the sint + cottcost = sint + (<4) cos t Quotient identity 
LCD is sin t. me 
sin? t + cos? t j 
a Add fractions. 
sin ¢ 
1 PO 
=... Pythagorean identity 
sin ¢ 
= csc t Reciprocal identity 


A Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Simplify csc x — cos x cot x. Fe 


GO DIGITAL 
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ONE) =6Adding Trigonometric Expressions 


Perform the addition and simplify: 1 ane 0 ee = 


sin 0° 
Solution 
sin 6 cos@ (sin @)(sin @) + (cos 6)(1 + cos @) 
1+cos@ sind (1 + cos @)(sin @) 
sin? @ + cos* @ + cos 8 one 
(1 + cos 6)(sin 6) eee 
= Pythagorean identit 
(1_+-eos@)(sin @) pre . 
1 aes 
= > Divide out common factor. 
sin 0 
= csc 8 Reciprocal identity 


i Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


1 
+ ‘ 
6 1-siné@ 


1 
Perform the addition and simplify: T= ae 


The next two examples involve techniques for rewriting expressions in forms that 
are used in calculus. 


EXAMPLE 7 Rewriting a Trigonometric Expression fi 


: 1 sate : F 
Rewrite ——————— so that it is not in fractional form. 
1 + sinx 


Solution From the Pythagorean identity 
cos? x = 1 — sin? x = (1 — sin x)(1 + sin x) 


you can see that multiplying both the numerator and the denominator by (1 — sin x) 
will produce a denominator with a single term. 


1 _ 1 1 — sinx Multiply numerator and 
1+ sinx 1+ sinx\1l— sinx denominator by (1 — sin x). 
1 — sinx elias 
= ~~ ultiply. 
1 — sin? x ia 
1 — sinx Sirs 
a Lr Pythagorean identity 
COS* Xx 
1 sin x 


= 7 5 Write as separate fractions. 
COS” x COS” x 


1 sin x 1 ‘ ; 
= r= ° Product of fractions 
COS” xX COSxX COSX 


= sec? x — tan x sec x Reciprocal and quotient identities 


Jf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


. cos? 6 i : ; 
Rewrite -————— so that it is not in fractional form. 3 | 


1 — sin@ 
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EXAMPLE 8 Trigonometric Substitution wf 


Use the substitution x = 2 tan 0, 0 < @ < 1/2, to write </ 4 + x? as a trigonometric 
function of 0. 


Solution Begin by letting x = 2 tan 0. Then, you obtain 


J4 +2 = J4 + (2 tan 6)? Substitute 2 tan @ for x. 
a /4 + 4 tan? 0 Property of exponents 
= \/A(1 + tan? @) Factor. 
= /4 sec? 0 Pythagorean identity 
= 2sec 0. sec > Oford< @< = 


Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Use the substitution x = 3 sin 6, 0 < 6 < 1/2, to write \/9 — x as a trigonometric 


function of 0. 


The figure below shows the right triangle illustration of the trigonometric 
substitution x = 2 tan @ in Example 8. 


2tan@d=x E> tané =5 


You can use this triangle to check the solution to Example 8. For 0 < 6 < 7/2, 
you have 


opp =x, adj =2, and hyp = /4+ 2x. 


Using these expressions, you can write 


sec 9 = AYP Definition of secant 
adj 
J44+ x2 
sec 9 = ————— Substitute. 
2 
2 sec @ = /4 + x7. Multiply each side by 2. 


So, the solution checks. 


Summarize (Section 2.1) 


1. State the fundamental trigonometric identities (page 210). 


2. Explain how to use the fundamental trigonometric identities to evaluate 
trigonometric functions, simplify trigonometric expressions, and rewrite 
trigonometric expressions (pages 211-214). For examples of these concepts, 
see Examples 1-8. 


GO DIGITAL 
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2.1 Exercises 


2.1 Using Fundamental Identities 215 


See CalcChat.com for tutorial help and worked-out solutions ae 
a 


to odd-numbered exercises. 


Vocabulary and Concept Check 


GO DIGITAL 


In Exercises 1-3, fill in the blank to complete the trigonometric identity. 


1. : = 2s seo( a u) = 
tan u 2, 


4. Write three different expressions that are equivalent to cos u. 


Skills and Applications 


Using Identities to Evaluate aFunction In Exercises 
5-10, use the given conditions to find the values of all six 
trigonometric functions. 


5; sec x = —3, tanx < 0 6. ese x = —Z, tanx > 0 
7. sin@ = —3, cos@ > 0 8. cos @ = 4, sind < 0 
9, tanx = z cosx > 0 10. cotx = 1 sinx < 0 


Matching Trigonometric Expressions In Exercises 
11-16, match the trigonometric expression with its 
simplified form. 


(a) cscx (b) -1 (c) 1 


(d) sinx tanx (e) sec? x (f) secx 


11. sec x cos x 12. cot? x — csc? x 


13. cos x(1 + tan? x) 14. cot x sec x 
sec? x — 1 


6. 16 cos*[(x/2) — x] 
“sin? x ° cos x 


Simplifying a Trigonometric Expression In 
Exercises 17-20, use the fundamental identities to 
simplify the expression. (There is more than one correct 
form of each answer.) 


tan 6 cot 0 


18. cos( 2 _ x) sec x 
sec 0 


2 


19. tan? x — tan? x sin? x 20. sin? x sec? x — sin? x 


Factoring a Trigonometric Expression In Exercises 
21-30, factor the expression. Use the fundamental 
identities to simplify, if necessary. (There is more than 
one correct form of each answer.) 


cos x — 2 


sec? x — 1 
* cos?x — 4 


21. 
secx — | 

23. 1 — 2cos? x + cos* x 24. sect x — tan* x 

25. cot?x + cot?x + cotx + 1 

26. sec? x — sectx — secx + 1 

27. 3 sin? x — 5sinx — 2 

28. 6 cos?x + 5cosx — 6 

29. cot? x + cscx — 1 


30. sin?x + 3cosx + 3 


3. 1+ cot?u = 


Simplifying a Trigonometric Expression In 
Exercises 31-38, use the fundamental identities to 
simplify the expression. (There is more than one correct 
form of each answer.) 


31. tan @ csc 0 32. tan(—.x) cos x 
33. sin ¢(csc ¢ — sin ¢) 34. cos x(sec x — cos x) 
35. sin B tan B + cos B 36. cot usin u + tanu cos u 
37. 1 . sin? x 38. sec? y — 1 
esc? x — 1 1 — cos? y 


Adding or Subtracting Trigonometric Expressions 
In Exercises 39-44, perform the addition or subtraction 
and use the fundamental identities to simplify. (There is 
more than one correct form of each answer.) 


1 1 1 1 
39. + 40. = 
1+cosx 1-—cosx secx +1 secx-—1 
cos x cos Xx sin x sin x 
41. - a ; 3 
1+sinx 1-—sinx 1+cosx 1-—cosx 
> F 
sec’ x cos x 1 + sinx 
43. tan x — 44. ; 
tan x 1 + sinx COS x 


LJ Rewriting a Trigonometric Expression In Exercises 


45 and 46, rewrite the expression so that it is not in 
fractional form. (There is more than one correct form 
of each answer.) 


sin? y 5 


45. ———_ ._ 
1 — cosy tan x + sec x 


Trigonometric Functions and Expressions In 
Exercises 47 and 48, use a graphing utility to determine 
which of the six trigonometric functions is equal to the 
expression. Verify your answer algebraically. 

tanx + 1 1 ( 


47, ————_ 48. —— 
sec x + csc x sin x 


1 
— cos x 
cos x 


BB Solving a Trigonometric Equation In Exercises 


49 and 50, use a graphing utility to solve the equation for 
0, where 0 < 0 < 272. 


49. sin@ = \/1 — cos? @ 


50. sec 6 = \/1 + tan? 0 
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Trigonometric Substitution In Exercises 51-54, use 
the trigonometric substitution to write the algebraic 
expression as a trigonometric function of 6, where 
0<60< 7/2. 


51. /9-—x, x=3cosd 
52. J49 — x2, x = 7sin@ 
53. Je — 4, x =2sec0 
54. /9x2 + 25, 3x = Stand 


fi Trigonometric Substitution In Exercises 55-58, use 
the trigonometric substitution to write the algebraic 
equation as a trigonometric equation of 0, where 
—1n/2 < 0 < n/2. Then find sin 6 and cos 0. 


55. /2= /4-x%, x=2sin0 
56. 2./2 = \/16 — 4x2, x = 20s 0 
57.3 = 36-2», x=6sin0 
58. 5/3 = /100 — , x = 10cos@ 


59. Friction 
The forces acting on 
an object weighing 

W units on an 
inclined plane 
positioned at an 

angle of 6 with the 
horizontal (see figure) 
are modeled by 

uW cos 0 = Wsin 8, 
where p is the coefficient of friction. Solve the 
equation for » and simplify the result. 


W 


7 


fi 60. Rate of Change The rate of change of the function 
f(x) = secx + cosx is given by the expression 
sec x tan x — sin x. Show that this expression can also 
be written as sin x tan? x. 


Exploring the Concepts 


True or False? In Exercises 61-63, determine whether 
the statement is true or false. Justify your answer. 


61. sin @ csc 0 = 1 


63. The quotient identities and reciprocal identities can be 
used to write any trigonometric function in terms of sine 
and cosine. 


62. cos 8 secg = | 


64. Error Analysis Describe the error. 


sin 0 sin 0 


cos(—@)  —cos@ — =n x 


© fi 1photo/Shutterstock.com 


65. Writing Trigonometric Functions in Terms of 
Sine Write each of the other trigonometric functions 
of @ in terms of sin 0. 


66.\/ HOW DO YOU SEE IT? 
Explain how to use the 
figure to derive the 
Pythagorean identities 


Va2+b2 


sin? @ + cos? @ = 1, 


1 + tan? 0 = sec? 0, 
and 1 + cot? 6 = csc? 6. 


Discuss how to remember these identities and 
other fundamental trigonometric identities. 


67. Trigonometric Substitution Using the 
trigonometric substitution u=atan@, where 
—n/2 <0 < n/2 anda > 0, simplify the expression 
Jae + wv. 

68. Rewriting a Trigonometric Expression 
Rewrite the expression below in terms of sin @ and 
cos @. 


sec O(1 + tan @) 
sec 0 + csc 0 


= Video solutions at 
Review & Refresh |» LarsonPrecalculus.com 


Multiplying or Dividing Rational Expressions In 
Exercises 69-72, perform the multiplication or division 
and simplify. 


x x? — 16 x-1 x+x 
69. . 70. ——— > 
x+4 2x x7>+ 3x x-1 
12 - 2— Ay +1 
1. ee: 3 72. * w=) x 


w—-—x xt x? e+e +1 30 — bx 


Completing the Square In Exercises 73-76, solve the 
quadratic equation by completing the square. 

73. x7 + 6x — 16=0 74, x7 —2x-4=0 

75. 2x7 — 12x + 3 =0 76. —4x? + 8x +5=0 
Sketching the Graph of a Sine or Cosine Function 
In Exercises 77-80, sketch the graph of the function. 
(Include two full periods.) 

78. y = sin(zx/2) 

80. y = 2 cos(3x/2) + 2 


77. y = —S5cosx 
79, y = 3 sin(2x) 


Factoring with Variables in the Exponents In 
Exercises 81 and 82, factor the expression as completely 
as possible. 


81. x2” — y" 82. x9" + y” 
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2.2 Verifying Trigonometric Identities 


Trigonometric identities enable 
you to rewrite trigonometric 
equations that model real-life 
situations. For example, in 
Exercise 51 on page 223, 
trigonometric identities can help 
you simplify an equation that 
models the length of a shadow 
cast by a gnomon (a device 
used to tell time). 


legal 


GO DIGITAL 


© Verify trigonometric identities. 


Verifying Trigonometric Identities 


In the preceding section, you used identities to rewrite trigonometric expressions in 
equivalent forms. In this section, you will study techniques for verifying trigonometric 
identities. In the next section, you will study techniques for solving trigonometric 
equations. The key to both verifying identities and solving equations is your ability 
to use the fundamental identities and the rules of algebra to rewrite trigonometric 
expressions. 

Remember that a conditional equation is an equation that is true for only some of 
the values in the domain of the variable. For example, the conditional equation 


sinx = 0 Conditional equation 
is true only for 
xX = NIT 


where n is an integer. When you are finding the values of the variable for which the 
equation is true, you are solving the equation. 

On the other hand, an equation that is true for all real values in the domain of the 
variable is an identity. For example, the familiar equation 


sin?x = 1 — cos* x Identity 


is true for all real numbers x. So, it is an identity. 

Although there are similarities, verifying that a trigonometric equation is an 
identity is quite different from solving an equation. There is no well-defined set of 
tules to follow in verifying trigonometric identities. The process is best learned through 
practice. 


Guidelines for Verifying Trigonometric Identities | 


1. Work with one side of the equation at a time. It is often better to work with 
the more complicated side first. 


2. Look for opportunities to factor an expression, add fractions, or create a 
denominator with a single term. 


3. Look for opportunities to use the fundamental identities. Note which 
functions are in the final expression you want. Sines and cosines pair up well, 
as do secants and tangents, and cosecants and cotangents. 


4. When the preceding guidelines do not help, try converting all terms to sines 
and cosines. 


5. Always try something. Even making an attempt that leads to a dead end can 
provide insight. 


Verifying trigonometric identities is a useful process when you need to convert a 
trigonometric expression into a form that is more useful algebraically. When you verify 
an identity, you cannot assume that the two sides of the equation are equal because 
you are trying to verify that they are equal. As a result, when verifying identities, you 
cannot use operations such as adding the same quantity to each side of the equation or 
cross multiplication. 


© Leonard Zhukovsky/Shutterstock.com 
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EXAMPLE 1 Verifying a Trigonometric Identity 


29-1 
Verify the identity a = sin? 0. 


Solution The left side is more complicated, so start with it. 
Remember that an identity is 


only true for all real values sec’? @ — 1 _ tan’ 


Pythagorean identity 


in the domain of the variable. sec” 6 sec” 6 
For ASHES, in Example | = (tan? é) (cos? é) Reciprocal identity 
the identity is not true when 
= 20; sin? 0 
0 m/ 2 because sec* @ is = (cos*@) Quotient identity 
undefined when 0 = 7/2. cos’ O 
= sin? 6 Simplify. 


Notice that you verify the identity by starting with the left side of the equation (the more 
complicated side) and using the fundamental trigonometric identities to simplify it until 
you obtain the right side. 


a Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


., _... sin? 6 + cos? 6 
Verify the identity Te ae 1. a 


There can be more than one way to verify an identity. Here is another way to verify 
the identity in Example 1. 


sec?6—1 _ sec? @ 1 
eee = eon = eee A Write as separate fractions. 
= 1 — cos? 6 Reciprocal identity 
= sin? 0 Pythagorean identity 
Verifying a Trigonometric Identity 
1 1 


Verify the identity 2 sec* a l—sinan 1+sina 


Algebraic Solution Numerical Solution 
Because the right side is more complicated, start with it. Use a graphing utility to create a table 
: F that shows the values of = 2/cos? 
1 1 1+ sina + 1-— sina : M1 is 2 
qe 4 =< =i aaa ‘Rad fracas, and y, =[1/(1 — sinx)] + [1/(1 + sin x)] 
ene ae alae _ for different values of x. 
2 ali 
= a) Simplify. Y1 Y2 
1 — sin* a 2. 2. 
2. 2. 
2 2 
= 2 Pythagorean identity ee: a 
COs” & 3. 3. 
6. 6. 
= 2 sec? a Reciprocal identity 


The values in the table for y, and y, appear 
to be identical, so the equation appears to be 
an identity. 


Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


1 é 1 a 
1—cosB 1+ cosf GO DIGITAL 


Verify the identity 2 csc? B = 
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EXAMPLE 3 Verifying a Trigonometric Identity 


Verify the identity (tan? x + 1)(cos?.x — 1) = —tan? x. 
Algebraic Solution Graphical Solution 
The left side is more complicated, so start with it by applying Pythagorean 2 


identities before multiplying. | y= (tan? x + 1)(cos? x — 1) 


(tan? x + 1)(cos? 5 aes 1) ae (sec? x)(- sin? x) Pythagorean identities -20 
sin? x ee: 
=> 3 Reciprocal identity 
COS* xX 
sin x \? 
— = Property of exponents 
COS x The graphs appear to coincide, so the 
peas iven equation appears to be an identity. 
= —tan? x Quotient identity g q PP y 


i Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Verify the identity (sec? x — 1)(sin?.x — 1) = —sin? x. 


EXAMPLE 4 Converting to Sines and Cosines 


Verify each identity. 
a. tan x csc x = sec x 


b. tan x + cot x = sec x csc x 
Solution 


a. Convert the left side into sines and cosines. 


sinx 1 ae 
tan x csc x = os Quotient and reciprocal identities 
cosx six 
1 — 
a Simplify. 
COS X 
= sec x Reciprocal identity 


b. Convert the left side into sines and cosines. 


sinx | cosx bes ts 
tan x + cot x at Quotient identities 


COs x sin x 


sin? x + cos? x 


= a Add fractions. 
COs x SIN Xx 
1 . . 
= ae Pythagorean identity 
cos xX SIN X 
1 1 


cosx sinx 


Product of fractions 


= sec x CSC xX Reciprocal identities 
” Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Verify each identity. 


a. cot x sec x = csc x 


b. csc x — sinx = cos x cot x |_| 


as 
GO DIGITA 
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» SKILLS REFRESHER Recall from algebra that rationalizing the denominator using conjugates is, on 
occasion, a powerful simplification technique. A related form of this technique works 


For a refresher on rationalizing a for simplifying trigonometric expressions as well. For example, to simplify 


denominator, watch the video at 
LarsonPrecalculus.com. 1 
1 — cos x 


multiply the numerator and the denominator by | + cos x. 


1 7 1 ee 
1—cosx 1-—cosx\1l + cosx 
_ 1+cosx 
1 — cos? x 
_ 1+ cosx 
sin? x 


csc? x(1 + cos x) 

The expression csc? x(1 + cos x) is considered a simplified form of 
a 
1 — cosx 


because csc? x(1 + cos x) does not contain fractions. 


EXAMPLE 5 Verifying a Trigonometric Identity 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


, : : COs x 
Verify the identity sec x + tan x = ———_. 
1 — sinx 


Algebraic Solution Graphical Solution 


Begin with the right side and create a denominator with a single term by 


marae . : y, =secx + tanx 
multiplying the numerator and the denominator by | + sin x. 


COs x cos Xx 1 + sin *) Multiply numerator and 
1 — sinx 1—sinx \1 + sinx denominator by (1 + sin x). In on 
: 2 2 
cos x + COs x sin x : 
= a) Multiply. 
1 — sin* x 
—5 


cos x + cos x sin x ee 
= Pythagorean identity 


2 
cOs* x — 
The graphs appear to coincide, 

cos x cos x sin x so the given equation 
a Write as separate fractions. : ; 

cos? x vee P appears to be an identity. 

1 sin x a 

= + Simplify. 

COS X COS X 
= secx + tanx Identities 


S Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


‘ ; : sin x 
Verify the identity csc x + cot x = ———_. a 
1 — cos x 


In Examples | through 5, you have been verifying trigonometric identities by 
working with one side of the equation and converting it to the form given on the 
ces other side. On occasion, it is practical to work with each side separately to obtain one 
GO DIGITAL common form that is equivalent to both sides. This is illustrated in Example 6. 
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Working with Each Side Separately 


cot? 0 1 — sin 0 
Verify the identit = ; 
y YT + csc é sin 0 
Algebraic Solution Numerical Solution 
Working with the left side, you have Use a graphing utility to create a table that shows the 
values of 
cot? 8 csc? 9 — 1 an a 
= t! t . 
1+csc@ 1+ cscd ia _ cot? x _ 1 sinx 
1 T+ ese x at = sin x 
csc 8 — 1 
= ( eee Factor. . 
L+escd for different values of x. 
=csc@ — l. Simplify. z 7 7 
Now, simplifying the right side, you have Soe ee rgesleecare Texas tory 
i) ERROR | ERROR and y, appear to 
uel : 25 13.042 | 3.042 identi 
1 — sin @ _ L. . sin 0 ae as Seeeeuliacceee eae so the 
sin 0 sin@  sin@ . 25 46705 | .46705 equation appears 
= GE eles to be an identity. 


This verifies the identity because both sides are equal to csc 6 — 1. 
A Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


tan? i= 
Verify the identity i aot 0. a 


Example 7 shows powers of trigonometric functions rewritten as more complicated 
sums of products of trigonometric functions. This is a common procedure used in 
calculus. 


EXAMPLE 7 Two Examples from Calculus mf 


Verify each identity. 


a. tan+ x = tan? x sec? x — tan? x b. csc* x cot x = csc? x(cot x + cot? x) 
Solution 
a. tant x = (tan? x) (tan? x) Write as separate factors. 
= tan? x(sec? x — 1) Pythagorean identity 
= tan? x sec? x — tan? x Multiply. 
b. csc* x cot x = csc? x csc? x cot x Write as separate factors. 
= csc? x(1 + cot? x) cot x Pythagorean identity 
= csc? x(cot x + cot? x) Multiply. 


i Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Verify each identity. 


a. tan? x = tan x sec? x — tanx b. sin? x cost x = (cos+x — cos®x) sinx Wi 


Summarize (Section 2.2) 


1. State the guidelines for verifying trigonometric identities (page 217). For 
examples of verifying trigonometric identities, see Examples 1-7. 


and 
GO DIGITAL 
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2.2 Exercises 


See CalcChat.com for tutorial help and worked-out solutions Cate, 
to odd-numbered exercises. ov hs 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


ae 
GO DIGITAL 


1. An equation that is true for all real values in the domain of the variable is an 


2. An equation that is true for only some values in the domain of the variable is a 


3. Explain why a graphical or numerical solution is not sufficient to verify a trigonometric identity. 


4. Explain how an attempt to verify a trigonometric identity that leads to a dead end can provide insight. 


Skills and Applications 


Verifying a Trigonometric Identity In Exercises 
5-14, verify the identity. 
5. tantcott = 1 


tan x cot x 
6. ———— = sec x 
cos x 


7. 1 + sin? a = 2 — cos*a 
8. cos? 6 — sin? 8 = 2 cos? B — 1 
9. cos* 8 — sin? B = 1 — 2 sin’ B 


10. sin? a — sin* « = cos? a — cos* a 
1 . 
11. tan 2 — a) sin 8 = cos 8 


cos(z/2 — x) 


oe sin(/2 — x) 


[cot(z/2 — x)] = tan? x 
13. sin rese( 2 = ) = tant 


14. sec” y — cot - = 1 

Verifying a Trigonometric Identity In Exercises 
15-20, verify the identity algebraically. Use the table 
feature of a graphing utility to check your result 
numerically. 


1 1 
15. + = tanx + cotx 
tan x cot x 
1 1 
16. —— - = cscx — sinx 
sinx  cscx 
1 + sin @ cos 8 
17. + ; = 2 sec 0 
cos @ 1+ sin@ 
cos @ cot 8 
18. , — 1=cscé 
1 — sin @ 
u u 2 csc x cot 
F =— x cot x 
cosx + | cosx — 1 
cos x sin x COS x 
20. cos x — 


1 —tanx sinx — cosx 


Verifying a Trigonometric Identity In Exercises 
21-26, verify the identity algebraically. Use a graphing 
utility to check your result graphically. 


21. sec? ycosy = sec*y 22. cot? y(sec? y — 1) = 1 


2 3 
= = sin 6 tan @ 24, FF = cos t(csc* t — 1) 
sec 0 csc t 
2, 
5 agg 
tan B tan B 
sec@ — 1 
a 1—cos@ | eee 


Converting to Sines and Cosines In Exercises 
27-32, verify the identity by converting the left side into 
sines and cosines. 


cot?¢ 1 — sin’t 


27. : 
csc t sin ¢ 


28. cos x + sin x tan x = sec x 
29. sec x — cos x = sin x tan x 
30. cot x — tanx = sec x(csc x — 2 sin x) 


cot x tan x 
31. + 


= secx + csc x — sinx — cosx 
sec x  cscx 


csc(— x) 1 
sec(— x) . tan(— x) 


32. = —2cotx 


Verifying a Trigonometric Identity In Exercises 
33-38, verify the identity. 

33. sin!/? x cos x — sin5/? x cos x = cos? x,/sin x 

34. sec® x(sec x tan x) — sec* x(sec x tan x) = sec® x tan? x 
35. (1 + sin y)[1 + sin(—y)] = cos? y 


tan x + tany cotx + coty 


36. = 
1 — tanxtany 


37 1+sind_ 1+ sind 
“NN 1- sin@ |cos 6| 


sin x — siny 
cos x + cosy 


cotxcoty — 1 


cos x — cos y 


sinx + sin y 
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f Verifying a Trigonometric Identity In Exercises 
39-42, verify the identity. 

39. tan> x = tan? x sec? x — tan? x 

40. sec* x tan? x = (tan? x + tan* x)sec? x 

41. cos? x sin? x = (sin? x — sin* x)cos x 


42. sint x + cos+x = 1 — 2 cos?.xx + 2cos* x 


PE Determining Identities In Exercises 43-46, (a) use 


a graphing utility to graph each side of the equation 
to determine whether the equation appears to be an 
identity, (b) use the fable feature of the graphing utility 
to determine whether the equation appears to be an 
identity, and (c) determine whether the equation is an 
identity algebraically. 


43. (1 + cot? x)(cos? x) = cot? x 


sin x — COS x 


44, csc x(csc x — sin.x) + + cot x = csc? x 


sin x 
45. 2 + cos? x — 3 cost x = sin? x(3 + 2 cos? x) 
46. tan*+ x + tan? x — 3 = sec? x(4 tan? x — 3) 


Verifying a Trigonometric Identity In Exercises 
47-50, verify the identity. 


47. tan(sin~' x) = a= 48. cos(sin-! x) = /1 — 2 
—]1 x—-—1 
49. tan( sin! z = 
4 /i6 =G@= 1? 
ae 3 7 /4 — (x + 1)? 
50. tan( cos 5) ea 


51. Shadow Length 
The length s of a shadow cast by a gnomon 
(a device used to tell time) 
of height / when the 
angle of the sun 
above the horizon 

is @ can be modeled 
by the equation 


h sin(90° — @) 
$= 
sin 6 
0° < 6 < 90°. 
(a) Verify that s = A cot @. 


(b) Use a graphing utility to create a table of the 
lengths s for different values of 0. Let h = 5 feet. 


? 


(c) Use your table from part (b) to determine the 
angle of the sun that results in the minimum 
length of the shadow. 


(d) What time of day do you think it is when the 
angle of the sun above the horizon is 90°? 


© Leonard Zhukovsky//Shutterstock.com 
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LJ 52. Rate of Change The rate of change of the function 


f(x) = sinx+cscx is given by the expression 
cos x — csc x cot x. Show that the expression for the 
rate of change can also be written as — cos x cot? x. 


Exploring the Concepts 


True or False? In Exercises 53 and 54, determine 
whether the statement is true or false. Justify your 
answer. 


53. (1 + csc x)(1 — esc x) = —cot x? 


54. There can be more than one way to verify a trigonometric 
identity. 


55. Error Analysis Describe the error. 


+ cot(—x) = cotx + cotx = 2 cotx x 


tan x 


56. HOW DO YOU SEE IT? Explain how to 
use the figure to verify the identity 


sec? 9 — 1 a 
seceO : . a 
given in Example 1. Db, a 
b 


L 


57. Think About It Explain why tan @ = \/sec? 6 — 1 
is not an identity, and find one value of the variable for 
which the equation is not true. 


Video solutions at 


Review & Refresh » LarsonPrecalculus.com 


58. Angle of Elevation The height of an outdoor 
basketball backboard is De feet, and the backboard 
casts a shadow 17 feet long. 


(a) Draw a right triangle that gives a_ visual 
representation of the problem. Label the known 
and unknown quantities. 


(b) Use a trigonometric function to write an equation 
involving the unknown angle of elevation. 


(c) Find the angle of elevation. 
Solving an Equation In Exercises 59-62, solve the 
equation. 


59. x? — 15x — 34=0 
6h Ge S64 


60. 4x7 — 5x -9 =0 
62. (x — 11)? = 32 


Solving for 6 In Exercises 63 and 64, find two 
solutions of each equation. Give your answers in degrees 
(0° < 6 < 360°) and in radians (0 < @ < 27). Do not use 
a calculator. 
63. (a) sind = 0 

(b) sin@ = \/2/2 


64. (a) cos@ = —1/2 
(b) sec 6 = 2,/3/3 
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2.3 Solving Trigonometric Equations 


Trigonometric equations have 
many applications in circular 
motion. For example, in 

Exercise 94 on page 234, you will 
solve a trigonometric equation to 
determine when a person riding 
a Ferris wheel will be at certain 
heights above the ground. 


GO DIGITAL 


© Use standard algebraic techniques to solve trigonometric equations. 
© Solve trigonometric equations of quadratic type. 

© Solve trigonometric equations involving multiple angles. 

© Use inverse trigonometric functions to solve trigonometric equations. 


Introduction 


To solve a trigonometric equation, use standard algebraic techniques (when possible) 
such as collecting like terms, extracting square roots, and factoring. Your preliminary 
goal in solving a trigonometric equation is to isolate the trigonometric function on one 
side of the equation. For example, to solve the equation 2 sin x = 1, divide each side 
by 2 to obtain sin x = i. To solve for x, note in Figure 2.1 that the equation sin x = 4 
has solutions x = 2/6 and x = 57/6 in the interval [0, 277). Moreover, because sin x 
has a period of 27, there are infinitely many other solutions, which can be written as 


1 Sa 
x= 6 + 2nn and x= rs + 2nt General solution 


where n is an integer. The solutions when n = +1 and n = 0 are shown in Figure 2.1. 


Figure 2.1 


Another way to show that the equation sin x = , has infinitely many solutions is 
shown in the figure below. Any angles that are coterminal with 7/6 or 57/6 are also 
solutions of the equation. 


sin (Pz + 2nn) = 5 sin( Z + 2nn) = 


Nie 


When solving some trigonometric equations, you will be able to find exact 
solutions because the angles involved are special angles. When solving more general 
trigonometric equations, you may need to write the solution using inverse trigonometric 
functions or a calculator. 


©iStockphoto/MirasWonderland 
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EXAMPLE 1 Collecting Like Terms 


Solve sinx + /2 = —sinx. 
Solution 


Begin by isolating sin x on one side of the equation. 


sin x + a = —sinx Write original equation. 
sinx + sinx + J2 =0 Add sin x to each side. 
sinx + sinx = — af? Subtract ./2 from each side. 
2 sinx = — Jo Combine like terms. 
; ff 
sinx = — oa Divide each side by 2. 


The period of sinx is 27, so first find all solutions in the interval [0, 27). These 
solutions are x = 52/4 and x = 77/4. Finally, add multiples of 27 to each of these 
solutions to obtain the general solution 


51 71 
x= r" + 2nn and x= = + 2nt General solution 


where n is an integer. 
i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve sinx — /2 = —sinx. 


EXAMPLE 2 Extracting Square Roots 


Solve 3 tan?x — 1 = 0. 
Solution 


Begin by isolating tan x on one side of the equation. 


3tan*x-1=0 Write original equation. 
Dae: je F 
When you extract square roots, 3 tan’ x = 1 Add I to each side. 
make sure you account for 1 
sais : Dede a a i 
both the positive and negative tan’ x = 3 Divide each side by 3. 
solutions. 
1 
tan x = “TB Extract square roots. 
V3 — 
tan x = 3. Rationalize the denominator. 


The period of tan x is 7, so first find all solutions in the interval [0, 77). These solutions 
are x = 2/6 and x = 57/6. Finally, add multiples of 7 to each of these solutions to 
obtain the general solution 


1 51 
x= 6 +nt and x= — + nt General solution 


where n is an integer. 
i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve 4 sin? x — 3 = 0. | 


ri 
ard 
GO DIGITAL 
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The equations in Examples | and 2 involved only one trigonometric function. 
When two or more functions occur in the same equation, collect all terms on one side 
and try to separate the functions by factoring or by using appropriate identities. This 
may produce factors that yield no solutions, as illustrated in Example 3. 


EXAMPLE 3 Factoring 


Solve cot x cos? x = 2 cot x. 


Solution Begin by collecting all terms on one side of the equation and factoring. 


cot x cos? x = 2 cot x Write original equation. 
cot x cos*.x — 2cotx = 0 Subtract 2 cot x from each side. 
cot x(cos? x — 2) = 0 Factor. 


Setting the first factor equal to zero, you obtain the equation 
cot x = 0. Set first factor equal to 0. 


In the interval (0, 7), the equation cot x = 0 has the solution x = 1/2. Setting the 
second factor equal to zero, you obtain 


cos?x —-2=0 Set second factor equal to 0. 
cos? x = 2 Add 2 to each side. 
cosx = = es 2 Extract square roots. 


No solution exists for cos x = ey 2 because oe 2 are outside the range of the 
cosine function. The period of cot x is 2, so add multiples of 2 to x = 2/2 to get the 
general solution 


1 
x= > + nt General solution 
where n is an integer. The solutions when n = —2, —1, 0, and | are 
31 1 1 4 37 
x=-a, X= -t X= and X= — 
2 2 2 2 


respectively. Notice that these solutions correspond to the x-intercepts of the graph of 
y = cot x cos? x — 2 cot x, as shown below. 


> X 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
| 
T 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


| 
Sse osensaaseiesseoeSesees 


\ 


y =cot x cos? x —2 cotx 


A Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve sin? x = 2 sin x. |_| 
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Equations of Quadratic Type 


Some trigonometric equations are of quadratic type ax* + bx + c = 0. Two examples, 
one in sine and one in secant, are shown below. To solve equations of this type, factor 
the quadratic or, when factoring is not possible, use the Quadratic Formula. 


Quadratic in sin x Quadratic in sec x 
2 sin? x — sinx -1=0 sec?x — 3secx -2=0 
2(sin x)? — (sinx) - 1 =0 (sec x)? — 3(secx) - 2 =0 


EXAMPLE 4 Solving an Equation of Quadratic Type 


Find all solutions of 2 sin? x — sinx — 1 = 0 in the interval [0, 27). 


Algebraic Solution Graphical Solution 


Treat the equation as quadratic in sin x and factor. 


y=2sin2x—sin x - 1] 


2 sin? x — sinx -1=0 Write original equation. 
. . The x-intercepts are 
+ -l= 
(2sinx + 1)(sinx — 1) =0 Factor x= 1571, x= 3.665, 
Setting each factor equal to zero, you obtain the following and x = 5.760. 


solutions in the interval [0, 27). 


2sinx+1=0 or sinx—-1=0 
sin x = a ene Use the x-intercepts to conclude that the approximate solutions 
2 of 2 sin? x — sinx — 1 = O in the interval [0, 271) are 
ic WINE = i Tn lin 
ae ae aes x ~ 1.571 =~ ae 3.665 ~ rr and x ~ 5.760 ~ 6. 


Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find all solutions of 2 sin? x — 3 sinx + 1 = 0 in the interval [0, 27). 


EXAMPLE 5 Rewriting with a Single Trigonometric Function 
Solve 2 sin? x + 3cosx — 3 = 0. 


Solution This equation contains both sine and cosine functions. Rewrite the 
equation so that it has only cosine functions by using the identity sin*x = 1 — cos? x. 


2sin*x + 3cosx —-3=0 Write original equation. 
2(1 — cos? x) + 3cosx — 3 = 0 Pythagorean identity 
—2cos*x + 3cosx—-1=0 Combine like terms. 
2cos*x — 3cosx+1=0 Multiply each side by — 1. 
(2cosx — 1)(cosx — 1) =0 Factor. 


Setting each factor equal to zero, you obtain the solutions x = 0, x = 2/3, and x = 52/3 
in the interval [0, 271). Because cos x has a period of 271, the general solution is 


1 51 
x=2nt, x= 3 + 2nn, and x= 3 + 2nn General solution 


where n is an integer. 


7) 
ra VY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
r, 


a 


Inlie ec, te heh . 
GO DIGITAL Olve 5 sec* x tan- x = 0. 
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In some cases, after squaring 
each side, you can rewrite a 
trigonometric equation using 
the Pythagorean identities 


sin? x + cos?x = 1 
tan?x + 1 = sec? x 
or 


cot?.x + 1 = csc? x. 


GO DIGITAL 


In some cases, you can square each side of an equation to obtain an equation of 
quadratic type, as demonstrated in the next example. This procedure can introduce 
extraneous solutions, so check any solutions in the original equation to determine 
whether they are valid or extraneous. 


EXAMPLE 6 Squaring and Converting to Quadratic Type 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Find all solutions of cos x + 1 = sin x in the interval [0, 27r). 


Solution It is not clear how to rewrite this equation in terms of a single trigonometric 
function. Because the squares of the sine and cosine functions are related by a 
Pythagorean identity, try squaring each side of the equation and then rewriting the 
equation so that it has only cosine functions. 


cosx + | = sinx Write original equation. 
cos* x + 2cosx + 1 = sin? x Square each side. 
cos? x + 2cosx + 1 = 1 — cos? x Pythagorean identity 
cos* x + cos?x + 2cosx +1—1=0 Rewrite equation. 
2 cos*x + 2cosx =0 Combine like terms. 
2 cos x(cosx + 1) = 0 Factor. 


Set each factor equal to zero and solve for x. 


2cosx = 0 or cosx+1=0 

cos x = 0 cosx = —1 
Meas = 
Le 5 x= 


Because you squared the original equation, check for extraneous solutions. 


Check x = = 


2 
1 2° oe 1 
cos — + 1 = sin — Substitute = for x. 
2 2 2 
Oo+1=1 Solution checks. V 
377 
Check x = — 
2 
37 ? . 3n 3n 
cos — + 1 = sin — Substitute — for x. 
2 2 3 
0o+14-I1 Solution does not check. 
Check x = 7 
9 
cos z + 1 = sinz Substitute 7 for x. 
-1+1=0 Solution checks. 


Of the three possible solutions, x = 37/2 is extraneous. So, in the interval [0, 27), the 
only two solutions are x = 1/2 and x = 7. 


yf Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find all solutions of sin x + 1 = cos x in the interval [0, 27). | 
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Equations Involving Multiple Angles 


The next two examples involve trigonometric functions of multiple angles of the forms 
cos ku and tan ku. To solve equations involving these forms, first solve the equation for 
ku, and then divide your result by k. 


EXAMPLE 7 Solving an Equation Involving a Multiple Angle 
Solve 2 cos 3t — 1 = 0. 


Solution 
2cos 3t-— 1=0 Write original equation. 
2 cos 3t = 1 Add | to each side. 
cos 3t = ; Divide each side by 2. 


In the interval [0, 27), you know that 3t = 1/3 and 3t = 5z/3 are the only solutions, 
so, in general, you have 


1 51 
3t= >+2nn and 3t = = + 2nn. 
3 3 
Dividing these results by 3, you obtain the general solution 
t=-~+—— and t=—+—— General solution 


where n is an integer. 
SY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve 2 sin 2t — \/3 = 0. 


EXAMPLE 8 Solving an Equation Involving a Multiple Angle 


xX 
3 tan 2 +3=0 Original equation 
x 
3 tan 2 =-3 Subtract 3 from each side. 
x 
tan 2 =-1 Divide each side by 3. 
In the interval [0, 2), you know that x/2 = 37/4 is the only solution, so, in general, 
you have 
x 3n 
— = + nq. 
2 4 


Multiplying each side by 2, you obtain the general solution 
3m 


x = — + 2nt General solution 


2 


where n is an integer. 


f Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve 2 tan > —2=0. |_| 


Read 
GO DIGITAL 
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Figure 2.2 


[y= sin?.x +6 sin x—2] 
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Using Inverse Functions 


EXAMPLE 9 Using Inverse Functions 


sec? x — 2tanx =4 Original equation 
1+ tan?x — 2tanx-—4=0 Pythagorean identity 
tan? x — 2tanx —3 =0 Combine like terms. 
(tanx — 3)(tanx + 1) =0 Factor. 


Setting each factor equal to zero, you obtain two solutions in the interval (— 1/2, 1/2). 
[Recall that the range of the inverse tangent function is (— 2/2, 2/2).] 


x =arctan3 and x = arctan(—1) = —7/4 
Finally, tan x has a period of 7, so add multiples of 7 to obtain 
x=arctan3 +na and x =(—-72/4) + nn General solution 


where n is an integer. You can use a calculator to approximate the value of arctan 3. 
A Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve 4 tan? x + 5tanx — 6 = 0. 


VNB Set) §6Using the Quadratic Formula 


Find all solutions of sin? x + 6 sinx — 2 = 0 in the interval [0, 27). 


Solution The equation is quadratic in sin x, but it is not factorable. Use the Quadratic 
Formula with a = 1, b = 6, andc = —2. 


—6 + /e — 4(1)(—2) 


sin x = 7 (1) Quadratic Formula 
' —6+ //44 
sn x = ————_ Simplify. 
2 
—-6+2/11 
siny = “0 2NT Je JO = f2 1 =o it 
snx = —-3+ J 11 Divide out common factor 2. 
The range of the sine function is [— 1, 1]. So, sinx = —3 + af 11 = 0.3 has a solution, 


whereas sinx = —3 — \/11 ~ —6.3 does not. To solve sinx = —3 + /11, use a 
calculator and the inverse sine function to obtain 


x= arcsin(—3 a J/11) = 0.3222. Use a calculator. 
Because sin x = —3 + ./11 is positive, the angle x must lie in Quadrant I or Quadrant 


II. So, the solutions of sin? x + 6 sin x — 2 = 0 in the interval [0, 27) are 
x ~ 0.3222 and x =m — arcsin(—3 + \/T1) ~ 2.8194, 


Check this with a graphing utility by graphing y = sin? x + 6 sin x — 2 and then 
identifying the x-intercepts in the interval [0, 271), as shown in Figure 2.2. 


SY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find all solutions of sin? x + 2 sinx — 1 = 0 in the interval [0, 27). |_| 
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> O\V I ESeh §=Surface Area of a Honeycomb Cell 


The surface area S (in square inches) of a honeycomb 
cell is given by 


rN 
S = 6hs + 1se(-Bae8) 0 <6 < 90° 
sin 8 

where = 2.4 inches, s = 0.75 inch, and @ is the angle aod; 
shown in the figure at the right. What value of 0 gives es 
the minimum surface area? 
Solution 

. ‘a5 . Y i 
Letting h = 2.4 and s = 0.75, you obtain 5=0.75 an 


= 108 + osss7s( A= 88) 
sin 0 


Graph this function using a graphing utility set in degree mode. Use the minimum 
feature to approximate the minimum point on the graph, as shown in the figure below. 


y = 10.8 + 0.84375 


ee — cos i 


sin x 


14 


/ 


OQ (X=54.735623 __Y=11.993243_, 
11 


150 


So, the minimum surface area occurs when @ ~ 54.7356°. By using calculus, it can be 
shown that the exact minimum surface area occurs when @ = arccos (1/ ms 3). 


Jf Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use the equation for the surface area of a honeycomb cell given in Example 11 with 
h = 3.2 inches and s = 0.75 inch. What value of @ gives the minimum surface area? 


|_| 
Summarize (Section 2.3) 


1. Explain how to use standard algebraic techniques to solve trigonometric 
equations (page 224). For examples of using standard algebraic techniques 
to solve trigonometric equations, see Examples 1-3. 


2. Explain how to solve a trigonometric equation of quadratic type (page 227). 
For examples of solving trigonometric equations of quadratic type, see 
Examples 4-6. 


3. Explain how to solve a trigonometric equation involving multiple angles 
(page 229). For examples of solving trigonometric equations involving 
multiple angles, see Examples 7 and 8. 


4. Explain how to use inverse trigonometric functions to solve trigonometric 
equations (page 230). For examples of using inverse trigonometric functions 

= to solve trigonometric equations, see Examples 9-11. 

Cel piel 

mesa 


wa 
ope 
GO DIGITAL 
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See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


2.3 Exercises 


Vocabulary and Concept Check 
In Exercises 1-4, fill in the blanks. 


1. When solving a trigonometric equation, the preliminary goal is to 


function on one side of the equation. 


2. The 
where n is an integer. 


Cito 


The equation 2 tan? x — 3 tanx + 1 = Oisa trigonometric equation of 


A solution of an equation that does not satisfy the original equation is an 


GO DIGITAL 


the trigonometric 


solution of the equation 2 sin@ + 1 = Ois @ = 2 + 2nn and @ = “ + 2nr, 


type. 
solution. 


5. Explain why x = 0 is not a solution of the equation cos x = 0. 


6. To solve tan x cos x = tan x, explain why you should not divide each side of the equation by tan x. 


Skills and Applications 


Verifying Solutions In Exercises 7-12, verify that 
each x-value is a solution of the equation. 


7. tanx— /3 =0 8. secx —-2=0 
@x=3 @x=3 
An Sa 
(b) x = 3 (b) x = 3 
9. 3 tan? 2x —-1=0 10. 2cos?4x —-1=0 
1 1 
(a) x= 45 @x=75 
Sa 3m 
(b) x= 45 (b) x= 76 
11. 2 sin? x — sinx —1=0 
1 71 
(ax=5 (b) x = 6 
12. csct x — 4csc? x = 0 
1 5a 
@x=— (b) x= 


Solving a Trigonometric Equation In Exercises 


13-30, solve the equation. 
13. /3cscx -2=0 
15. cosx + 1 = —cos x 
17. 3sec?x-—4=0 

19. 4cos?x —1=0 

21. sinx(sinx + 1) =0 


14, tanx + /3 =0 
16. 3sinx + 1 = sinx 
18. 3 cot?x-1=0 
20. 2 — 4sin?x =0 


22. (2 sin? x — 1)(tan?.x — 3) = 0 


23. cos?x — cosx = 0 
25. 3 tan? x = tanx 


27. sec?x — secx = 2 


24. sec?x -1=0 
26. sec xcsc x = 2.cscx 


28. csc?x + cscx = 2 


29. 2cos?x + cosx -1=0 


30. 2sin?x + 3sinx+1= 


0 


Solving a Trigonometric Equation In Exercises 
31-40, find all solutions of the equation in the interval 
[0, 27). 

31. sinx — 2 =cosx — 2 

32. cosx + sinxtanx = 2 

33. 2 sin? x = 2 + cosx 

34. tan? x = secx — 1 

35. sin’?x = 3 cos* x 

36. 2 sec*x + tan?x — 3 = 0 

37. 2sinx + cscx = 0 

38. 3 secx — 4cosx = 0 

39. cscx + cotx = 1 

40. secx + tanx = 1 


Solving an Equation Involving a Multiple Angle In 
Exercises 41-48, solve the multiple-angle equation. 


41. 2cos2x -1=0 42. 2sin2x + /3 =0 
43. tan3x-1=0 44. sec 4x —-2=0 


45. 2cos5 — /2=0 46. 2sin> + /3 = 0 


48. tan~ + 


5 3=0 


47. oon J/3=0 
Finding x-Intercepts In Exercises 49 and 50, find the 
x-intercepts of the graph. 


49. y=sin2+1 


5) 50. y = sin mx + cos mx 


y 
A, 
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+ Approximating Solutions In Exercises 51-60, use a + Approximating Maximum and Minimum Points 
graphing utility to approximate (to three decimal places) fi In Exercises 81-86, (a) use a graphing utility to graph 
the solutions of the equation in the interval [0, 27). the function and approximate the maximum and 
51. Ssinx +2=0 minimum points on the graph in the interval [0, 2n), 

and (b) solve the trigonometric equation and verify that 
52. 2 tanx +7 =0 its solutions are the x-coordinates of the maximum and 


53. sinx — 3cosx = 0 minimum points of f. (Calculus is required to find the 
54. sinx + 4cosx = 0 trigonometric equation.) 

55. cosx = x Function Trigonometric Equation 

56. tanx = cscx 81. f(x) = sin? x + cos x 2 sinx cos x — sinx = 0 
57. sec?x —-3 =0 82. f(x) = cos?x — sinx —2sinxcosx — cosx =0 
58. csc?x —-5 =0 83. f(x) = sinx + cos x cos x — sinx = 0 

59, 2tan?x = 15 84. f(x) = 2sinx + cos2x 2cosx — 4sinxcosx = 0 
60. 6 sin? x = 5 85. f(x) = sinx cos x —sin? x + cos? x = 0 


‘ ‘ 86. f(x) = secx + tanx — x secxtanx + sec*x = 1 
Using Inverse Functions In Exercises 61-72, solve F(x) 


the equation. Number of Points of Intersection In Exercises 87 
‘i he ae 1 SO and 88, use the graph to approximate the number of 


a enn eer points of intersection of the graphs of y, and y,. 


63. sec? x — 6tanx = —4 88. y, = oo 
64. sec?x + tanx = 3 y= xt 1 
65. 2 sin?x + 5cosx = 4 : 

66. 2.cos?x + 7sinx = 5 oii Y2 


67. cot?x —-9=0 

68. cot?x — 6cotx+ 5=0 
69. sec?x — 4secx = 0 

70. sec? x + 2secx -8=0 
71. csc?x + 3cscx-—4=0 


}+>x 


89. Harmonic Motion A weight is oscillating on the 
72. csc?x — Scscx = 0 end of a spring (see figure). The displacement from 
equilibrium of the weight relative to the point of 
equilibrium is given by y = ;5(cos 8f — 3 sin 8¢) where 
y is the displacement (in meters) and ¢ is the time (in 
seconds). Find the times when the weight is at the point 
of equilibrium (y = 0) forO < ¢ < 1. 


Using the Quadratic Formula In Exercises 73-76, 
use the Quadratic Formula to find all solutions of the 
equation in the interval [0,27). Round your result to 
four decimal places. 
73. 12 sin? x — 13sinx + 3=0 
74. 3tan?*x + 4tanx-—4=0 
75. tan?x + 3tanx+1=0 
76. 4cos*x — 4cosx-1=0 

a Approximating Solutions In Exercises 77-80, use a 


graphing utility to approximate (to three decimal places) 
the solutions of the equation in the given interval. 


2 =f mil 

le Dae e eS tan =O: >: "| F290. Damped Harmonic Motion The displacement 
78. cos?x — 2cosx-1=0, [0,2] from equilibrium ofa weight ete on the end of a 
spring is given by y = 1.56f—!/? cos 1.9t, where y is the 
79. 4cos?x —2sinx+1=0, |- ss 5 displacement (in feet) and f is the time (in seconds). Use 
22 a graphing utility to graph the displacement function for 
80. 2 sec? _ nm 1 0 = ¢ = 10. Find the time beyond which the distance 
a ee aa ae between the weight and equilibrium does not exceed 

1 foot. 
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91. Equipment Sales The monthly sales S (in 
hundreds of units) of skiing equipment at a sports store 
are approximated by 


S = 58.3 + 32.5 cos 


where f is the time (in months), witht = 1 corresponding 
to January. Determine the months in which sales exceed 
7500 units. 


92. Projectile Motion A baseball is hit at an angle of 
@ with the horizontal and with an initial velocity of 
Vo = 100 feet per second. An outfielder catches the ball 
300 feet from home plate (see figure). Find @ when the 
range r of a projectile is given by 


1 : 
r= 300 sin 20. 


Not drawn to scale 


. Meteorology The table shows the normal daily 
high temperatures C in Chicago (in degrees Fahrenheit) 
for month ft, with t= 1 corresponding to January. 
(Source: NOAA) 


Month, ¢ Chicago, C 
o 1 31.0 
: 2 35.3 
8 3 46.6 
E 4 59.0 
2 5 70.0 
= 6 79.7 
8 7 84.1 
3 8 81.9 
a 9 74.8 
10 62.3 
i 48.2 
12 34.8 


(a) Use a graphing utility to create a scatter plot of the 
data. 


(b) Find a cosine model for the temperatures. 


(c) Graph the model and the scatter plot in the same 
viewing window. How well does the model fit the 
data? 


(d) Use the graphing utility to determine the months 
during which the normal daily high temperature is 
above 72°F and below 72°F. 


©iStockphoto/MirasWonderland 


94. Ferris Wheel 


The height h (in feet) above ground of a seat on a 
Ferris wheel at time ¢ (in minutes) can be modeled by 


_{ a 1 
h(t) = 53 + 50 sin Z| 


The wheel makes 
one revolution 
every 32 seconds. 
The ride begins 
when t = 0. 


(a) During the first 
32 seconds of 
the ride, when 
will a person’s seat 
on the Ferris wheel be 53 feet above ground? 


(b) When will a person’s seat be at the top of the 
Ferris wheel for the first time during the ride? 
For a ride that lasts 160 seconds, how many 
times will a person’s seat be at the top of the 
ride, and at what times? 


95. Geometry The area of a rectangle inscribed in one 
arc of the graph of y = cos x (see figure) is given by 


A = 2xcosx, 0 <x < 7/2. 


ad (a) Use a graphing utility to graph the area function, 
and approximate the area of the largest inscribed 
rectangle. 


(b) Determine the values of x for which A = 1. 


96. Graphical Reasoning Consider the function 
f(x) = cos A 
‘ x 


and its graph, shown in the figure below. 


(a) What is the domain of the function? 


(b) Identify any symmetry and any asymptotes of the 
graph. 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


(c) Describe the behavior of the function as x 0. 


(d) How many solutions does the equation 


1 
cos—=0 
x 


have in the interval [—1, 1]? Find the solutions. 


(e) Does the equation cos(1/x) = 0 have a greatest 
solution? If so, then approximate the solution. If 
not, then explain why. 


AB 97. Graphical Reasoning Use a graphing utility to 


confirm the solutions found in Example 6 in two 
different ways. 


(a) Graph both sides of the equation and find the 
x-coordinates of the points at which the graphs 
intersect. 


Left side: y = cosx + 1 
Right side: y = sinx 

(b) Graph the equation y = cosx + 1 — sinx and 
find the x-intercepts of the graph. 


(c) Do both methods produce the same x-values? 
Which method do you prefer? Explain. 


98. Quadratic Approximation Consider the function 
f(x) = 3 sin(0.6x — 2). 
(a) Approximate the zero of the function in the 
interval [0, 6]. 
ad (b) A quadratic approximation agreeing with f at 
x = Sis 
g(x) = —0.45x? + 5.52x — 13.70. 


Use a graphing utility to graph f and g in the same 
viewing window. Describe the result. 


(c 


wm 


Use the Quadratic Formula to find the zeros of g. 
Compare the zero of g in the interval [0, 6] with 
the result of part (a). 


Fixed Point In Exercises 99 and 100, find the least 
positive fixed point of the function f. [A fixed point of a 
function f is a real number c such that f(c) = c.] 

99, f(x) = tan(2x/4) 

100. f(x) = cos x 


Exploring the Concepts 


True or False? In Exercises 101 and 102, determine 
whether the statement is true or false. Justify your 
answer. 


101. The equation 2 sin4t— 1 =0 has four times the 
number of solutions in the interval [0,27r) as the 
equation 2 sint — | = 0. 

102. The trigonometric equation sin x = 3.4 can be solved 
using an inverse trigonometric function. 
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103. Think About It Consider the equation 
2sinx— 1=0. Explain the similarities and 
differences between finding all solutions in the interval 
[0, 2/2), finding all solutions in the interval [0, 27), 
and finding the general solution. 


Omg) HOW DO YOU SEE IT? Explain how 


to use the figure to solve the equation 
2cosx—1=0. 


Video solutions at 


Review & Refresh |» LarsonPrecalculus.com 


Completing the Square In Exercises 105-108, solve 
the equation by completing the square. 
105. x7 — 4x = 8 106. 23 = 3(3x? — 10x) 

1 — 
x? + 2x — 20 

13 

=4 

4x? — 12x + 11 


107. 1 


108. 


Solving an Equation In Exercises 109-112, solve the 
equation. 
109. (x — 4)? = 4x 

=27 + oxn—4 


110. 5 x? 


2x +2—-—x7! 
= 


111. x2 + 2x = 
x 


112. ./7 — 3x = 2x 


Writing an Expression In Exercises 113-118, write 
an algebraic expression that is equivalent to the given 
expression. 


113. tan( arceos *) 114. sec (arctan *) 
x 


115. ese arceos ;) 116. cos{ aresin °) 
x x 


117. /4-— 2 tan( arosin *) 118. 1 — [sin (arccos 3x)]” 
Project: Meteorology To work an extended application 
analyzing the normal daily high temperatures in Phoenix, 


Arizona, and in Seattle, Washington, visit this text’s website 
at LarsonPrecalculus.com. (Source: NOAA) 
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2.4 Sum and Difference Formulas 


Sum and difference formulas are 
used to model standing waves, 
such as those produced ina 
guitar string. For example, in 
Exercise 82 on page 241, you will 
use a sum formula to write the 
equation of a standing wave. 


© Use sum and difference formulas to evaluate trigonometric functions, verify 
identities, and solve trigonometric equations. 
Using Sum and Difference Formulas 


In this section and the next, you will study the uses of several trigonometric identities 
and formulas. 


Sum and Difference Formulas | 


~ 
sin(u + v) = sinu cos v + cos u sin v 
sin(u — v) = sin u cos v — cos u sin v 
cos(u + v) = cos ucos vy — sin wu sin v 
cos(u — v) = cosucosv + sin usin v 


ve tan u + tanv 


tan u — tanv 
= tan(u — v) = 
1 — tan utanv 


~ 1+ tanutanv 


For a proof of the sum and difference formulas for cos(u + v), see Proofs in 
Mathematics on page 257. The other formulas are left for you to verify (see Exercises 
99 and 100). 

Examples 1 and 2 show how sum and difference formulas enable you to find 
exact values of trigonometric functions involving sums or differences of special angles. 


EXAMPLE 1 Evaluating a Trigonometric Function 


Find the exact value of sin a 


Solution Using the fact that 7/12 = 2/3 — 2/4 with the formula for sin(u — v) 
yields 


= sin 5 cos 4 — cos sin 7 
ea es 
_v6_ v2 
4 4 
J6- /2 


Check this result on a calculator by comparing its value to sin(/12) ~ 0.2588. 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the exact value of cos ar | 
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SY |4 
u 
a > xX 
5?-4? =3 
Figure 2.3 
y 
A 
V/ 132-127 =5 
4s 
| >x 
12 
Figure 2.4 
v2 1 
i 
1 
: J1-x? 
v 
x 
Figure 2.5 


GO DIGITAL 


2.4 Sum and Difference Formulas 237 


EXAMPLE 2 Evaluating a Trigonometric Function 


Find the exact value of cos 75°. 
Solution Use the fact that 75° = 30° + 45° with the formula for cos(u + v). 
cos 75° = cos(30° + 45°) 
= cos 30° cos 45° — sin 30° sin 45° 
ae) 
2 2 2\ 2 


Jé- Ji 


4 


Jf Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the exact value of sin 75°. 


EXAMPLE 3 Evaluating a Trigonometric Expression 


Find the exact value of sin(u + v) given sinu = 4/5, where 0 < u < 2/2, and 
cos v = — 12/13, where 17/2 < v < x. 


Solution Because sin u = 4/5 and u is in Quadrant I, cos u = 3/5, as shown in 
Figure 2.3. Because cos v = — 12/13 and v is in Quadrant II, sin v = 5/13, as shown 
in Figure 2.4. Use these values in the formula for sin(u + v). 


sin(u + v) = sinu cos v + cos u sin v 


4( 12\ 3/5 
#(-2) + 24) 


em 
65 65 
oe 
65 


VY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the exact value of cos(u + v) given sinu = 12/13, where 0 < u < 2/2, and 
cos v = —3/5, where 1/2 < v < z. 


ONES) =An Application of a Sum Formula 


Write cos(arctan 1 + arccos x) as an algebraic expression. 


Solution This expression fits the formula for cos(u + v). Figure 2.5 shows angles 
u = arctan | and v = arccos x. 


cos(u + v) = cos(arctan 1) cos(arccos x) — sin(arctan 1) sin(arccos x) 


| 

|- 
es 

] 
<x 
= 

| 
Ba 


Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Write sin(arctan 1 + arccos x) as an algebraic expression. a 
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EXAMPLE 5 Verifying a Cofunction Identity 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


HISTORICAL NOTE 


Verify the cofunction identity cos( 2 = x) = sin x. 


Solution Use the formula for cos(u — v). 


° 

° 

a 
> aia 
NIA 

| 

S 
el 

II 


1 we TE oe 
cos es + ae 


(0)(cos x) + (1)(sin x) 


Hipparchus, considered the sin x 


most important of the Greek 
astronomers, was born about Sf Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
190 B.c. in Nicaea. He is 
credited with the invention of 
trigonometry, and his work 
contributed to the derivation 
of the sum and difference 
sa ele + B) When one of the angles in a sum or difference formula is a multiple of 2/2 or 
and cos(A = B). 90°, such as sin(@ + 270°), the formula will reduce to a single-termed expression. The 
resulting formula is called a reduction formula because it reduces the complexity of 
the original expression, as shown in Example 6. 


EXAMPLE 6 Deriving Reduction Formulas 


Simplify each expression. 


a. cos( 4 - =) 


Verify the cofunction identity sin( x - m = —cos x. a 


2 
b. tan(@ + 37) 
Solution 


a. Use the formula for cos(u — v). 


3a 
cos(4 = =) 


cos 8 cos + sin 6 sin 


= (cos 0)(0) + (sin @)(—1) 
= —sin@ 
b. Use the formula for tan(u + v). 


tan 0 + tan 37 
1 — tan @ tan 37 


tan(@ + 32) = 


— tanéd+0 
~ 1 — (tan 6)(0) 


= tand 
Sf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Simplify each expression. 


. (3a 
a. sin( 5 a] 


b. tan(27 — 0) | 


GO DIGITAL 
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EXAMPLE 7 Solving a Trigonometric Equation 


Find all solutions of sin[x + (1/4)] + sin[x — (7/4)] = —1 in the interval [0, 27). 


Algebraic Solution Graphical Solution 


Use sum and difference formulas to rewrite the equation. T\.. 1 
[y=sin(x+ 4) + sin(x—F) + 1 | 


r 1 i . 7 is 1 ee AO il . 
sin x cos — + cos x Sin— + sin x cos — — cos x sin—= = — 
4 4 4 4 i 
. T The x-intercepts are 
2sinxcos 7 = —1 x ~ 3.927 and x= 5.498. 


: ft ° ero 
2(sin (2 =] X=5.9269908 _Y=0 
-1 
: 1 . 
sinx = — Va Use the x-intercepts of 
B y = sin[x + (1/4)] + sin[x — (/4)] + 1 
sin x = ie to conclude that the approximate solutions in the 
: interval [0, 27) are 
So, the solutions in the interval [0, 27) are x = Z and x = ua Sn In 
= 4 x= 3.927 =" — and x= 5.498 = — 
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Find all solutions of sin|x + (2/2)] + sin[x — (37/2)] = 1 in the interval [0, 27). 


The next example is an application from calculus. 


An Application from Calculus mf 


vo. _ 
Verify that sin(x » “ee (cos 9% *) — (sin (ee), where h # 0. 


Solution Use the formula for sin(u + v). 


sin(x + h) — sinx _ sinxcosh + cosxsinh — sinx 
h 7 h 


cos x sinh — sin x(1 — cos h) 
h 


(cos (2 *) — (sin y(—eret ae *) 


h 


“ff Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


ips 7 ; 
cos(x » COS X _ on (e4=1) — (sin (4), where h # 0. 


Verify that 


Summarize (Section 2.4) 


1. State the sum and difference formulas for sine, cosine, and tangent 
(page 236). For examples of using the sum and difference formulas to 
evaluate trigonometric functions, verify identities, and solve trigonometric 
equations, see Examples 1-8. 
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2.4 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


GO DIGI 


Vocabulary and Concept Check 
In Exercises 1-6, fill in the blank. 
1. sin(u — v) = 
3. tan(u + v) = 


5. cos(u — v) = 


2. cos(u + v) = 
4. sin(u + vy) = 
6. tan(u — v) = 


7. Rewrite sin(57/12) so that you can use a sum formula. 
8 


. Rewrite cos 15° so that you can use a difference formula. 


Skills and Applications 
Evaluating Trigonometric Expressions In Exercises 
9-12, find the exact value of each expression. 


(b) cos 7 + cos dd 


9. (a) cos( 2 + “ 


3 3 
(in 1 . 70 ae 
10. (a) sn( 6 =) (b) sin 6 sin 3 


11. (a) sin(135° — 30°) 
12. (a) cos(120° + 45°) 


(b) sin 135° — cos 30° 
(b) cos 120° + cos 45° 
Evaluating Trigonometric Functions In Exercises 


13-28, find the exact values of the sine, cosine, and 
tangent of the angle. 


lla 32 =f In ma 1 
3.7, =a t6 4.75-=377 

17x On Snr 1 ~ 
ae 4 6 ee ne ane 
17. 105° = 60° + 45° 18. 165° = 135° + 30° 
19, — 195° = 30° — 225° 20. 255° = 300° — 45° 
21. 137/12 22. 197/12 
23. —5n/12 24. —7n/12 
25. 285° 26. 15° 
27. — 165° 28. — 105° 


Rewriting a Trigonometric Expression In Exercises 
29-36, write the expression as the sine, cosine, or tangent 
of an angle. 

29. sin3 cos 1 — cos 3 sin 1 


30. cos = cos q — sin - sin - 


31. cos 130° cos 40° — sin 130° sin 40° 
32. sin 60° cos 15° + cos 60° sin 15° 
tan(7/15) + tan(27/5) 

1 — tan(/15) tan(27/5) 

35. cos 3x cos 2y + sin 3x sin 2y 


tan 1.1 — tan 4.6 
* 1+ tan 1.1 tan 4.6 


33. 34 


36. sin x cos 2x + cos x sin 2x 


Evaluating a Trigonometric Expression In 
Exercises 37—42, find the exact value of the expression. 


37. si 1 1 re m . 0 
. sin D COs 7 cos D sin] 
38. cos . cos a — sin : sin au 
: 16 16 16 16 


39. cos 130° cos 10° + sin 130° sin 10° 
40. sin 100° cos 40° — cos 100° sin 40° 
tan(97/8) — tan(z/8) 
* 1 + tan(9z/8) tan(z/8) 
tan 25° + tan 110° 
* 1 — tan 25° tan 110° 


41 


Evaluating a Trigonometric Expression In 
Exercises 43-48, find the exact value of the trigonometric 
expression given that sin u = -3, where 37/2 < u < 2z, 
and cos v = 45, where 0 < v < 7/2. 

44. cos(u — v) 

46. csc(u — v) 

48. cot(u + v) 


43. sin(u + v) 
45. tan(u + v) 
47. sec(v — u) 


Evaluating a Trigonometric Expression In 
Exercises 49-54, find the exact value of the trigonometric 
: : : 7 4 
expression given that sin u = — 5 and cos vy = —;. (Both 

u and v are in Quadrant III.) 

49. cos(u + v) 
51. tan(u — v) 
53. csc(u — v) 


50. sin(u + v) 

52. cot(v — u) 

54, sec(v — u) 

An Application of a Sum or Difference Formula In 
Exercises 55-58, write the trigonometric expression as 
an algebraic expression. 

55. sin(arcsin x + arccos x) 

56. sin(arctan 2x — arccos x) 

57. cos(arccos x + arcsin x) 


58. cos(arccos x — arctan x) 
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Verifying a Trigonometric Identity In Exercises 
59-66, verify the identity. 


59. sin( 2 _ x) = cos x 60. sin( 2 + x) = cos x 


61. sin( 2 + *) = (ae + ./3 sin x) 


6 2: 
62. cos( a x) =- V2 (cos x + sin x) 
4 2 
1 tan@ — 1 
eS; tan( 6 ‘) ~ tand +1 
1 1 — tan é 
64. tan(% — @) = Len 


65. cos(z — @) + sin( 2% + 0) =0 
66. cos(x + y) cos(x — y) = cos? x — sin? y 


Deriving a Reduction Formula _ In Exercises 67-70, 
simplify the expression. Use a graphing utility to confirm 
your answer graphically. 


67. cos( 32 = 6) 


5 68. sin(z + 6) 


69. eso( + 0) 70. cot(@ — 2) 


Verifying a Trigonometric Identity In Exercises 
71-74, verify the identity. 

71. cos(nm + 0) = (—1)"cos @, nis an integer 

72. sin(nn + 0) = (—1)"sin 6, nis an integer 


73. asin BO + bcos BO = \/a2 + b? sin(B@ + C), 
where C = arctan(b/a) and a > 0 


74. asin BO + bcos BO = \/a* + b* cos(B@ — C), 
where C = arctan(a/b) and b > 0 


Rewriting a Trigonometric Expression In Exercises 
75-78, use the formulas given in Exercises 73 and 74 to 
write the trigonometric expression in the following 
forms. 

(a) \/a? + b? sin(BO + C) 
(b) /a? + b? cos(BO — C) 
75. sin@ + cos @ 

77. 12 sin 30 + 5 cos 30 
78. sin 26 + cos 26 


76. 3 sin 20 + 4cos 20 


Rewriting a Trigonometric Expression In Exercises 
79 and 80, use the formulas given in Exercises 73 and 
74 to write the trigonometric expression in the form 
asin BO + b cos BO. 
79, 2 sin[@ + (7/4)] 
80. 5 cos[@ — (7/4)] 
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81. Harmonic Motion A weight is attached to a spring 
suspended vertically from a ceiling. When a driving 
force is applied to the system, the weight moves 
vertically from its equilibrium position, and this motion 
is modeled by 


1 1 
y = 3 sin 2t + 7 cos 2 


where y is the displacement (in feet) from equilibrium 
of the weight and tf is the time (in seconds). 


(a) Use the identity given in Exercise 73 to write the 
model in the form 


y= Ja? + b* sin(Bt + C). 


(b) Find the amplitude of the oscillations of the weight. 
(c) Find the frequency of the oscillations of the weight. 


82. Standing Waves 
The equation of a 
standing wave is 
obtained by adding 
the displacements of 
two waves traveling 
in opposite directions 
(see graphs shown 
below). Assume that 
each of the waves has 
amplitude A, period T, and wavelength 1. 
The models for two such waves are 


t x t x 
y, = Acos ant = x) and y, = Acos ant + x) 


(a) Show that 


2nt 2 
y, + y, = 2A cos cos oa 
(b) Let A = 1 and A = 1. For each value of t shown 
below, write and simplify the models y, and y, 
and the sum y, + y,. Then use a graphing utility 
to verify the shapes of the graphs shown. 
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Solving a Trigonometric Equation In Exercises 
83-88, find all solutions of the equation in the interval 
[0, 27). 


83. sin(x + 2) — sinx +1=0 
84. cos(x + 2) — cosx-—1=0 


1 1 
85. cos( x + *) = cos( x _ z) =] 
; 1 ' 71 J3 
86. sin( x + =) sin( x 6 5 


87. tan(x + 2) + 2 sin(x + 2) = 0 


88. sin( x + z) — cos?x = 0 


BB Approximating Solutions In Exercises 89-92, use 


a graphing utility to approximate the solutions of the 
equation in the interval [0, 27). 

89. cos[x + (2/4)] + cos[x — (2/4)] = 1 

90. tan(x + 2) — cos[x + (2/2)] = 0 

91. sin[x + (2/2)] + cos? x = 0 

92. cos[x — (2/2)] 


Exploring the Concepts 


sin? x = 0 


True or False? In Exercises 93 and 94, determine 
whether the statement is true or false. Justify your 
answer. 


93. sin(u + v) = sinucosv + cosusinv 


94. cos(u + v) = cosucosv = sin usin v 


95. Error Analysis Describe the error. 


tan( x i n) _ _tanx + tan(7/4) 
4 1 + tan x tan(7/4) 

_ tanx + 1 

~ 1+ tanx 


x 


96. HOW DO YOU SEE IT? Explain how to 


use the figure to justify each statement. 


(= 


LLL 3 
HEHEHE 


> X 


(a) sin(u + v) # sinuw + sin v 


(b) sin(u — v) # sinu — sinv 


Copyright 2022 Cen 
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md Graphical Reasoning In Exercises 97 and 98, use a 


graphing utility to graph y, and y, in the same viewing 
window. Use the graphs to determine whether y, = y,. 
Explain your reasoning. 
97. y, = cos(x + 2), y) = cosx + cos 2 
98. y, = sin + 4), y, = sinx + sin4 
99. Proof Write a proof of the formula for (a) sin(u + v) 
and (b) sin(u — v). 


100. Proof Write a proof of the formula for (a) tan(u + v) 
and (b) tan(u — v). 


ad 101. An Application from Calculus Let x = 7/3 in 


the identity in Example 8 and define the functions f 
and g as follows. 


p(n) = sin[ (7/3) + 4] — sin(z/3) 


Mons x(a ") se ue — cos *) 
3\h 3\ oh 


(a) What are the domains of f and g? 


(b) Use a graphing utility to complete a table that 
shows f(h) and g(h) for h = 0.5, 0.2, 0.1, 0.05, 
0.02, and 0.01. 


(c) Use the graphing utility to graph f and g. 


(d) Use the table and the graphs to make a conjecture 
about the values of f and g ash—0*. 


= Video solutions at 
Review & Refresh |» LarsonPrecalculus.com 


102. Using Cofunction Identities Use cofunction 
identities to evaluate each expression without using a 
calculator. 


(a) sin? 25° + sin? 65° 

(b) tan? 63° + cot? 16° — sec? 74° — csc? 27° 
Evaluating Trigonometric Functions In Exercises 
103-106, find the exact values of the remaining 


trigonometric functions of 0 satisfying the given 
conditions. 


103. cos 8 = =, @ lies in Quadrant IV. 
3 
104. sind = 5° 6 lies in Quadrant I. 


1 

105. tan @ = ay @ lies in Quadrant IT. 
Doe a 8 

106. sec 0 = at @ lies in Quadrant II. 


Solving a Trigonometric Equation In Exercises 
107-112, solve the equation. 
107. 2cosx =0 

109. 1 + sinx = 0 

111. 2 cos 3x = 0 


108. 2cosx = 1 
110. cosx +1=0 
112. sin 4x = 0 
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2.5 Multiple-Angle and Product-to-Sum Formulas 


2.5 Multiple-Angle and Product-to-Sum Formulas 


A variety of trigonometric 
formulas enable you to rewrite 
trigonometric equations in more 
convenient forms. For example, 
in Exercise 67 on page 251, you 
will use a half-angle formula to 
rewrite an equation relating the 
Mach number of a supersonic 
airplane to the apex angle of the 
cone formed by the sound waves 
behind the airplane. 


© Use multiple-angle formulas to rewrite and evaluate trigonometric functions. 

© Use power-reducing formulas to rewrite trigonometric expressions. 

© Use half-angle formulas to rewrite and evaluate trigonometric functions. 

© Use product-to-sum and sum-to-product formulas to rewrite and evaluate 
trigonometric expressions. 

© Use trigonometric formulas to rewrite real-life models. 


Multiple-Angle Formulas 

In this section, you will study four other categories of trigonometric identities. 

1. The first category involves functions of multiple angles such as sin ku and cos ku. 
2. The second category involves squares of trigonometric functions such as sin? u. 

3. The third category involves functions of half-angles such as sin(u/2). 

4. The fourth category involves products of trigonometric functions such as sin u cos v. 


You should learn the double-angle formulas listed below because they are 
used often in trigonometry and calculus. For proofs of these formulas, see Proofs in 
Mathematics on page 257. 


Double-Angle Formulas 


sin 2u = 2 sinucosu 


cos 2u = cos? u — sin? u 


2cos2u — 1 


2 tan u 
1 — tan? u 


tan 2u 


1 — 2 sin? u 


EXAMPLE 1 Solving an Equation Involving a Multiple Angle 


Solve 2 cos x + sin 2x = 0. 


Solution Begin by rewriting the equation so that it involves trigonometric functions 


of a single angle, x, rather than a multiple angle, 2x. Then factor and solve. 
2cosx + sin 2x = 0 Write original equation. 


2cosx + 2 sinxcosx = 0 Double-angle formula 


2 cos x(1 + sinx) = 0 Factor. 
2cosx=0 and 1+sinx=0 Set factors equal to zero. 
ie ae Solutions in [0, 277) 
oS LS olutions in |O, 271 
22 2 


So, the general solution is 
1 3m 
x=—+2nn and x= —+ 2nn 
2 2, 
where n is an integer. 
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Solve cos 2x + cos x = 0. | 
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a! 
are: 
GO DIGITAL 


EXAMPLE 2 Evaluating Functions Involving Double Angles 


Use the conditions below to find sin 20, cos 20, and tan 20. 


5 3x 
Solution From Figure 2.6, 
sin9 =— = = and tan@=~>=—— 


13 x 5 


Use these values with each of the double-angle formulas. 


sin 20 = 2sin 8 cos 0 = 2 2\() = =) 


~ 13/\13 169 
25 119 
= 2 = = = — 
cos 20 = 2cos* 6 — 1 {| 1 169 
3) 
tan 20 = 2tanO 5 —_ 120 
. 1 — tan? 0 ( 12) 119 
a ar 
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Use the conditions below to find sin 20, cos 20, and tan 20. 


; 3 1 
== < gS 
sin 0 5 0<48@ 5 |_| 


The double-angle formulas are not restricted to the angles 26 and 0. Other double 
combinations, such as 40 and 20 or 60 and 39, are also valid. Here are two examples. 


sin 49 = 2sin20cos26 and _ cos 66 = cos? 30 — sin? 30 


By using double-angle formulas together with the sum formulas given in the preceding 
section, you can derive other multiple-angle formulas. 


EXAMPLE 3 Deriving a Triple-Angle Formula 


Rewrite sin 3x in terms of sin x. 


Solution 
sin 3x = sin(2x F x) Rewrite the angle as a sum. 

= sin 2x cos x + cos 2x sin x Sum formula 
= 2 sinx cos x cos x + (1 — 2 sin? x) sin x Double-angle formulas 
= 2sinxcos?.x + sinx — 2 sin? x Distributive Property 
= 2 sin x(1 — sin? x) + sinx — 2 sin? x Pythagorean identity 
= 2sinx — 2 sin? x + sinx — 2 sin? x Distributive Property 
= 3sinx — 4sin* x Simplify. 
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Rewrite cos 3x in terms of cos x. |_| 
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Power-Reducing Formulas 


The double-angle formulas can be used to obtain the power-reducing formulas listed 
below. For proofs of these formulas, see Proofs in Mathematics on page 258. 


Power-Reducing Formulas | 
> 
ven 1 — cos 2u 
D 
>. _ 1 + cos 2u 
cos? u = ————_ 
2 
pos 1 — cos 2u 
1 + cos 2u 


Example 4 shows a typical power reduction used in calculus. 


EXAMPLE 4 Reducing a Power f- 


Rewrite sin* x in terms of first powers of the cosines of multiple angles. 


Solution Note the repeated use of power-reducing formulas. 


sint x = (sin? x)? Property of exponents 
1 — cos 2x\? 
a = ae = Power-reducing formula 
1 2 
= ail — 2 cos 2x + cos? 2x) Expand. 
1 1 + cos 4x 
= (1 — 2cos 2x + a ae Power-reducing formula 
Steet 2x + : tf : 4. Distributive P 
=7 — 7 COS 2x a > COS 4X istributive Propert 
4 2 8 8 is 
= 3 = I I cian We See ae gi 
= cos 2x + —cos 4x Add fractions: 7 + 3 = 3+ % =3- 
8 2 8 
1 
= 8 (3 — 4cos 2x + cos 4x) Factor out common factor. 


You can use a graphing utility to check this result, as shown below. Notice that the 
graphs coincide. 


y,= 4-4 cos 2x + COS 4x) | 


c J 
-2 
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Rewrite tan* x in terms of first powers of the cosines of multiple angles. a 
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Half-Angle Formulas 


You can derive some useful alternative forms of the power-reducing formulas by 
replacing u with u/2. The results are called half-angle formulas. 


To find the exact value of a Half-Angle Formulas ) 
trigonometric function with an 


angle measure in D° M’ S” form 
using a half-angle formula, St ey) eee Peete eee) amc ONE 
first convert the angle measure 2 2 2 2 


to decimal degree form. Then n il = oan Sin mi 
multiply the resulting angle tan oo Bie Pea: 
measure by 2. 
The signs of sin 5 and cos : depend on the quadrant in which 5 lies. 


EXAMPLE 5 Using a Half-Angle Formula 
Use your calculator to verify 


the result obtained in Example 5. _ Find the exact value of sin 105°. 


oT Rae Ay ey aleate nd: and Solution Begin by noting that 105° is half of 210°. Then, use the half-angle formula 


(V/ 2+ J) /2. Note that for sin(u/2) and the fact that 105° lies in Quadrant II. 


both values are approximately = = 
0.9659258. aie. P= ae me + (¥3/2)_ J/2+ 3 
2 2 2 


The positive square root is chosen because sin 0 is positive in Quadrant II. 


SY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the exact value of cos 105°. 


EXAMPLE 6 Solving a Trigonometric Equation 


Find all solutions of 1 + cos? x = 2 cos? ; in the interval [0, 277). 


Algebraic Solution Graphical Solution 

2y= ad ; joi ; : 2 nae 
1 + cos* x = 2.cos 2 Write original equation. P= 1+ cos*x—2 cos 5 

: 1 + ¢08x - The x-intercepts are 
1+ cos*x = 2\ + as Half-angle formula x =0,x = 1.571, and 

2 
x= 4,712. - 2 

2: = . ora 2 Zero m 

1 + cos*x = 1 + cosx Simplify. Fe SURGE Weft 
cos? x — cosx = 0 Simplify. — 
-] = 2y— 2 
Colney <ol) 0 Sasi Use the x-intercepts of y = 1 + cos? x — 2 cos?(x/2) 


to conclude that the approximate solutions of 
By setting the factors cos x and cos x — 1 equal to zero, you find | | + cos2x = 2 cos?(x/2) in the interval [0, 27) are 
that the solutions in the interval [0, 27) are 


1 3 
3 x=0, x 1571-7, and x~ 4712 =—. 
fe 7 and x 0 2 2 
Noy = = Uz 
2 2 
Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Find all solutions of cos?.x = sin?(x/2) in the interval [0, 27). |_| er 
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Product-to-Sum and Sum-to-Product Formulas 


Each of the product-to-sum formulas listed below can be proved using the sum and 
difference formulas discussed in the preceding section. 


Product-to-Sum Formulas ) 


1 
sin u sin v = 5 Leos — vy) — cos(u + v)] 
1 
COS UCOS V = 5 Leos — v) + cos(u + v)| 
‘ le. 4 
sin u cos vy = 5 [sin(w + y) + sin(u — v)] 


1 
cos u sin v = 5 Lsin(u + y) — sin(u — v)] 


Product-to-sum formulas are used in calculus to solve problems involving the 
products of sines and cosines of two different angles. 


EXAMPLE 7 Writing Products as Sums 


Rewrite the product cos 5x sin 4x as a sum or difference. 


Solution Use the product-to-sum formula for cos u sin v with u = 5x and v = 4x. 


cos 5x sin 4x = 5 [sin(5x + 4x) — sin(5x — 4x)] 


aT andy = bein 
ee gee 


Y Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Rewrite the product sin 5x cos 3x as a sum or difference. a 
Occasionally, it is useful to reverse the procedure and write a sum of trigonometric 


functions as a product. This can be accomplished with the sum-to-product formulas 
listed below. 


Sum-to-Product Formulas i) 


3 5 a fae 

sin + sin = 2sin( 5 )cos( 

sin uw — sinv 2 cos( cs ‘) sn( = ") 
2 2) 
uty iV 

cosu + cosy = 2c0s( ) )cos( °) 


cos u — cosv = —2 sn( i “| sn( — *) 
2 2) 


For a proof of the sum-to-product formulas, see Proofs in Mathematics on page 258. 
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EXAMPLE 8 Using a Sum-to-Product Formula 


Find the exact value of cos 195° + cos 105°. 


Solution Use the sum-to-product formula for cos u + cosv with u = 195° and 
v = 105°. 


cos 195° + cos 105° = 2 cos( 22 " me ) cos( B= 10°) 


2 
= 2 cos 150° cos 45° 


AY 


2 


VY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the exact value of sin 195° + sin 105°. 


EXAMPLE 9 Solving a Trigonometric Equation 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Solve sin 5x + sin 3x = 0. 


Solution 
sin 5x + sin 3x = 0 Write original equation. 
. (5x + 3x 5x — 3x : 
2 sin >) cos >) =0 Sum-to-product formula 
2 sin 4x cos x = 0 Simplify. 


Set the factor 2 sin 4x equal to zero. The solutions in the interval [0, 27) are 


an 30 5a 3a 7a 
pa 4a?™ |g? 2° 4° 


x=0 


The equation cos x = 0 yields no additional solutions, so the solutions are of the 
form x = nz/4, where n is an integer. To check this graphically, sketch the graph of 
y = sin 5x + sin 3x, as shown below. 


Notice from the graph that the x-intercepts occur at multiples of 2/4. 


ee Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


GO DIGITAL Solve sin 4x — sin 2x = 0. |_| 
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Application 


ONES §=6Projectile Motion 


Ignoring air resistance, the range of a projectile fired at an angle 6 with the horizontal 
and with an initial velocity of vy feet per second is given by 


r vg sin 6 cos 0 


~ 16 


where r is the horizontal distance (in feet) that the projectile travels. A football player 
kicks a football from ground level with an initial velocity of 80 feet per second. 


a. Rewrite the projectile motion model in terms of the first power of the sine of a 
multiple angle. 


b. At what angle must the player kick the football so that the football travels 200 feet? 
Solution 


a. To rewrite the model in terms of the first power of the sine of a multiple angle, first 
rewrite it to obtain 2 sin 6 cos 6. Then use the double-angle formula for sin 26. 


r= 39% (2 sin 6 cos @) Rewrite original model: 7 = ($)(2). 
= 30" sin 20. Double-angle formula 
b. r= 30"0 sin 20 Write projectile motion model. 
I jones. . 
200 = 3980) sin 20 Substitute 200 for r and 80 for vo. 
200 = 200 sin 20 Simplify. 
1 = sin 20 Divide each side by 200. 


You know that 20 = 7/2. Dividing this result by 2 produces @ = 77/4, or 45°. So, the 
player must kick the football at an angle of 45° so that the football travels 200 feet. 


SY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


In Example 10, for what angle is the horizontal distance the football travels a 
maximum? a 


Summarize (Section 2.5) 


1. State the double-angle formulas (page 243). For examples of using multiple-angle 
formulas to rewrite and evaluate trigonometric functions, see Examples 1-3. 


2. State the power-reducing formulas (page 245). For an example of using 
power-reducing formulas to rewrite a trigonometric expression, see Example 4. 


3. State the half-angle formulas (page 246). For examples of using half-angle 
formulas to rewrite and evaluate trigonometric functions, see Examples 5 and 6. 


4. State the product-to-sum and sum-to-product formulas (page 247). For 
an example of using a product-to-sum formula to rewrite a trigonometric 
expression, see Example 7. For examples of using sum-to-product formulas to 
rewrite and evaluate trigonometric functions, see Examples 8 and 9. 


5. Describe an example of how to use a trigonometric formula to rewrite a 
real-life model (page 249, Example 10). 


GO DIGITAL 
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2.5 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


Vocabulary and Concept Check 


GO DIGITAL 


In Exercises 1 and 2, fill in the blank to complete the trigonometric formula. 


1.1-2sintu = 


2. (1 + cos 2u)/2 = 


In Exercises 3 and 4, describe a situation in which the given type of formula is useful. Explain. 


3. Product-to-sum formula 


Skills and Applications 


Solving an Equation Involving a Multiple Angle 
In Exercises 5-12, solve the equation. 
5. sin 2x — sinx = 0 
6. sin 2x sin x = cos x 
7. cos 2x — cosx = 0 
8. cos 2x + sinx = 0 
9. sin 4x = —2 sin 2x 
10. (sin 2x + cos 2x)? = 1 
11. tan 2x — cotx = 0 
12. tan 2x — 2cosx = 0 


Using a Double-Angle Formula In Exercises 13-18, 
use a double-angle formula to rewrite the expression. 


13. 6 sinx cos x 14. sin x cos x 
15. 6 cos? x — 3 


17. 4 -— 8 sin? x 


16. cos? x — 4 

18. 10 sin? x — 5 
Evaluating Functions Involving Double Angles 
In Exercises 19-22, use the given conditions to find 
the exact values of sin 2u, cos 2u, and tan 2u using the 
double-angle formulas. 

19. sinu = —3/5, 32/2 <u< 2n 

20. cosu = —4/5, n/2<u<_a7 

21. tanu = 3/5, O0O<u< 7/2 

22. sccu= —-2, a <u < 3n/2 


23. Deriving a Multiple-Angle Formula Rewrite 
cos 4x in terms of cos x. 

24. Deriving a Multiple-Angle Formula Rewrite 
tan 3x in terms of tan x. 


Reducing Powers In Exercises 25-32, use the 
power-reducing formulas to rewrite the expression in 
terms of first powers of the cosines of multiple angles. 


25. cos*x 26. sin® x 
27. sin* 2x 28. cos* 2x 
29. tan* 2x 30. tan? 2x cost 2x 


31. sin? 2x cos? 2x 32. sin* x cos? x 


4. Half-angle formula 


Using Half-Angle Formulas In Exercises 33-38, use 
the half-angle formulas to determine the exact values of 
the sine, cosine, and tangent of the angle. 


33. 75° 34. 165° 
35. 112° 30’ 36. 67° 30’ 
37. 1/8 

38. 72/12 


Using Half-Angle Formulas In Exercises 39-42, use 
the given conditions to (a) determine the quadrant in 
which u/2 lies, and (b) find the exact values of sin(u/2), 
cos(u/2), and tan(u/2) using the half-angle formulas. 
39. cosu= 7/25, O<u< 7/2 

40. sinu = 5/13, n/2<u<a7 

41. tanu = —5/12, 3n/2<u< 2n 

42. cotu=3, ma <u < 32/2 


Solving a Trigonometric Equation In Exercises 
43-46, find all solutions of the equation in the interval 
[0, 27). Use a graphing utility to verify the solutions. 


43. sin 5 + cos x = 0 44. sin 5 + cosx—1=0 


45. cos 5 ~ sinx = 0 46. tan — sinx = 0 


Using Product-to-Sum Formulas In Exercises 
47-50, use the product-to-sum formulas to rewrite the 
product as a sum or difference. 

47. sin 50 sin 30 

48. 7 cos(—58) sin 38 

49. cos 20 cos 46 

50. sin(x + y) cos(x — y) 

Using Sum-to-Product Formulas In Exercises 
51-54, use the sum-to-product formulas to rewrite the 
sum or difference as a product. 

51. sin 50 — sin 30 52. sin 30 + sin @ 

53. cos 6x + cos 2x 54. cos x + cos 4x 
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Using Sum-to-Product Formulas In Exercises 
55-58, use the sum-to-product formulas to find the exact 
value of the expression. 


55. sin 75° + sin 15° 56. cos 120° + cos 60° 
57. cos (37/4) — cos (1/4) 58. sin (57/4) — sin (37/4) 


Solving a Trigonometric Equation In Exercises 
59-62, find all solutions of the equation in the interval 
[0, 27). Use a graphing utility to verify the solutions. 


59. sin 6x + sin 2x = 0 60. cos 2x — cos 6x = 0 


cos 2x 


x —-—1=0 62. sin? 3x — sin? x = 0 
sin 3x — sin x 


Verifying a Trigonometric Identity In Exercises 
63-66, verify the identity. 


csc 0 
2 cos 0 


63. csc 20 = 


64. cos* x — sin* x = cos 2x 


sinx + siny _ xty 


an 
cos x + cos y 2 


65. 


66. cos( % + x) + cos( % = x) = cos x 
3 3 

67. Mach Number 

The Mach number M of a supersonic airplane is the 

ratio of its speed to the speed of sound. When an 

airplane travels faster than the speed of sound, the 

sound waves form a cone behind the airplane. The 

Mach number is related to the apex angle 0 of the 

cone by sin(@/2) = 1/M. 

(a) Use a half-angle formula to rewrite the equation in 
terms of cos @. 


(b) Find the angle @ that corresponds to a Mach 
number of 2. 


The speed of 
sound is about 
760 miles per 
hour. Determine 
the speed of an 
object with the 
Mach number 
from part (b). 


(c 


wa 


68. Projectile Motion The range of a projectile fired 
at an angle @ with the horizontal and with an initial 
velocity of vj feet per second is r = pve sin 20 where r 
is the horizontal distance (in feet) the projectile travels. 
An athlete throws a javelin at 75 feet per second. At 
what angle must the athlete throw the javelin so that the 
javelin travels 130 feet? 


© BlueBarronPhoto/Shutterstock.com 
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69. Complementary Angles Verify each identity for 
complementary angles ¢ and 0. 


(a) sin(é — 0) = cos 20 
(b) cos(¢ — 0) = sin 20 


70. D) HOW DO YOU SEE IT? Explain how 
to use the figure to verify the double-angle 
formulas (a) sin 2u = 2 sin u cos u and 
(b) cos 2u = cos? u — sin? u. 


ees 


Exploring the Concepts 


True or False? In Exercises 71 and 72, determine 
whether the statement is true or false. Justify your 
answer. 


71. The sine function is an odd function, so 


sin(— 2x) = —2 sin x cos x. 
72. sin 5 =-./ : 3 when wu is in the second 
quadrant. 


Video solutions at 
LarsonPrecalculus.com 


Finding Angles of a Triangle In Exercises 73-76, use 
the given information to find the missing measures of the 
angles of AABC. 

73. A = 25°,C = 92° 
75. A=90°,B=C 


Review & Refresh |») 


74. B = C = 30° 
76. A = 5B, C = 3B 


Using a Calculator In Exercises 77-80, use a 
calculator to evaluate the trigonometric function. Round 
your answer to four decimal places. 


77. cos 28° 78. csc 140° 
79. sec(117/15) 
80. tan(— 67/5) 


81. Navigation A ship leaves port at noon and has a 
bearing of S 29° W. The ship sails at 20 knots. (a) How 
many nautical miles south and how many nautical miles 
west will the ship have traveled by 6:00 p.M.? (b) At 
6:00 p.m., the ship changes course to due west. Find the 
ship’s bearing and distance from port at 7:00 P.M. 
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Summary and Study Strategies 


GO DIGITAL 


What Did You Learn? 


The list below reviews the skills covered in the chapter and correlates each one to the 
Review Exercises (see page 254) that practice the skill. 


Section 2.1 Review Exercises 
M@ Recognize and write the fundamental trigonometric identities (p. 2/0). 1-4 
Reciprocal Identities 
sinu = 1/cscu cos u = 1/secu tanu = 1/cotu 
csc u = 1/sinu sec u = 1/cos u cot u = 1/tanu 


Quotient Identities 


sin u COs u 
cotu = — 
COs u sin u 


tan u = 


Pythagorean Identities 

sin*u + cos?u = 1 1 + tan? u = sec? u 1 + cot? u = csc? u 
Cofunction Identities 

sin[ (7/2) — u] = cos u cos[(z/2) — u] = sinu 

tan[ (2/2) — u] = cotu cot[(z/2) — u] = tanu 


sec[(/2) — u] = csc u csc[(2/2) — u] = sec u 


Even/Odd Identities 
sin(—u) = —sinu cos(—u) = cos u tan(—u) = —tanu 
csc(—u) = —csc u sec(—u) = sec u cot(—u) = —cotu 
@ Use the fundamental trigonometric identities to evaluate trigonometric 5-18 


functions, simplify trigonometric expressions, and rewrite trigonometric 
expressions (p. 2/1). 


Section 2.2 
@ Verify trigonometric identities (p. 217). 19-26 


Section 2.3 


®@ Use standard algebraic techniques to solve trigonometric equations (p. 224). 27-32 
H Solve trigonometric equations of quadratic type (p. 227). 33-36 
® Solve trigonometric equations involving multiple angles (p. 229). SE: 
@ Use inverse trigonometric functions to solve trigonometric equations (p. 230). Hiei) 


Section 2.4 


™@ Use sum and difference formulas to evaluate trigonometric functions, verify 47-64 
identities, and solve trigonometric equations (p. 236). 
sin(u + v) = sinuwcos vy + cos usin v cos(u + vy) = cosucosv  sinu sin v 
tan u = tanv 


110 A 2 
( ) 1 = tan uw tan v 
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Summary and Study Strategies 
Section 2.5 Review Exercises 
@ Use multiple-angle formulas to rewrite and evaluate trigonometric functions (p. 243). 65-68 
2t 
sin 2u = 2 sinu cos u tan 2u = — 
1 — tan“ u 


cos 2u = cos? u — sin? u = 2cos*u — 1 = 1 — 2sin?u 


™ Use power-reducing formulas to rewrite trigonometric expressions (p. 245). 69, 70 
BO 1 — cos 2u ee 1 + cos 2u para 1 — cos 2u 
2 2 1 + cos 2u 
™@ Use half-angle formulas to rewrite and evaluate trigonometric functions (p. 246). 71-76 
. U 1 — cosu u 1 + cos u 
=+ ee 
sin, aE 5 cos 5 ae. > 
u_ 1—cosu sin u 
tan > = F = 
2, sin u 1+ cosu 
@ Use product-to-sum and sum-to-product formulas to rewrite and evaluate 77-80 


trigonometric expressions (p. 247). 


Product-to-Sum Formulas 


1 

sin u sin v = 5 Leos(u v) — cos(u + v)] 
1 

COS UCOS V = zleostu — vy) + cos(u + v)] 
1 

sin ucos v = 5lsin(w + y) + sin(u — v)] 


1 
cos u sin v = 5Lsin(u + y) — sin(u — v)] 
Sum-to-Product Formulas 


; : a iae w iy 
sin + sin = 2sin( °) )cos( 


2 


sin sin ™ cos(# a ") sn( = ") 
n= = 
‘ D y) 


v u-—vy 

5 )cos( 5 ) 

cos u — cosv = —2 sn( = *) sin( = *) 
2) 2 


®@ Use trigonometric formulas to rewrite real-life models (p. 249). 8&1, 82 


u 
cos u + cos v = 2 cos 


Study Strategies 


Viewing Math as a Foreign Language Learning math requires more than just completing 

homework problems. For instance, learning the material in a chapter may require using approaches 

similar to those used for learning a foreign language in that you must 

* understand and memorize vocabulary words, 

* understand and memorize mathematical rules (as you would memorize grammatical rules), and 

¢ apply rules to mathematical expressions or equations (like creating sentences using correct 
grammar rules). 

You should understand the vocabulary words and rules in a chapter as well as memorize and say 

them out loud. Strive to speak the mathematical language with fluency, just as a student learning a 

foreign language must. 
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Review Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


EM] Recognizing a Fundamental Identity In 
Exercises 1-4, name the trigonometric function that is 
equivalent to the expression. 


1 
COs x 2 


sin x cos x 


. (1 
3. sin( 5) x) 


Using Identities to Evaluate aFunction In Exercises 
5 and 6, use the given conditions and fundamental 
trigonometric identities to find the values of all six 
trigonometric functions. 


4, /cot?x + 1 


5. cos 8 = —3, tan? > 0 6. cotx = —3 cosx <0 


Simplifying a Trigonometric Expression In 
Exercises 7-16, use the fundamental trigonometric 
identities to simplify the expression. (There is more than 
one correct form of each answer.) 


1 8 tan 0 
cot?x + 1 * 1 — cos? 0 


10. cot? x(sin? x) 


7. 


9. tan? x(csc? x — 1) 


1 
cat 5 7 7 sec?(— 6) 
+ 12, 
COS u csc? 8 


13. cos?x + cos?xcot?x 14. (tanx + 1)? cosx 


1 1 tan? x 
2 cscO +1 cscO-1 1: 1+ secx 


11. 


fi Trigonometric Substitution In Exercises 17 and 18, 
use the trigonometric substitution to write the algebraic 
expression as a trigonometric function of 6, where 
0<6< 7/2. 


17. /25—x*,x=5sin@ 18. /x2 — 16,x =4sec 0 


Ej Verifying a Trigonometric Identity In 
Exercises 19-26, verify the identity. 
19. cos x(tan? x + 1) = secx 
20. sec? x cot x — cotx = tanx 
21. sin( 2 - 0) tan 0 = sin 0 
1 
22. coi(¥ _ x] csc x = sec x 
1 1 
23. ————— = cos 0 24. — = cotx 
tan 0 csc 6 tan x csc x sin x 


25. sin? x cos x = (cos? x — 2 cos* x + cos® x) sin x 


26. cos? x sin? x = (sin? x — sin* x) cos x 


GO DIGITAL 
BE] Solving a_ Trigonometric 
Exercises 27-32, solve the equation. 
27. sinx = \/3 — sinx 28. 4cos@ = 1+ 2cos@ 
29. 3/3 tan u = 3 30. 5secx — 1=0 
31. 3 csc*x = 4 32. 4 tan? u — 1 = tan? u 


Equation In 


Solving a Trigonometric Equation In Exercises 
33-42, find all solutions of the equation in the interval 
[0, 27). 


33. sin? x = sinx 34. 2cos?x + 3cosx =0 


35. cos?x + sinx = 1 36. sin?x + 2cosx = 2 


37. 2sin2x — /2 =0 38. 2cos5 + 1 =0 


3 40. ./3 tan 3x = 0 


41. cos 4x(cosx — 1) =0 42. 3 csc? 5x = —4 


39. 3 am(2) —-1=0 


Using Inverse Functions In Exercises 43-46, solve 
the equation. 

43. tan? x — 2tanx = 0 

44, 2 tan? x — 3tanx = —-1 

45. tan? @ + tnd —6=0 

46. sec?x + 6tanx +4=0 


PZ] Evaluating Trigonometric Functions In 
Exercises 47-52, find the exact values of the sine, cosine, 
and tangent of the angle. 


47. 75° = 120° — 45° 48. 375° = 135° + 240° 
25x Illn 4 19x Illa «a 
St = 
a? 12 6 4 " 12 6 4 
197 
51. ——_— 52. 195° 
12 


Rewriting a Trigonometric Expression In Exercises 
53 and 54, write the expression as the sine, cosine, or 
tangent of an angle. 
53. sin 60° cos 45° — cos 60° sin 45° 
tan 68° — tan 115° 
* 1 + tan 68° tan 115° 


Evaluating a Trigonometric Expression In 
Exercises 55-58, find the exact value of the trigonometric 
expression given that tan u = 3 and cos vy = —i (u is in 
Quadrant I and y is in Quadrant III.) 

55. sin(u + v) 
57. cos(u — v) 


56. tan(u + v) 
58. sin(u — v) 
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Verifying a Trigonometric Identity In Exercises 
59-62, verify the identity. 


59. cos( x + z) =-—sinx 60. tan(x _ m = —cotx 


61. tan(x — x) = —tanx 62. sin(x — m2) = —sinx 
Solving a Trigonometric Equation In Exercises 63 
and 64, find all solutions of the equation in the interval 


[0, 27). 


. 1 : 1 

63. sn( 2 + 4 sn( 2 4 1 
1 1 

64. cos( x + 2) = cos( x - 7 =] 


4 Evaluating Functions Involving Double 
Angles InExercises 65 and 66, use the given conditions 
to find the exact values of sin 2u, cos 2u, and tan 2u using 
the double-angle formulas. 


65. sinu=%, O0<u< 2/2 

=2 

Je 

67. Deriving a Multiple-Angle Formula Rewrite 
sin 4x in terms of sin x and cos x. 


68. Deriving a Multiple-Angle Formula Rewrite 
tan 4x in terms of tan x. 


66. cos u = nm/2<u<qt7 


fi Reducing Powers In Exercises 69 and 70, use the 
power-reducing formulas to rewrite the expression in 
terms of first powers of the cosines of multiple angles. 


69. tan? 3x 70. sin? x cos? x 


Using Half-Angle Formulas In Exercises 71 and 72, 
use the half-angle formulas to determine the exact values 
of the sine, cosine, and tangent of the angle. 


71. —75° 


Using Half-Angle Formulas In Exercises 73-76, 
use the given conditions to (a) determine the quadrant 
in which u/2 lies, and (b) find the exact values of 
sin(u/2), cos(u/2), and tan(u/2) using the half-angle 
formulas. 


4 37 
73. tanu=~, a<u< — 
3 2 
3 1 
74. snu== O<u<— 
5 2 
2 én 
75. cosu=—-rz, ~<u<a7 
7T 2 
J/21 30 
76. tamu = ———, = <u<2n 
2 2 
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Using Product-to-Sum Formulas In Exercises 77 
and 78, use the product-to-sum formulas to rewrite the 
product as a sum or difference. 


77. cos 46 sin 60 
78. 2 sin 70 cos 30 


Using Sum-to-Product Formulas In Exercises 79 
and 80, use the sum-to-product formulas to rewrite the 
sum or difference as a product. 


79. cos 60 + cos 50 


80. sin 3x — sinx 


81. Projectile Motion A baseball leaves the hand of a 
player at first base at an angle of 6 with the horizontal 
and at an initial velocity of v) = 80 feet per second. A 
player at second base 100 feet away catches the ball. 
Find @ when the range r of a projectile is 


1 
ao) aa Ve sin 20. 

82. Geometry A trough for feeding cattle is 4 meters 
long and its cross sections are isosceles triangles with 
the two equal sides being meter (see figure). The angle 
between the two sides is 0. 


(a) Write the volume of the trough as a function of 6/2. 


(b) Write the volume of the trough as a function of 0 
and determine the value of 6 such that the volume 
1s maximized. 


Exploring the Concepts 


True or False? In Exercises 83-86, determine whether 
the statement is true or false. Justify your answer. 


83. f= 0< n, then cos 5 < 0. 


84. cot x sin? x = cos x sin x 

85. 4 sin(—x) cos(—x) = 2 sin 2x 

86. 4 sin 45° cos 15° = 1 + 3 

87. Think About It Is it possible for a trigonometric 


equation that is not an identity to have an infinite 
number of solutions? Explain. 
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256 Chapter 2 Analytic Trigonometry 


See CalcChat.com for tutorial help and worked-out solutions 
C h a pter Test to odd-numbered exercises. 


GO DIGITAL 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


1. 


Use the conditions csc @ =3 and tan@ < 0 to find the values of all six 
trigonometric functions. (Section 2.1) 


Use the fundamental identities to simplify csc? B(1 — cos? B). (Section 2.1) 


sect x — tant x 


Fact implif : tion 2.1 
actor and simplify eee dane (Section 2.1) 


cos@  sin@ 
+ 


Add and simplify ee ae 


(Section 2.1) 


In Exercises 5-10, verify the identity. (Sections 2.2 and 2.5) 


5. 


7. 


9. 
10. 


11. 


12. 


sin 9 sec @ = tan @ 6. sec? x tan? x + sec? x = sec* x 
csc a + seca 1 

———— = cota + tana 8. tan|x + —] = —cotx 

sina + cos a 2 


1 + cos 10y = 2 cos” 5y 


Rewrite 4 sin 30 cos 20 as a sum or difference. (Section 2.5) 


Rewrite cos(4 + z _ cos( 4 _ z as a product. (Section 2.5) 


In Exercises 13-16, find all solutions of the equation in the interval [0, 27). 


(Section 2.3) 
y 
ee 13. tan?x + tanx = 0 14. sin 2a — cosa = 0 
CW 
asd 15. 4cos*x -—3 =0 16. csc?x — cscex -2=0 
fe 17. Use a graphing utility to approximate (to three decimal places) the solutions of 
5 sinx — x = O in the interval [0, 27). (Section 2.3) 
(2, -5) 18. Find the exact value of cos 105° using the fact that 105° = 135° — 30°. 
(Section 2.4) 
Figure for 19 19. Use the figure to find the exact values of sin 2u, cos 2u, and tan 2u. (Section 2.5) 


Pb 20. 


21. 


Cheyenne, Wyoming, has a latitude of 41° N. At this latitude, the number of hours 
of daylight D can be modeled by 


D = 2.914 sin(0.017t — 1.321) + 12.134 


where ¢ represents the day, with t = 1 corresponding to January 1. Use a graphing 
utility to determine the days on which there are more than 10 hours of daylight. 
(Source: U.S. Naval Observatory) (Section 2.3) 


The heights h, and h, (in feet) above ground of two people in different seats on a 
Ferris wheel can be modeled by 
h, = 28 cos 10¢ + 38 


and 


ls 


h, = 28 cos 10(1 —% 


)] +38. Osts2 


where f¢ represents the time (in minutes). When are the two people at the same 
height? (Section 2.5) 
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Proofs in Mathematics | | i a a ea 


y 
A 
Bix, yp) 
C(x, y2) 
A(I, 0) 
> X 
D(x, y3) 
Figure 1 
yy 
A 
Bix, y1) 
C(%2, ya) 
A(1, 0) a 
D(x3, y3) 
Figure 2 


HISTORICAL NOTE 


Early astronomers used 
trigonometry to calculate 
measurements in the 
universe. For instance, 
they used trigonometry to 
calculate the circumference 
of Earth and the distance 
from Earth to the 
moon. Another major 
accomplishment in astronomy 
using trigonometry was 
computing distances to stars. 


Sum and Difference Formulas (p. 236) ) 


tan u + tanv 


sin(u + v) = sinu cos v + cos usin v tan(u + y) = : ee ener Te 
— tan u tan v 


sin(u — v) = sinu cos v — cos usin v 
tan u — tanv 


cos(u + v) = cos ucos v — sin usin v tan(u — v) = 4 dan ian 


cos(u — vy) = cosucosv + sinusinv 


Proof 


In the proofs of the formulas for cos(u + v), assume that 0 < v < u < 2n. Figure 1 
uses u and v to locate the points B(x, y,), C(x, y2), and D(x;, y3) on the unit circle. So, 
x? + y? = 1 fori = 1, 2, and 3. In Figure 2, note that arcs AC and BD have the same 
length. So, line segments AC and BD are also equal in length. This leads to the following. 


(x2 = Pe (y. — 0? = (x3 7 ae ay (y3 = y)? 


xe — 2x, + 1 + yf = 22 — 2xx, 2G te 


(ay yg) + 1 = 2x, = Ge y3) + (af yp = 2s — 
Wes Pe lal = Pape = as 
Xy = 3X) + Y3yj 


Substitute the values x, = cos(u — v), x; = cosu, x; = cosy, y; = sinu, and 
y, = sin v to obtain cos(u — v) = cos ucos v + sinuwsin v. To establish the formula 
for cos(u + v), consider u + v = u — (—v) and use the formula just derived to obtain 


cos[u — (—v)] 


= cos ucos(—v) + sin u sin(—v) 


cos(u + v) 


= cosucosv — sinu sin v. al 


Double-Angle Formulas  (p. 243) | 


sin 2u = 2 sinu cos u cos 2u = cos? u — sin? u 
2 tan u = 2cos?u — 1 
tan 2u =——___ 75 : 
1 — tan’ u =1-2sinu 


Proof Prove each double-angle formula by letting v = u in the corresponding sum 
formula. 


sin 2u = sin(u + u) = sinucosu + cosusinu = 2 sinucosu 
cos 2u = cos(u + u) = cosucosu — sinu sinu = cos? u — sin? u 


tanu+tanu 2tanu 
1—tanutanu 1 -— tan? u | 


tan 2u = tan(u + u) = 
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Power-Reducing Formulas (p. 245) } 


1 — cos 2u 
2 


sin? u = 


cos? u = 


1 — cos 2u 
1 + cos 2u 


1 + cos 2u 


tan2u = 
2, 


Proof 


Prove the first formula by solving for sin? u in cos 2u = 1 — 2 sin? u. 


cos 2u = 1 — 2 sin? u 

2 sin? u = 1 — cos 2u 

5) 1 — cos 2u 

sin? u = ————— 
2 


Write double-angle formula. 


Subtract cos 2u from, and add 2 sin? u to, each side. 


Divide each side by 2. 


Similarly, to prove the second formula, solve for cos? u in cos 2u = 2 cos*u — 1. To 
prove the third formula, use a quotient identity. 


sin? u 
tan? u = 5 Quotient identity 
COS” u 
1 — cos 2u 
2 
es ae Power-reducing formulas for sin? u and cos? u 
1 + cos 2u 
2 
1 — cos 2u tee 
—" a impliry. 
1 + cos 2u a | 
Sum-to-Product Formulas (p. 247) | 
» 


. : . [u 
sinu + sinv = 2 sin( 


‘oS 


sin u — sinv = 2 cos( = *) sn( — ") 
2 2 


uty u-v 
+ — 
cos u + cos v 2 cos( 5 )cos( 5 


cos u — cosv = —2 sn( 7 *) sn(* = *) 
2 2 


Proof 


To prove the first formula, let x = u + vand y = u — v. Thensubstitute u = (x + y)/2 
and v = (x — y)/2 in the product-to-sum formula. 


sin u cos v 


s[sin(u + y) + sin(u — v)] 


o fee ar x= 
Hele 


» ff ee ae =a 
2sin( > )cos( -) 


The other sum-to-product formulas can be proved in a similar manner. 
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ilar ; 
5 (sin x + sin y) 


sinx + sin y 
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PS. Problem Solving 


See CalcChat.com for tutorial help and worked-out 
solutions to odd-numbered exercises. 


oe 


1. 


Writing Trigonometric Functions in Terms of 
Cosine Write each of the other trigonometric functions 
of @ in terms of cos @. 


Verifying a Trigonometric Identity Verify that for 
all integers n, 


o,| 2 + ad | 


Verifying a Trigonometric Identity Verify that for 
all integers n, 


. Ee 4 Dn 1 
sin. 6 7 


Sound Wave A sound wave is modeled by 


Plt) = z- [pil + 30p0) + px(d) + ps) + 30p6(0)] 


1 
where p,(t) = ‘ sin(524nzt), and t represents the time 


(in seconds). 

(a) Find the sine components p,(¢) and use a graphing 
utility to graph the components. Then verify the 
graph of p shown below. 


-14- 


(b) Find the period of each sine component of p. Is p 
periodic? If so, then what is its period? 


(c) Use the graphing utility to find the t-intercepts of the 
graph of p over one cycle. 


(d) Use the graphing utility to approximate the absolute 
maximum and absolute minimum values of p over 
one cycle. 


Geometry Three squares of side length s are placed 
side by side (see figure). Make a conjecture about the 
relationship between the sum u + v and w. Prove your 
conjecture by using the identity for the tangent of the 
sum of two angles. 


6. 


GO DIGITAL 


Projectile Motion The path traveled by an object 
(neglecting air resistance) that is projected at an initial 
height of hy feet, an initial velocity of v, feet per second, 
and an initial angle @ is given by 


16 


————.* + (tan @)x +h 
vg cos? 8 en’) ° 


y= 
where the horizontal distance x and the vertical distance 
y are measured in feet. Find a formula for the maximum 
height of an object projected from ground level at 
velocity vy and angle 0. To do this, find half of the 
horizontal distance 


1 
3D vf sin 20 


and then substitute it for x in the model for the path of a 
projectile (where hy = 0). 


. Geometry The length of each of the two equal sides 


of an isosceles triangle is 10 meters (see figure). The 
angle between the two sides is 0. 


(a) Write the area of the triangle as a function of 0/2. 


(b) Write the area of the triangle as a function of 0. 
Determine the value of 0 such that the area is a 


maximum. 
A 
10m 10m \ 
ees 
Figure for 7 Figure for 8 


Geometry Use the figure to derive the formulas for 


6 6 
cos ~, and tan — 


sin oy 2 2 


where @ is an acute angle. 


. Force The force F (in pounds) on a person’s back 


when he or she bends over at an angle @ from an upright 
position is modeled by 


0.6W sin(@ + 90°) 
sin 12° 


F= 


where W represents the person’s weight (in pounds). 
(a) Simplify the model. 


BB ib) Use a graphing utility to graph the model, where 


W = 185 and 0° < 0 S 90°. 
(c) At what angle is the force maximized? At what angle 
is the force minimized? 
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10. 


11. 


12. 


260 


Hours of Daylight The number of hours of daylight 
that occur at any location on Earth depends on the time 
of year and the latitude of the location. The equations 
below model the numbers of hours of daylight in 
Seward, Alaska (60° latitude), and New Orleans, 
Louisiana (30° latitude). 


_ _ n(t + 22) 
D=12.2- 64 cos| 02) Seward 
. 7 COS 182.6 ew Orleans 


In these models, D represents the number of hours 
of daylight and ¢ represents the day, with t= 0 
corresponding to January 1. 

(a) Use a graphing utility to graph both models in the 
same viewing window. Use a viewing window of 
0st 365. 

(b) Find the days of the year on which both cities 
receive the same amount of daylight. 


(c) Which city has the greater variation in the number 
of hours of daylight? Which constant in each 
model would you use to determine the difference 
between the greatest and least numbers of hours of 
daylight? 

(d) Determine the period of each model. 

Ocean Tide The tide, or depth of the ocean near the 

shore, changes throughout the day. The water depth d 

(in feet) of a bay can be modeled by 


tt 


d = 35 — 28 cos 62 


where ¢ represents the time in hours, with ¢ = 0 
corresponding to 12:00 A.M. 


(a) Algebraically find the times at which the high and 
low tides occur. 


(b) If possible, algebraically find the time(s) at which 
the water depth is 3.5 feet. 


(c) Use a graphing utility to verify your results from 
parts (a) and (b). 

Piston Heights The heights / (in inches) of pistons 

1 and 2 in an automobile engine can be modeled by 

h, = 3.75 sin 733t + 7.5 


and 


4 
hy = 3.75 sin 7331 + =) eas 
respectively, where ¢ is measured in seconds. 


(a) Use a graphing utility to graph the heights of these 
pistons in the same viewing window for 0 < ¢ < 1. 


(b) How often are the pistons at the same height? 


13. 


14. 


15. 


Index of Refraction The index of refraction n of 
a transparent material is the ratio of the speed of light 
in a vacuum to the speed of light in the material. Some 
common materials and their indices of refraction are air 
(1.00), water (1.33), and glass (1.50). Triangular prisms 
are often used to measure the index of refraction based 
on the formula 


9 
aa 2 


sin = 


2 


For the prism shown in the figure, a = 60°. 


Air a \-" 
a 6 
a es 
pe 
Prism 


(a) Write the index of refraction as a function of 
cot(@/2). 

(b) Find @ for a prism made of glass. 

Sum Formulas 

(a) Write a sum formula for sin(u + v + w). 

(b) Write a sum formula for tan(u + v + w). 


Solving Trigonometric Inequalities Find the 
solution of each inequality in the interval [0, 27). 


(a) sinx = 0.5 (b) cosx < —0.5 


(c) tanx < sinx (d) cosx = sinx 


. Sum of Fourth Powers Consider the function 


f(x) = sint x + cos* x. 
(a) Use the power-reducing formulas to write the 
function in terms of cosine to the first power. 


(b) Determine another way of rewriting the original 
function. Use a graphing utility to rule out 
incorrectly rewritten functions. 


(c 


Nee 


Add a trigonometric term to the original function so 
that it becomes a perfect square trinomial. Rewrite 
the function as a perfect square trinomial minus the 
term that you added. Use the graphing utility to rule 
out incorrectly rewritten functions. 


(d 


wm 


Rewrite the result of part (c) in terms of the sine of 
a double angle. Use the graphing utility to rule out 
incorrectly rewritten functions. 


(e 


wa 


When you rewrite a trigonometric expression, the 
result may not be the same as a friend’s. Does this 
mean that one of you is wrong? Explain. 
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3.1 
3.2 
3.3 
3.4 


Additional Topics 
in Trigonometry 


Law of Sines 

Law of Cosines 

Vectors in the Plane 
Vectors and Dot Products 


oF 


GO DIGITAL 


3.3 Air Navigation (Exercise 90, p. 289) 
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3.4 Braking Load (Exercise 74, p. 298) 
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262 Chapter 3 Additional Topics in Trigonometry 


3.1 Law of Sines 


The Law of Sines is useful 

for solving real-life problems 
involving oblique triangles. 

For example, in Exercise 46 on 
page 269, you will use the Law of 
Sines to determine the distance 
from a boat to a shoreline. 


»> 
ALGEBRA HELP 
The height / of each of these 


triangles can be found using 
the formula 


—= sind 
b sin 


orh = bsinA. 


GO DIGITAL 


© Use the Law of Sines to solve oblique triangles (AAS or ASA). 
© Use the Law of Sines to solve oblique triangles (SSA). 

© Find the areas of oblique triangles. 

© Use the Law of Sines to model and solve real-life problems. 


Introduction 


In Chapter 1, you studied techniques for solving right triangles. In this section and the 
next, you will solve oblique triangles—triangles that have no right angles. As standard 
notation, the angles of a triangle are labeled A, B, and C, and their opposite sides are 
labeled a, b, and c, as shown in the triangles below. 


Oblique Triangles 
Cc 
Cc 
b a a 
b 
A a B A c B 
A, B, and C are acute. A is obtuse; B and C are acute. 


To solve an oblique triangle, you need to know one side length and any two of the 
other measures. So, there are four cases involving sides (S) and angles (A). 


1. Two angles and any side (AAS or ASA) 

2. Two sides and an angle opposite one of them (SSA) 
3. Three sides (SSS) 

4. Two sides and their included angle (SAS) 


The first two cases can be solved using the Law of Sines, whereas the last two cases 
require the Law of Cosines (presented in the next section). 


Law of Sines ) 


@  ® _ € 
sinA sinB  sinC 


If ABC is a triangle with sides a, b, and c, then 


C Cc 
b a h 
allie ae 
A G B A G B 
A is acute. A is obtuse. 


The Law of Sines can also be written in the reciprocal form 


smA  sinB_ sinC 
a b c 


Reciprocal form 


For a proof of the Law of Sines, see Proofs in Mathematics on page 308. 


© Drozdin Viadimir/Shutterstock.com 
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Figure 3.1 


Figure 3.2 


Pr 4 


GO DIGITAL 


3.1 Law of Sines 263 


Given Two Angles and One Side—AAS 


For the triangle in Figure 3.1, C = 102°, B = 29°, and b = 28 feet. Find the remaining 
angle and sides. 


Solution The third angle of the triangle is 
A = 180° — B — C = 180° — 29° — 102° = 49°. 
By the Law of Sines, you have 


a bb _ ic 
snA sinB  sinC 


Using b = 28 produces 


(sin A) 


= = (sin 49°) ~ 43.59 feet 


and 


(sin C) (sin 102°) = 56.49 feet. 


28 
sin 29° 
VY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


For the triangle shown, A = 30°, 
B = 45°, and a = 32 centimeters. 
Find the remaining angle and sides. 


Given Two Angles and One Side—ASA 


A pole tilts toward the sun at an 8° angle from the vertical, and it casts a 22-foot shadow. 
(See Figure 3.2.) The angle of elevation from the tip of the shadow to the top of the pole 
is 43°. How tall is the pole? 


Solution In Figure 3.2, A = 43° and 

B= 90° + 8° = 98°. 
So, the third angle is 

C = 180° — A — B = 180° — 43° — 98° = 39°. 
By the Law of Sines, you have 


aq e¢ 
snA sinC 


Because c = 22 feet, the height of the pole is 


a = ——(sin A) (sin 43°) ~ 23.84 feet. 
sin 


22 
sin 39° 
ns Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the height of the tree 
shown in the figure. 
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264 Chapter 3. Additional Topics in Trigonometry 


The Ambiguous Case (SSA) 


In Examples | and 2, you saw that two angles and one side determine a unique triangle. 
However, if two sides and one opposite angle are given, then three possible situations 
can occur: (1) no such triangle exists, (2) one such triangle exists, or (3) two distinct 
triangles exist. 


The Ambiguous Case (SSA) | 
> 
Consider a triangle in which a, b, and A are given, andh = bsin A. 
A is acute. A Is acute. A is acute. A Is acute. A is obtuse. A is obtuse. 
Sketch 
b < 4 
< ame? i 
ZS pote e 
Necessary a<h a=h a=zb h<a<b a<b a>b 
condition 
Triangles None One One Two None One 
possible 


Single-Solution Case—SSA 


p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


For the triangle in Figure 3.3, a = 22 inches, b = 12 inches, and A = 42°. Find the 
remaining side and angles. 


Solution By the Law of Sines, you have 


sinB_ sinA 


One solution: a = b D Reciprocal form 
a 
Figure 3.3 ; 
: sin A 
sinB = b Multiply each side by b. 
a 
. sin 42° 
sin B = 12 oI Substitute for A, a, and b. 
B~2141°. Solve for acute angle B. 


So, the third angle of the triangle is C ~ 180° — 42° — 21.41° = 116.59°. Finally, 
determine the remaining side. 


c _ a 
sinC  sinA 


Law of Sines 


‘ : a : ; : ; 
When using the Law of Sines, c = ——(sin C) Multiply each side by sin C. 
sinA 
choose the form so that the 
: rer 22 . 
unknown variable is in the OF ee ae (sin 116.59°) Substitute for a, A, and C. 
numerator. sin 42 
c ~ 29.40 inches Simplify. 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Given A = 31°, a = 12 inches, and b = 5 inches, find the remaining side and angles 
of the triangle. oy 
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No solution: a < h 
Figure 3.4 


Two solutions: h <a<b 
Figure 3.5 


anred 
GO DIGITAL 


3.1. Law of Sines 265 


No-Solution Case—SSA 


Show that there is no triangle for which a = 15, b = 25, and A = 85°. 


Solution Begin by making the sketch shown in Figure 3.4. From this figure, it 
appears that no triangle is possible. Verify this using the Law of Sines. 


sinB_ sinA 


Reciprocal form 


b a 
sin B = (24) Multiply each side by b. 
a 
sin B = 29( a ~ 1.6603 > 1 


This contradicts the fact that |sin B| < 1. So, no triangle can be formed with sides 
a = 15 and b = 25 and angle A = 85°. 


Sf Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Show that there is no triangle for which a = 4, b = 14, and A = 60°. Hi 


Two-Solution Case—SSA 


Find two triangles for which a = 12 meters, b = 31 meters, and A = 20.5°. 


Solution Because h = bsinA = 31(sin 20.5°) ~ 10.86 meters and h < a < b, 
there are two possible triangles. Use the Law of Sines to find B. 


sinB sinA 


Reciprocal form 


ae (24) = 3 (2 20.5 
a 12 


> 
g 


There are two angles between 0° and 180° that satisfy this equation. One angle is 


: (* sin | 
B, = arcsinj ——~——— 
12 


=  B, = 64.8°. 


Supplementary angles have the same sine value, so the second angle is 
B, ~ 180° — 64.8° = 115.2°. 
Now, you can solve each triangle. For B, ~ 64.8°, you obtain 


C = 180° — 20.5° — 64.8° = 94.7° 


and 


a. 12 . Bes, 
Ca (sin C) ~ in 205° (sin 94.7°) ~ 34.15 meters. 


For B, ~ 115.2°, you obtain 
=~ 180° — 20.5° — 115.2° = 44.3° 


a 12 
c = ——(sin C) = ——— (sin 44.3°) ~ 23.93 meters. 
ne ) sin 205° ) 
The resulting triangles are shown in Figure 3.5. 
ff Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find two triangles for which a = 4.5 feet, b = 5 feet, and A = 58°. a 
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Area of an Oblique Triangle 


The procedure used to prove the Law of Sines leads to a formula for the area of an 
oblique triangle. Consider the two triangles below. 


Cc 


A 


A is acute. A is obtuse. 


Note that each triangle has a height of h = b sin A. Consequently, the area of each 
triangle is 


Area = 5 (base) (height a slob sin A) = she sin A. 


By similar arguments, you can develop the other two forms shown below. 


Area of an Oblique Triangle 7 


The area of any triangle is one-half the product of the lengths of two sides times 
the sine of their included angle. That is, 


1 : _il p _1 : 
Area = a sin A = had sin C = ae sin B. 


Note that when angle A is 90°, the formula gives the area of a right triangle: 
1 : 5 1 1 : 
Area = 3 e(sin 90°) = bc = 3 (base) (height). sin 90° = 


You obtain similar results for angles C and B equal to 90°. 


EXAMPLE 6 Finding the Area of a Triangular Lot 


Find the area of a triangular lot with two sides of lengths 90 meters and 52 meters and 
an included angle of 102°. 


Solution Draw a triangle to represent 
the problem, as shown at the right. The area is 


1 b=52m 
Area = 3b sin C 102° 


= $(90)(52)(sin 102°) ° e—oum 


= 2289 square meters. 
Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the area of a triangular lot with two sides of lengths 24 yards and 18 yards and an 
included angle of 80°. a 
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Figure 3.6 


Figure 3.7 


oye 


GO DIGITAL 


3.1 Law of Sines 267 


Application 


An Application of the Law of Sines 


The course for a boat race starts at point A and proceeds in the direction S 52° W to 
point B, then in the direction S 40° E to point C, and finally back to point A, as shown 
in Figure 3.6. Point C lies 8 kilometers directly south of point A. Approximate the total 
distance of the race course. 


Solution The lines BD and AC are parallel, so 2BCA = ZCBD. Consequently, 
triangle ABC has the measures shown in Figure 3.7. The measure of angle B is 
180° — 52° — 40° = 88°. Using the Law of Sines, 


a 8 __¢ 
sin 52° sin 88° — sin 40° 


Solving for a and c, you have 


8 , ay es _ 8 . es 
a= sin 99° 80 52°)~ 6.31 and c= sin 88° ggsin 40°) ~ 5.15. 


So, the total distance of the course is approximately 


8 + 6.31 + 5.15 = 19.46 kilometers. 
of Checkpoint — > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


On a small lake, a person swims from point A to point B at a bearing of N 28° E, then 
to point C at a bearing of N 58° W, and finally back to point A, as shown in the figure 
below. Point C lies 800 meters directly north of point A. Approximate the total distance 
the person swims. 


Summarize (Section 3.1) 


1. State the Law of Sines (page 262). For examples of using the Law of Sines 
to solve oblique triangles (AAS or ASA), see Examples | and 2. 


2. List the necessary conditions and the corresponding numbers of possible 
triangles for the ambiguous case (SSA) (page 264). For examples of using 
the Law of Sines to solve oblique triangles (SSA), see Examples 3-5. 

3. State the formulas for the area of an oblique triangle (page 266). For an 
example of finding the area of an oblique triangle, see Example 6. 


4. Describe a real-life application of the Law of Sines (page 267, Example 7). 
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3.1 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. An triangle is a triangle that has no right angle. 


2. Two and one 


3. Which two cases can be solved using the Law of Sines? 


determine a unique triangle. 


4. List measures of sides a and b and angle A so that two distinct triangles ABC exist. 


Skills and Applications 

Using the Law of Sines In Exercises 5-22, use the 
Law of Sines to solve the triangle. Round your answers to 
two decimal places. 


5. C 
b=20 105° \q 
45° 
A a B 
6 Cc 
a 
bT350 a 
A c=45 B 
7 C 
b a 
35° 40° 
A c=10 B 
8 Cc 
b=5.5 
123° 8 
16° 
A 7 B 


9. A= 102.4, C= 16.7, a=216 
10. A = 24.3°, C= 54.6, c = 2.68 
11. A = 83°20’, C= 54.6, c= 18.1 
12, A= 5°40’, B=8°15', b=48 
13. A = 35°, B= 65°, c= 10 
14. A= 1207, B= 45°, c= 16 
15. C= 55°, A= 42, b=} 

16. B= 28°, C= 104, a=33 
17.A=365. a2=8, b= 

18. A= 30, a=7, b=14 

19. A= 145°, a=14, b=4 

20. A= 100°, a= 125, c= 10 
21. B= 15°30’, a=45, b=68 
2. B= 245, b= 62, €= 58 


Using the Law of Sines In Exercises 23-32, use the 
Law of Sines to solve (if possible) the triangle. If two 
solutions exist, find both. Round your answers to two 
decimal places. 


23. A= 110°, a= 125, b= 100 
24. A= 110°, a= 125, b= 200 


25. A= 76°, a= 18, b= 20 
26. A= 76°, a= 34, b=21 
27. A= 58°, a=114, b=128 
28. A= 58°, a=45, b= 128 


29. A= 120°, a=b=25 

30. A = 120°, a=25, b=24 

31. A= 45°, a=b=1 

32. A = 25°4’, a=9.5, b=22 

Using the Law of Sines In Exercises 33-36, find 
values for b such that the triangle has (a) one solution, 
(b) two solutions (if possible), and (c) no solution. 

33. A= 36°, a=5 

34. A= 60°, a= 10 

35. A = 105°, a= 80 

36. A = 132°, a= 215 


Finding the Area of a Triangle In Exercises 37-44, 
find the area of the triangle. Round your answers to one 
decimal place. 

37. A= 125°, b=9, c=6 

38. C = 150°, a=17, b=10 

39. B= 39°, a=25, c= 12 

40. A= 72°, b=31, c=44 

41. C = 103° 15’, a= 16, b= 28 

42. B = 54°30’, a= 62, c= 35 

43. A=67, B=43°, a=8 

44. B= 118°, C=29°, a=52 
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45. Locating a Fire The bearing from the Pine Knob 


fire tower to the Colt Station fire tower is N 65° E, and 
the two towers are 30 kilometers apart. A fire spotted 
by rangers in each tower has a bearing of N 80° E from 
Pine Knob and S 70° E from Colt Station (see figure). 


3.1 Law of Sines 269 


48. Flight Path A plane flies 500 kilometers with a 


bearing of 316° from Naples to Elgin (see figure). The 
plane then flies 720 kilometers from Elgin to Canton 
(Canton is due west of Naples). Find the bearing of the 
flight from Elgin to Canton. 


Find the distance of the fire from each tower. 


N EC Ee N ee uy 
Woe Ze Ss 

‘ 720 km 500km 

yore nS 44°! 

pce yea 


49. Height A tree grows at an angle of 4° from the 
vertical due to prevailing winds. At a point 40 meters 
from the base of the tree, the angle of elevation to the 
top of the tree is 30° (see figure). 

(a) Write an equation that you can use to find the 
height h of the tree. 
(b) Find the height of the tree. 


46. Distance 
A boat is traveling 
due east parallel 

to the shoreline 

at a speed of 

10 miles per hour. 

At a given time, 

the bearing to a 
lighthouse is S 70° E, 
and 15 minutes later 
the bearing is S 63° E (see figure). The lighthouse 
is located at the shoreline. What is the distance 
from the boat to the shoreline? 


50. Angle of Elevation A 10-meter utility pole casts a 
17-meter shadow directly down a slope when the angle 
of elevation of the sun is 42° (see figure). Find 0, the 
angle of elevation of the ground. 


—_—_ aoa ——— 


47. Distance A bridge is built across a small lake from 
a gazebo to a dock (see figure). The bearing from the 
gazebo to the dock is S 41° W. From a tree 100 meters 
from the gazebo, the bearings to the gazebo and the 
dock are S 74° E and S 28°E, respectively. Find the 
distance from the gazebo to the dock. 


51. Height A flagpole at a right angle to the horizontal is 
located on a slope that makes an angle of 12° with the 
horizontal. The flagpole’s shadow is 16 meters long and 
points directly up the slope. The angle of elevation from 
the tip of the shadow to the sun is 20°. 

(a) Draw a diagram that represents the problem. Show 
the known quantities on the diagram and use a 
variable to indicate the height of the flagpole. 


(b) Write an equation that you can use to find the 
height of the flagpole. 


(c) Find the height of the flagpole. 


© Drozdin Viadimir/Shutterstock.com 
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52. Distance Air traffic controllers continuously monitor 
the angles of elevation @ and ¢ to an airplane from an 
airport control tower and from an observation post 
2 miles away (see figure). Write an equation giving the 
distance d between the plane and the observation post 
in terms of 6 and ¢. 


Airport 
control aoe uti d 
tGWer yess -~ Observation ' 
| ys post \ ' 
e, 7 t 
yaat DOW 
Ls 2 mi >| Not drawn to scale 


PE 53. Making an Inference In the figure, a and f are 
positive angles. 


c 
(a) Write a as a function of f. 
(b) Use a graphing utility to graph the function in 
part (a). Determine its domain and range. 


(c) Use the result of part (a) to write c as a function 
of B. 

(d) Use the graphing utility to graph the function in 
part (c). Determine its domain and range. 


(e) Complete the table. What can you infer? 


B | 04 | 0.8 | 1.2 2.4 | 2.8 


a 


| 


> 
Ory HOW DO YOU SEE IT? In the figure, a 


triangle is to be formed by drawing a line 
segment of length a from (4, 3) to the positive 
x-axis. For what value(s) of a can you form 
(a) one triangle, (b) two triangles, and (c) no 
triangles? Explain. 


ge Learning. All Rights Reserved. Me 
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Exploring the Concepts 


True or False? In Exercises 55-59, determine whether 
the statement is true or false. Justify your answer. 


55. If a triangle contains an obtuse angle, then it must be 
oblique. 


56. Two angles and one side of a triangle do not necessarily 


determine a unique triangle. 


57. When you know the three angles of an oblique triangle, 


you can solve the triangle. 


58. The ratio of any two sides of a triangle is equal to the 


ratio of the sines of the opposite angles of the two sides. 

. The area of a triangular lot with side lengths 11 feet and 
16 feet and an angle opposite the 16-foot side of 58° can 
be found using 


Area = 3(11)(16)(sin 58°). 


Think About It 

(a) Write the area A of the shaded region in the figure 
as a function of 6. 

(b) Use a graphing utility to graph the function. 

(c) Determine the domain of the function. Explain 
how decreasing the length of the eight-centimeter 
line segment affects the area of the region and the 
domain of the function. 


20 cm 


8cm 


V 
NG 30 cm 


Video solutions at 


Review & Refresh » LarsonPrecalculus.com 


Finding the Slope of aLine Through Two Points In 
Exercises 61-64, find the slope of the line passing 
through the pair of points. 
61. (1, —6), (5, 0) 

63. (—5, 4), (— 13, 4) 


62. (—2, 3), (—2, — 12) 
64. (—2, 11), (8, 9) 


Finding Real Zeros of a Polynomial Function In 
Exercises 65-68, (a) find all real zeros of the polynomial 
function, (b) determine whether the multiplicity of each 
zero is even or odd, (c) determine the maximum possible 
number of turning points of the graph of the function, 
and (d) use a graphing utility to graph the function and 
verify your answers. 


65. h(x) = x? — 10x + 25 
66. f(x) = x8 + 3x? — 4x 
67. f(t) = —4t* — 10P + 6° 
68. g(t) = 205 — 1423 — 36t 
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3.2 Law of Cosines 


The Law of Cosines is useful 
for solving real-life problems 
involving oblique triangles. 

For example, in Exercise 52 on 
page 276, you will use the Law 
of Cosines to determine the 
total distance a piston moves in 
an engine. 


When solving an oblique 
triangle given three sides, use 
the alternative form of the Law 


of Cosines to solve for an angle. 


© Use the Law of Cosines to solve oblique triangles (SSS or SAS). 
© Use the Law of Cosines to model and solve real-life problems. 
© Use Heron’s Area Formula to find areas of triangles. 


Introduction 


Two cases remain in the list of conditions needed to solve an oblique triangle—SSS 
and SAS. When you are given three sides (SSS), or two sides and their included angle 
(SAS), you cannot solve the triangle using the Law of Sines alone. In such cases, use 
the Law of Cosines. 


Law of Cosines i) 


Standard Form Alternative Form 

b2 fe DD, 

a =b* + c? — 2becosA Cy, 
2be 

iD) ae Dh, oo b2 

b* = a? + c* — 2ac cos B eee 
2ac 

2 2, 2 

GF oP iF = € 

Cc =a + b* — 2abcos C cos C = ——.———— 
2ab 


For a proof of the Law of Cosines, see Proofs in Mathematics on page 308. 


Given Three Sides—SSS 


Find the three angles of the triangle shown below. 


B 


a=8ft c= 14ft 


Cc A 


b=19 ft 


Solution It is a good idea to find the angle opposite the longest side first—side b in 
this case. Using the alternative form of the Law of Cosines, 


@+e-P_ 8+142-19 101 
2ac 2(8)(14) 224° 


cos B = 


Because cos B is negative, B is an obtuse angle given by B ~ 116.80°. At this point, use 
the Law of Sines to determine A. 


. _ fsinB\  ./sin 116.80° 
sin A = af b ) = (snes 


8 sin 116.80° 
=> A ~ arosin( S52 OS") 


19 


Because B is obtuse and a triangle can have at most one obtuse angle, you know that A 
must be acute. So, A ~ 22.08° and C ~ 180° — 22.08° — 116.80° = 41.12°. 


Sf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the three angles of the triangle whose sides have lengths a = 6 centimeters, 
b = 8 centimeters, and c = 12 centimeters. |_| 
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When solving an oblique 
triangle given two sides and 
their included angle, use the 
standard form of the Law 
of Cosines to solve for the 
remaining side. 


Do you see why it was wise to find the largest angle first in Example 1? Knowing 
the cosine of an angle, you can determine whether the angle is acute or obtuse. That is, 


cos@ >0 for O° < 6 < 90° Acute 
and 
cos6 <0 for 90° < @ < 180°. Obtuse 


So, in Example 1, after you find that angle B is obtuse, you know that angles A and C 
must both be acute. Furthermore, if the largest angle is acute, then the remaining two 
angles must also be acute. 


Given Two Sides and Their Included Angle—SAS 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Find the remaining angles and side of the triangle shown below. 


A c=12m B 


Solution Use the standard form of the Law of Cosines to find side a. 
2 = b+ +c? — 2bccosA 
a? = 92 + 122 — 2(9)(12) cos 25° 
a? = 225 — 216 cos 25° 
a ~ 5.4072 meters 
Of angles B and C, angle B must be the smaller angle because it is opposite the shorter 


side (b < c). So, B cannot be obtuse and must be acute. Because you know a, A, and b, 
use the reciprocal form of the Law of Sines to solve for acute angle B. 


sinB_ sinA 


Reciprocal form 


b a 
sin A 
sin B = of ) Multiply each side by b. 
a 
B Ga Substi for A dL 
sin b ~ ubstitute for A, a, and b. 
5.4072 
B= 44.7° Use a calculator. 
Now, find C. 


C = 180° — 25° — 44.7° = 110.3° 
i Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the remaining angles and side of the triangle shown below. 
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Applications 


An Application of the Law of Cosines 


The pitcher’s mound on a softball field is 43 feet from home plate and the distance 
between the bases is 60 feet, as shown in Figure 3.8. (The pitcher’s mound is not 
halfway between home plate and second base.) How far is the pitcher’s mound from 
first base? 


Solution In triangle HPF, H = 45° (line segment HP bisects the right angle at H), 
f = 43, and p = 60. Using the standard form of the Law of Cosines for this SAS case, 


h? = f? + p? — 2fpcosH Law of Cosines 
= 432 + 602 — 2(43)(60) cos 45° Substitute for H, f, and p. 
= 5449 — 5160 cos 45°. 


So, the approximate distance from the pitcher’s mound to first base is 


h = ./5449 — 5160 cos 45° ~ 42.43 feet. 


Sf Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


In a softball game, a batter hits a ball directly over second base to center field, a 
distance of 240 feet from home plate. The center fielder then throws the ball to third 
base and gets a runner out. The distance between the bases is 60 feet. How far is the 
center fielder from third base? 


An Application of the Law of Cosines 


A ship travels 60 miles due east and then adjusts its course, as shown in the figure. After 
traveling 80 miles in this new direction, the ship is 139 miles from its point of departure. 
Describe the bearing from point B to point C. 


en 
-E 


N 
w-s 


{ — 


= a 


Solution You have a = 80, b = 139, and c = 60. So, using the alternative form of 
the Law of Cosines, 


e+ce-— pb 


cos B = ——— Alternative form 
2ac 
802 + 60? — 1392 : 
= 2(80) (60) Substitute for a, b, and c. 
9321 
~ 9600 


So, B ~ 166.15°, and the bearing measured from due north from point B to point C is 
approximately 166.15° — 90° = 76.15°, or N 76.15° E. 


e Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


A ship travels 40 miles due east and then changes direction, as shown in Figure 3.9. 
After traveling 30 miles in this new direction, the ship is 56 miles from its point of 
departure. Describe the bearing from point B to point C. a 
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HISTORICAL NOTE 


Heron of Alexandria 

(circa A.D. 10-75) was 

a Greek geometer and 
inventor. His works describe 
how to find areas of triangles, 

quadrilaterals, regular 
polygons with 3 to 12 sides, 
and circles, as well as surface 

areas and volumes of 

three-dimensional objects. 


bese] 
GO DIGITAL 


Heron’s Area Formula 


The Law of Cosines can be used to establish a formula for the area of a triangle. 
This formula is called Heron’s Area Formula after the Greek mathematician Heron 
(circa A.D. 10-75). 


Heron’s Area Formula | 


Given any triangle with sides of lengths a, b, and c, the area of the triangle is 
Area = \/s(s — a)(s — b)(s — c) 


where 


_atbte 
a ae 


For a proof of Heron’s Area Formula, see Proofs in Mathematics on page 309. 


EXAMPLE 5 Using Heron’s Area Formula 


Use Heron’s Area Formula to find the area of a triangle with sides of lengths 
a = 43 meters, b = 53 meters, and c = 72 meters. 


Solution First, determine that s = (a + b + c)/2 = 168/2 = 84. Then Heron’s 
Area Formula yields 


Area = \/s(s — a)(s — b)(s — c) Heron’s Area Formula 
= ./84(84 — 43)(84 — 53)(84 — 72) Substitute. 
= ,/84(41)(1)(12) Subtract. 
=~ 1131.89 square meters. Use a calculator. 


Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use Heron’s Area Formula to find the area of a triangle with sides of lengths 
a = 5 inches, b = 9 inches, and c = 8 inches. |_| 


You have now studied three different formulas for the area of a triangle. 


Standard Formula: Area = shh 


1 1 1 
Oblique Triangle: Area = 3be sinA = ab sin C = ae sin B 


Heron’s Area Formula: Area = \/s(s — a)(s — b)(s — c) 


Summarize (Section 3.2) 


1. State the Law of Cosines (page 271). For examples of using the Law of 
Cosines to solve oblique triangles (SSS or SAS), see Examples | and 2. 


2. Describe real-life applications of the Law of Cosines (page 273, 
Examples 3 and 4). 

3. State Heron’s Area Formula (page 274). For an example of using Heron’s 
Area Formula to find the area of a triangle, see Example 5. 
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See CalcChat.com for tutorial help and worked-out solutions 


bee - 
to odd-numbered exercises. tts 


3.2 Exercises 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 
1. When solving an oblique triangle given three sides, use the form 
of the Law of Cosines to solve for an angle. 


2. When solving an oblique triangle given two sides and their included angle, 
use the form of the Law of Cosines to solve for the remaining side. 


3. State the alternative form of the Law of Cosines for b? = a? + c? — 2ac cos B. 


4. State two other formulas, besides Heron’s Area Formula, that you can use to 
find the area of a triangle. 


Skills and Applications 


Using the Law of Cosines In Exercises 5-24, use 
the Law of Cosines to solve the triangle. Round your 
answers to two decimal places. 


Finding Measures in a Parallelogram In Exercises 
25-30, find the missing values by solving the parallelogram 
showninthefigure. (Thelengthsofthediagonalsaregivenby 


5. . : c and d.) 
b=3 a=7 
A c=8 7 
7 8. 
Cc 
Cc = a=9 
b = 8 a= 5 b ~ a ee B 
A = 
A c= 12 c=l1l1 
* pais 8 . 
c= 30 a sa 25. 5 8 45° 
11. G 12. a 26. 25 35 120° 
b=7 ‘os eal a Ae 27. 10 14 20 
A a B AD =a B 28. 40 60 80 
= 29. 15 25 20 
13.a=11, b=15, c=21 30. 25 50 35 
14.a=55, b=25, c=72 Ba a en genet 
_ _ _ olving a Triangle In Exercises 31-36, determine 
Bese Behe, ea whether the Law of Sines or the Law of Cosines is 
16.4 = 75.4, b= 52.5, ¢ = 52.5 needed to solve the triangle. Then solve (if possible) the 
17. A= 120°, b=6, c=7 triangle. If two solutions exist, find both. Round your 
18. A = 48°, b=3, c= 14 answers to two decimal places. 
19. B = 10°35’, a= 40, c= 30 31.a=8, c=5, B=40° 
20. B = 75°20’, a=9, c=6 32.a= 10, b=12, C=70° 
21. B= 125° 40’, a = 37, c= 37 33. A= 24°, a=4, b=18 
22. C = 15°15’, a=7.45, b= 2.15 34.a=11, b=13, c=7 
3.C=43, a2=5, b= 35.A=42, B=35, c= 12 
MCS 10, e=3. bS4 36. B= 12, a= 160, b= 63 
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Using Heron’s Area Formula In Exercises 37—44, use 
Heron’s Area Formula to find the area of the triangle. 


37.a=6, b=12, c=17 
38. a = 33, b= 36, c=21 

39. a=2.5, b=10.2, c=8 

40. a = 12.32, b= 846, c= 15.9 


4l.a=1, b=5, c=i 
2a=%, b=% cH 7 
43. A= 80°, b=75, c 
44, C= 109, a= 16, 


= 41 
b = 3.5 


45. Surveying To approximate the length of a marsh, a 
surveyor walks 250 meters from point A to point B, then 
turns 75° and walks 220 meters to point C (see figure). 
Find the length AC of the marsh. 


46. Streetlight Design Determine the angle 0 in the 
design of the streetlight shown in the figure. 


47. Baseball A _ baseball player in center field is 
approximately 330 feet from a television camera that is 
behind home plate. A batter hits a fly ball that goes to the 
wall 420 feet from the camera (see figure). The camera 
turns 8° to follow the play. How far does the center 
fielder have to run to make the catch? 


© Smart-foto/Shutterstock.com 


48. Baseball On a baseball diamond with 90-foot sides, 
the pitcher’s mound is 60.5 feet from home plate. How 
far is the pitcher’s mound from third base? 

49. Miap Onamap, Minneapolis is 165 millimeters due west 
of Albany, Phoenix is 216 millimeters from Minneapolis, 
and Phoenix is 368 millimeters from Albany (see figure). 


Minneapolis A, mm 
; Albany. 


Phoenix 


(a) Find the bearing of Minneapolis from Phoenix. 
(b) Find the bearing of Albany from Phoenix. 


50. Air Navigation A plane flies 810 miles from 
Franklin to Centerville with a bearing of 75°. Then 
it flies 648 miles from Centerville to Rosemount 
with a bearing of 32°. Draw a diagram that gives a 
visual representation of the problem. Then find the 
straight-line distance and bearing from Franklin to 
Rosemount. 


51. Surveying A triangular parcel of land has 115 meters 
of frontage, and the other boundaries have lengths of 76 
meters and 92 meters. What angles does the frontage 
make with the two other boundaries? 


52. Mechanical Engineering 


A piston in an engine has a seven-inch connecting 
rod fastened to a crank (see figure). 


(a) Use the Law of Cosines to write an equation 
giving the relationship between x and 0. 


(b) Write x as a 
function of @. 
(Select the 
sign that yields 
positive values 
of x.) 


(c) Use a graphing 
utility to graph the 
function in part (b). 

(d) Use the graph in part (c) to determine the total 

distance the piston moves in one cycle. 
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53. Surveying A triangular parcel of ground has sides 
of lengths 725 feet, 650 feet, and 575 feet. Find the 
measure of the largest angle. 


54. Distance Two ships leave a port at 9 A.M. One 
travels at a bearing of N 53° W at 12 miles per hour, 
and the other travels at a bearing of S 67° W at s miles 
per hour. 


(a) Use the Law of Cosines to write an equation that 
relates s and the distance d between the two ships 
at noon. 


(b) Find the speed s that the second ship must travel so 
that the ships are 43 miles apart at noon. 


55. Geometry A triangular parcel of land has sides of 
lengths 200 feet, 500 feet, and 600 feet. Use Heron’s 
Area Formula to find the area of the parcel. 


56. Geometry A parking lot has the shape of a 
parallelogram (see figure). The lengths of two adjacent 
sides are 70 meters and 100 meters. The angle 
between the two sides is 70°. Use the Law of Cosines 
and Heron’s Area Formula to find the area of the 
parking lot. 


57. Geometry You want to buy a triangular lot 
measuring 510 yards by 840 yards by 1120 yards. The 
price of the land is $2000 per acre. How much does the 
land cost? (Hint: 1 acre = 4840 square yards) 

58. Geometry You want to buy a triangular lot 
measuring 1350 feet by 1860 feet by 2490 feet. The 
cost of the land is $62,000. What is the price of the land 
per acre? (Hint: 1 acre = 43,560 square feet) 


Exploring the Concepts 


True or False? In Exercises 59 and 60, determine 
whether the statement is true or false. Justify your 
answer. 


59. In Heron’s Area Formula, s is the average of the lengths 
of the three sides of the triangle. 


60. In addition to SSS and SAS, the Law of Cosines can be 
used to solve triangles with AAS conditions. 


61. Think About It What familiar formula do you obtain 
when you use the standard form of the Law of Cosines, 
c? = a’ + b? — 2ab cos C, and you let C = 90°? What 
is the relationship between the Law of Cosines and this 
formula? 


3.2 Law of Cosines 277 


62. b) HOW DO YOU SEE IT? To solve the 
triangle, would you begin by using the Law 
of Sines or the Law of Cosines? Explain. 


(b) A 


63. Proof Use the Law of Cosines to prove each identity. 


1 atb+c -atbt+c 
eh + = e 
(a) 5 bc cos A) 5 


_a—btc atb-e 
2 2; 


(b) shel — cos A) 


64. Error Analysis Describe the error. 


46242 45 
A= = 095 
cos 2(5)(6) 60 


A = arccos(0.75) ~ 41.41° x 


Video solutions at 


Review & Refresh |») LarsonPrecalculus.com 


Finding Slope and Distance In Exercises 65-72, 
find (a) the slope of the line passing through the points 
(if possible) and (b) the distance between the points. 

65. i 1), (5, 8) 66. (=2, 3), (=6, 9) 

67. (—7, —4), (—3, —5) 68. (1, —2), (4, —1) 

69. (1, 12), (—5, 12) 70. (—9, 5), (—9, —5) 

71. (12, 10),(—12,-10) 72. (—5, 2), (5, —6) 
Evaluating Trigonometric Functions In Exercises 


73 and 74, find the exact values of the six trigonometric 
functions of each angle 0. 


73. (a) y (b) 4 
(-3, 3) t 
0 r) 
(3, -3) 
74, b y 
(a) (b) tae 
f) 
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3.3 Vectors in the Plane 


Vectors are useful tools for 
modeling and solving real-life 
problems involving magnitude 
and direction. For example, in 
Exercise 90 on page 289, you 
will use vectors to determine 
the speed and true direction of 
a commercial jet. 


y 
A 
= 4,4) 
44 
Pa S 
eA G2) 
TR 
i+ wu 2 
t P t t t +> xX 
(0, 0) 2 4 
Figure 3.12 


GO DIGITAL 


© Represent vectors as directed line segments. 

© Write component forms of vectors. 

© Perform basic vector operations and represent vector operations graphically. 
© Write vectors as linear combinations of unit vectors. 

© Find direction angles of vectors. 

© Use vectors to model and solve real-life problems. 


Introduction 


Quantities such as force and velocity involve both magnitude and direction and cannot 
be completely characterized by a single real number. To represent such a quantity, you 
can use a directed line segment, as shown in Figure 3.10. The directed line segment 
PQ has initial point P and terminal point Q. Its magnitude (or length) is denoted 
by ||PQ|| and can be found using the Distance Formula. 


Terminal point 


Initial point 


Figure 3.10 Figure 3.11 


Two directed line segments that have the same magnitude and direction are 
equivalent. For example, the directed line segments in Figure 3.11 are all equivalent. 
The set of all directed line segments that are equivalent to the directed line segment PQ 
is a vector v in the plane, written v = PQ. Vectors are denoted by lowercase, boldface 
letters such as u, v, and w. 


EXAMPLE 1 Showing That Two Vectors Are Equivalent 


Show that u and v in Figure 3.12 are equivalent. 

Solution From the Distance Formula, PO and RS have the same magnitude. 
PO = VG - 0F + 2-0 = Y13 
|RS| = J@- 1? + @-2F = VB 


Moreover, both line segments have the same direction because they are both directed 
toward the upper right on lines that have the same slope. 
2-0 4=2 2 


ny 2 4 
Slope of PO = 3=0 = 3 and Slope of RS = 1] = 3 


Because PQ and RS have the same magnitude and direction, u and v are equivalent. 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Show that u and v in the figure y 
at the right are equivalent. al 
(5, 3) 
|) 22" 
a+ 
RT 33.) 
I+ ou * 
jj x 
P\\1 2 3 4 = 5 
7 (0, 0) Hl 


© Mattscutt/Getty Images 
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Component Form of a Vector 


The directed line segment whose initial point is the origin is often the most convenient 
representative of a set of equivalent directed line segments. This representative of the 
vector v is in standard position. 

A vector whose initial point is the origin (0, 0) can be uniquely represented by the 
coordinates of its terminal point (v,, v,). This is the component form of a vector v, 
written as v = (v,, v>). The coordinates v, and v, are the components of v. If both the 
initial point and the terminal point lie at the origin, then v is the zero vector and is 
denoted by 0 = (0, 0). 


Component Form of a Vector | 


The component form of the vector with initial point P(p,, p,) and terminal point 
Q(q;, 4) is given by 

BO Git ds) AV Ne 
The magnitude (or length) of v is given by 

lvl = VG = pi)? + @ = Pa? = VP + v3. 


If ||v|| = 1, then v is a unit vector. Moreover, 
vector 0. 


|v|| = 0 if and only if v is the zero 


Two vectors u = (u,,u,) and v = (v,,v5) are equal if and only if u, = v, 
and u, =>. For instance, in Example 1, the vector u from P(0,0) to Q(3, 2) 
is u= PO = (3 — 0,2 — 0) = (3,2), and the vector v from R(1,2) to S(4,4) is 
v= RS = (4— 1,4 — 2) = (3, 2). So, the vectors u and v in Example 1 are equal. 


EXAMPLE 2 Finding the Component Form of a Vector 


Find the component form and magnitude of the vector v that has initial point (4, —7) 
and terminal point (— 1, 5). 


Algebraic Solution Graphical Solution 
Let Use centimeter graph paper to plot 
the points P(4, —7) and Q(—1, 5). we 4 
P(4, —7) = (Pi, Pa) Carefully sketch the vector v. Use “< 
and the sketch to find the components + ivi =13 
of v = (v;, v>). Then use a centimeter ° 
O(—1, 5) = (1, a): ruler to find the magnitude of v. | Li doll 4 
Then, the components of v = (v,, v) are The figure at the right shows that y + 
the components of v are vy, = —5 \ 
Sak Cees ea amd cacae and v, = 12, so v = (—5, 12). The - 
and figure also shows that the magnitude % 
is = Ge py = a= (7) = 2. of v is ||v|| = 13. Was moa 
f 


So, v = (—5, 12) and the magnitude of v is 
[lvl = “(—5)? + 12? 
= ./169 
13. 


=e Checkpoint |») Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the component form and magnitude of the vector v that has initial point (— 2, 3) and 
terminal point (—7, 9). | GO DIGITAL 
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Vector Operations 


The two basic vector operations are scalar multiplication and vector addition. In 
operations with vectors, numbers are usually referred to as scalars. In this text, scalars 
will always be real numbers. Geometrically, the product of a vector v and a scalar k is 
the vector that is |k| times as long as v. When k is positive, kv has the same direction 
as v, and when k is negative, kv has the direction opposite that of v, as shown in 
Figure 3.13. 

To add two vectors u and v geometrically, first position them (without changing 
their lengths or directions) so that the initial point of the second vector v coincides with 
the terminal point of the first vector u. The sum u + v is the vector formed by joining 
the initial point of the first vector u with the terminal point of the second vector v, as 
shown in the next two figures. This technique is called the parallelogram law for vector 


The scalar multiplication of v addition because the vector u + v, often called the resultant of vector addition, is the 
Figure 3.13 diagonal of a parallelogram with adjacent sides u and v. 
y 


To find u + v, move the initial point of v to the terminal point of u, as shown in 
the figure on the right. 


Definitions of Vector Addition and Scalar Multiplication i 


r —~ 


Let u = (u,, uy) and v = (Vj, v>) be vectors and let k be a scalar (a real 
number). Then the sum of u and v is the vector 


ut v= (u, + 4, uy + V>) Sum 
| and the scalar multiple of k times u is the vector 


ku = kKuy, Up) = (ku, ku). Scalar multiple 


The negative of v = (v,, v5) is 


-v ioe —v=(-1)v 
=(- Vio V>) Negative 
and the difference of u and v is 


A u-v=u+(—y) Add (—y). See Figure 3.14. 
u+(-v) = (Uy — Vy, Uy — V>). Difference 
> X 
To represent u — v geometrically, use directed line segments with the same initial 
u—v=u+ (—v) point. The difference u — v is the vector from the terminal point of v to the terminal 
Figure 3.14 point of u, which is equal to u + (—v), as shown in Figure 3.14. 


Example 3 on the next page illustrates the component definitions of vector addition 
and scalar multiplication. In this example, note the geometrical interpretations of each 
of the vector operations. 


roy 


GO DIGITAL 
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yy: 
h EXAMPLE 3 Vector Operations 
(-4, 10) 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 
Let v = (—2,5) and w = (3, 4). Find each vector. 


a. 2v b. w-— Vv c. v + 2w 

Solution 

a. 2v = 2(—2,5) = (2(—2), 2(5)) = (—4, 10) 
x A sketch of 2v is shown in Figure 3.15. 


-8§ -6 -4 2 
Figure 3.15 
Note that Figure 3.16 shows the vector difference w — v as the sum w + (—Vv). 
c. v + 2w = (—2,5) + 2(3,4) = (—2, 5) + (6, 8) = (4, 13) 
y 
A A sketch of v + 2w is shown in Figure 3.17. 
4+ e (3,4) 
VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
3 pe. 
Let u = (1, 4) and v = (3, 2). Find each vector. 
2+ Ww _ 
= aut+v bu-v_ ce 2u-3v a 
1 po 
{—> x Vector addition and scalar multiplication share many of the properties of ordinary 
— =. aes arithmetic. 
"Ty (6-1 
Figure 3.16 Properties of Vector Addition and Scalar Multiplication a 
Let u, v, and w be vectors and let c and d be scalars. Then the properties 
y listed below are true. 


lou+v=vtu 2. (u+v)+w=ue+(v+ w) 
3,.u+0=u 4. u+ (-—u) =0 

5. c(du) = (cd)u 6. (c + du = cu+ du 

7. clu + v) =cu+cv 8. 1(u) =u, O(u) =0 


9. 


cvl| = Ielllv| 


-6 -4 -2 2 4 6 8 


Finding the Magnitude of a Scalar Multiple 


Let u = (1, 3) and v = (—2, 5). Find the magnitude of each scalar multiple. 
a. ||2ul| b. ||—Sul| c. ||3¥|| 


Figure 3.17 


Solution 

a. |/2ul| = |2|[hul] = [2/IK1, 3) = |2| V1? + 3? = 2/10 

b. ||- Sul] = |—5]llull = |—5]IK1, 3)| = |-5| VP? + 3? = 5/10 
e. (3vl = [3llv] = [3|K-2, Syl = [3|. (2)? + 3? = 3.429 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Let u = (4,—1) and v = (3, 2). Find the magnitude of each scalar multiple. 
a. ||3ul| b. ||—2v]| c. ||Sv|| a 


GO DIGITAL 
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HISTORICAL NOTE 


William Rowan Hamilton 
(1805-1865), an Irish 
mathematician, did some 
of the earliest work with 
vectors. Hamilton spent 
many years developing a 
system of vector-like quantities 
called quaternions. Although 
Hamilton was convinced of 
the benefits of quaternions, 
the operations he defined 
did not produce good models 
for physical phenomena. It 
was not until the latter half 
of the nineteenth century 
that the Scottish physicist 
James Maxwell (1831-1879) 
restructured Hamilton’s 
quaternions in a form that 
is useful for representing 
physical quantities such 
as force, velocity, and 
acceleration. 


[essa 
GO DIGITAL 


Unit Vectors 
In many applications of vectors, it is useful to find a unit vector that has the same direction 


as a given nonzero vector v. To do this, divide v by its magnitude to obtain 


1 
u = unit vector = az = (Ah. Unit vector in direction of v 
Iv \Ivll 


Note that u is a scalar multiple of v. The vector u has a magnitude of | and the same 
direction as v. The vector u is called a unit vector in the direction of v. 


EXAMPLE 5 Finding a Unit Vector 


Find a unit vector u in the direction of v = (—2, 5). Verify that |lul] = 1. 
Solution The unit vector u in the direction of v is 


a vo —s (= 2,5) I ( 
IIvll V22 +52 /29 


The vector u has a magnitude of | because 


M~«/(G5) + Ga) - Vata Ve 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


~2,5) = (Fs Fs}. 


Find a unit vector u in the direction of v = (6, — 1). Verify that |{ul] = 1. oi 


The unit vectors (1,0) and (0, 1) are called the standard unit vectors and are 
denoted by 


i= (1,0) and j= (0,1) 


as shown in Figure 3.18. These vectors can be used to represent any vector v = (Vj, v5) 
because 


v= (vy, Vo) = “1, 0) + <0, V>) = v,(1, 0) + v,(0, 1) = Vib + voj. 


The scalars v, and v, are the horizontal and vertical components of v, respectively. 
The vector sum v,i + v,j is a linear combination of the vectors i and j. Any vector in 
the plane can be written as a linear combination of the standard unit vectors i and j. 


Standard unit vectors i and j 
Figure 3.18 


© Hulton-Deutsch Collection/CORBIS/Getty Images 
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ONES) =6Writing a Linear Combination of Unit Vectors 


Let u be the vector with initial point (2, —5) and terminal point (— 1, 3). Write u as a 
linear combination of the standard unit vectors i and j. 


Solution Begin by writing the component form of the vector u. Then write the 
component form in terms of i and j. 


u = (-1 — 2,3 — (-5)) = (-3, 8) 


—3i + 8j 


This result is shown graphically below. 


y 
A 
8+ 
6+ 
(-1, 3) 

t t t t +—> Xx 
-8 -6 -4 -2 4 6 

-6+ (2,-5) 
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Let u be the vector with initial point (— 2, 6) and terminal point (— 8, 3). Write u as a 
linear combination of the standard unit vectors i and j. 


EXAMPLE 7 Vector Operations 


Let u = —3i + 8j and v = 2i — j. Find 2u — 3v. 


Solution It is not necessary to convert u and v to component form to solve this 
problem. Just perform the operations with the vectors in unit vector form. 


2u — 3v = 2(-3i + 8j) — 3(2i — j) 
= —6i + 16j — 61+ 3j 
= —12i + 19j 
SY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Let u = i — 2j and v = —3i + 2j. Find 5u — 2v. a 


In Example 7, you could perform the operations in component form by writing 
u = —3i + 8j = (—-3,8) and v= 2i-—j = (2,-1). 
The difference of 2u and 3v is 
2u — 3v = 2(—3, 8) — 3¢2, —-1) 
= (—6, 16) — (6, —3) 
= (-6 — 6, 16 — (—3)) 
= (—12, 19). 


Compare this result with the solution to Example 7. 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


284 Chapter 3) Additional Topics in Trigonometry 


jul] = 1 
Figure 3.19 


> xX 


(a) 


t 
1 


-1+ 

—2-+ 

—34 

“47 (3,-4) 
(b) 
Figure 3.20 


bee 
GO DIGITAL 
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re = 306.87° 
s 


Copyright 2022 Cenga 


Learning. All Rights Rese 


Direction Angles 


If u is a unit vector such that 0 is the angle (measured counterclockwise) from the 
positive x-axis to u, then the terminal point of u lies on the unit circle and you have 


u = (x, y) 
= (cos 0, sin 0) 
= (cos 0)i + (sin 0)j 


as shown in Figure 3.19. The angle @ is the direction angle of the vector u. 

Consider a unit vector u with direction angle 0. If v = ai + bj is any nonzero 
vector making an angle @ with the positive x-axis, then it has the same direction as u 
and you can write 


Vv = |lv||(cos @, sin 0) 
= ||v||(cos 6)i + ||v||(sin @)j. 


Because v = ai + bj = ||y||(cos @)i + ||v||(sin 0)j, it follows that the direction angle @ 
for v is determined from 


sin 6 
tan 0 = Quotient identity 

cos 0 
I|v|| sin 6 

= 77 Multiply numerator and denominator by ||v}. 
\|v|| cos 8 
b igo 

aa Simplify. 
a 


EXAMPLE 8 Finding Direction Angles of Vectors 


Find the direction angle of each vector. 
a. u = 3i + 3j b. v = 3i - 4j 
Solution 


a. The direction angle is determined from 
b 
tnd=-=-=1. 
a 


So, 0 = 45°, as shown in Figure 3.20(a). 
b. The direction angle is determined from 


b —4 
t == — 
an 0 a 3 


Moreover, v = 3i — 4j lies in Quadrant IV, so @ lies in Quadrant IV, and its 
reference angle is 


9’ = 


4 
arctan( ~4)| [> 0' = |—53.13°| = 53.13°. 


So, the direction angle is @ = 360° — 0’ ~ 360° — 53.13° = 306.87°, as shown in 
Figure 3.20(b). 


of Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Find the direction angle of each vector. 


av=-6i+6j bo v=—-7i-4j a 
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Applications 


EXAMPLE 9 Finding a Velocity Vector 


Find the component form of the vector that represents the velocity of an airplane 
descending at a speed of 100 miles per hour at an angle 30° below the horizontal, as 
shown in Figure 3.21. 


Solution The velocity vector v has a magnitude of 100 and a direction angle of 
6 = 210°. 


Vv = |lv||(cos @)i + ||v||(sin 0)j 
= 100(cos 210°)i + 100(sin 210°)j 


= 100( “i + 100-5) 


ore = —50/3i — 50j 
= (-50./3, —50) 


Figure 3.21 
Note that v has a magnitude of 100 because 


iIv|| = J(-50 3)? + (—50)? = ./7500 + 2500 = ./10,000 = 100. 


Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the component form of the vector that represents the velocity of an airplane 
descending at a speed of 100 miles per hour at an angle 15° below the horizontal 
(0 = 195°). 


ONE Sate §~=Using Vectors to Determine Weight 


A force of 600 pounds is required to pull a boat and trailer up a ramp inclined at 15° 
from the horizontal. Find the combined weight of the boat and trailer. 


Solution Use Figure 3.22 to make the observations below. 
||BA|| = force of gravity = combined weight of boat and trailer 


||BC|| = force against ramp 


\|AC||| = force required to move boat up ramp = 600 pounds 


Notice that AC and the ramp are both perpendicular to BC. So, AC is parallel to the 
ramp, and angle DBW is equal to angle A by alternate interior angles. Also, angles 
WDB and C are right angles. So, triangles BWD and ABC are similar, and angle ABC 
equals 15°. To find the combined weight, use the right triangle definition of the sine 


Figure 3.22 


function to write an expression relating angle ABC, ||AC||, and ||BAl|. 
AC 
5S = Ea] aC] EE sinlS°?= a 
||BA || ||BAl| 


Next solve for ||BA ||. 


600 
sin 15° 


So, the combined weight is approximately 2318 pounds. 


BA] = => ||BAl| ~ 2318 


Y Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


A force of 500 pounds is required to pull a boat and trailer up a ramp inclined at 12° 
from the horizontal. Find the combined weight of the boat and trailer. 
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120° 


> xX 


(a) 


> X 


(b) 
Figure 3.23 


dy 


7 


T 
337.4° 


True direction of the airplane 
Figure 3.24 


GO DIGITAL 
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> X 


ONE Seh) ©6Using Vectors to Find Speed and Direction 


An airplane travels at a speed of 500 miles per hour with a bearing of 330° at a fixed 
altitude with a negligible wind velocity, as shown in Figure 3.23(a). (Note that a bearing 
of 330° corresponds to a direction angle of 120°.) The airplane encounters a wind with 
a velocity of 70 miles per hour in the direction N 45° E, as shown in Figure 3.23(b). 
What are the resultant speed and true direction of the airplane? (Recall from 
Section 1.8 that in air navigation, bearings are measured in degrees clockwise from 
north. In Figure 3.23, north is in the positive y-direction.) 


Solution Using Figure 3.23, the velocity of the airplane (alone) is 
v, = 500(cos 120°, sin 120°) = (—250, 250 J3) 

and the velocity of the wind is 
V> = 70(cos 45°, sin 45°) = (35,/2, 35/2). 

So, the velocity of the airplane (in the wind) is 
v=v, tv, = (—250 + 35,/2, 250,/3 + 35/2) 


and the resultant speed of the airplane is 


liv = V/(—250 + 35/2)? + (250./3 + 35,/2)° ~ 522.5 miles per hour. 
To find the direction angle 6 of the flight path, you have 


_ 250,/3 + 35./2 
—250 + 35./2° 


tan 0 


The flight path lies in Quadrant II, so @ lies in Quadrant II, and its reference angle is 
; | (Ae + 32) 
0’ = |arctan| ————_— 
=250 + 35./2 


So, the direction angle is 0 = 180° — 0’ = 180° — 67.4° = 112.6°. The true direction 
of the airplane is approximately 270° + (180° — 112.6°) = 337.4°. (See Figure 3.24.) 


=> 8-674. 


Jf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Repeat Example 11 for an airplane traveling at a speed of 450 miles per hour with a 
bearing of 300° that encounters a wind with a velocity of 40 miles per hour in the 
direction N 30° E. a 


Summarize (Section 3.3) 


1. Explain how to represent a vector as a directed line segment (page 278). 
For an example involving vectors represented as directed line segments, see 
Example 1. 

2. Explain how to find the component form of a vector (page 279). For an 
example of finding the component form of a vector, see Example 2. 

3. Explain how to perform basic vector operations (page 280). For an example 
of performing basic vector operations, see Example 3. 

4. Explain how to write a vector as a linear combination of unit vectors 
(page 282). For examples involving unit vectors, see Examples 5—7. 

5. Explain how to find the direction angle of a vector (page 284). For an 
example of finding direction angles of vectors, see Example 8. 


6. Describe real-life applications of vectors (pages 285 and 286, Examples 9-11). 
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3.3 Exercises 


3.3 Vectors in the Plane 287 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


Vocabulary and Concept Check 
In Exercises 1-4, fill in the blanks. 


1. You can use a 
involves both magnitude and direction. 


to represent a quantity that 


2. The set of all directed line segments that are equivalent to a given directed 


line segment PQ is a v in the plane. 
3. The two basic vector operations are scalar 


4. The vector sum vi + v,j isa 
and the scalars v, and v, are the and 


and vector 


of the vectors i and j, 
components of v, respectively. 


5. Explain what determines whether two vectors are equivalent. 


6. What characteristic determines whether a vector is a unit vector? 


Skills and Applications 


Determining Whether Two _ Vectors Are 
Equivalent In Exercises 7-12, determine whether u 
and v are equivalent. Explain. 


7. y 8. 
t 
6+ (6, 5) 
+ u 
*T (28%) 
2+ (4, 1) 
Ue. oie 
3 a ia: > T 4 T 6 T 
2+ 
Vector Initial Point Terminal Point 
ou (2,2) (—1, 4) 
v (=3, =) (=5,2) 
10. u (2, 0) (7, 4) 
Vv (—8, 1) (2, 9) 
11. u (2, —1) (5, — 10) 
v (6, 1) (9,.=8) 
12. u (8, 1) (13, —1) 
Vv (—2, 4) (—7, 6) 


Finding the Component Form of a Vector In 
Exercises 13-22, find the component form and magnitude 
of the vector v. 


13. y 14. 
4 es 
3 (1, 3) — >x 
Se 
2 a 
it/’ -2+ 
{+ + aes 3 
A 23 


15. y 16. y 
A 


Initial Point Terminal Point 


17. (-3, —5) (—11, 1) 
18. (—2,7) (5, -17) 
19. (1, 3) (—8, —9) 
20. (17, —5) (9, 3) 
21. (—1,5) (15, —21) 
22. (=—3, 11) (9, 40) 


Sketching the Graph of a Vector In Exercises 
23-28, use the figure to sketch a graph of the specified 
vector. To print an enlarged copy of the graph, go to 
MathGraphs.com. 


y 
Vv 
u 
> X 

23. —v 24. 5v 
2.utyv 26. u + 2v 
27. u-—v 

1 
28. v — zu 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


288 Chapter 3. Additional Topics in Trigonometry 


Vector Operations In Exercises 29-34, find (a) u + v, 
(b) u — v, and (c) 2u — 3v. Then sketch each resultant 
vector. 

29. u= (2,1), v = (1,3) 

30. u = (2,3), v= (4,0) 

31. u = (—5,3), v= (0,0) 

32. u = (0,0), v = (2,1) 

33. u= (0, -7), v = (1, —2) 

34. u = (-3,1), v= (2, —5) 

Finding the Magnitude of a Scalar Multiple In 


Exercises 35-38, find the magnitude of the scalar 
multiple, where u = <2, 0) and v = <—3, 6. 


35. |[Sull 36. ||4¥|| 
37. ||-3v| 38. ||—3ul 


Finding a Unit Vector In Exercises 39—44, find a unit 
vector u in the direction of v. Verify that ||u|| = 1. 


39. v = (3,0) 
40. v = (0, —2) 
41. v = (—2,2) 
42. v = (—5, 12) 
43. v = (1, —6) 


44, vy = (-8, —4) 


Finding a Vector In Exercises 45-48, find the vector 
v with the given magnitude and the same direction as u. 
45. ||v|| = 10, u = (-3, 4) 

46. ||v|| = 3, u = (—12, —5) 

47. ||v| =9, w= (2,5) 

48. |v) = 8, u = (3, 3) 

Writing a Linear Combination of Unit Vectors In 
Exercises 49-52, the initial and terminal points of a 


vector are given. Write the vector as a linear combination 
of the standard unit vectors i and j. 


Initial Point Terminal Point 


49. (—2, 1) G, =2) 

50. (0, —2) (3, 6) 

51. (0, 1) (—6, 4) 

52. (2, 3) (=1,=5) 

Vector Operations In Exercises 53-58, find 


the component form of v and sketch the specified 
vector operations geometrically, where u = 2i — j and 
w=i+t 2j. 


53. v =3u 54. vy = iw 
55. v=u+ 2w 56. v= —u+w 
57. v=u— 2w 58. v = 5(3u + w) 


Finding the Direction Angle of a Vector 
In Exercises 59-62, find the magnitude and direction 
angle of the vector v. 


ee ee 
60. v= —Si + 4j 
61. v = 3(cos 60° + sin 60°}) 


62. v = 8(cos 135°% + sin 135°j) 


Finding the Component Form of a Vector In 
Exercises 63-68, find the component form of v given 
its magnitude and the angle it makes with the positive 
x-axis. Then sketch v. 


Magnitude Angle 
63. ||v|| = @=0 
64. ||v|| = 4/3 6 = 90° 
65. ||v|| = 4 @ = 150° 
66. ||v|| = 2/3 @=45 
67. |lv|| = 3 v in the direction 3i + 4j 
68. ||v|| = 2 v in the direction i + 3j 


Finding the Component Form of a Vector In 
Exercises 69 and 70, find the component form of the sum 
of u and v with direction angles 6, and 0,. 
69. ||ul| = 4, 6, = 60° 

lvl = 4, 6, = 90° 
70. ||ul| = 20, 0, = 45° 

|v] = 50, @, = 180° 
Using the Law of Cosines In Exercises 71 and 72, 
use the Law of Cosines to find the angle a between the 
vectors. (Assume 0° < a < 180°.) 
71.v=i+j, w=2i- 2j 
72. v=i+ 2j, w= 2i-j 
Resultant Force In Exercises 73 and 74, find the 
angle between the forces given the magnitude of their 
resultant. (Hint: Write force 1 as a vector in the direction 


of the positive x-axis and force 2 as a vector at an angle 0 
with the positive x-axis.) 


Force 1 Force 2 Resultant Force 
73. 45 pounds 60 pounds 90 pounds 
74. 3000 pounds 1000 pounds 3750 pounds 


75. Velocity A bee is flying with a velocity of 22 feet per 
second at an angle of 6° above the horizontal. Find the 
vertical and horizontal components of the velocity. 


76. Velocity Pitcher Aroldis Chapman threw a pitch with 
a recorded velocity of 105 miles per hour. Assuming he 
threw the pitch at an angle of 3.5° below the horizontal, 
find the vertical and horizontal components of the 
velocity. (Source: Guinness World Records) 
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77. Resultant Force Forces with magnitudes of 
125 newtons and 300 newtons act on a hook (see 
figure). The angle between the two forces is 45°. Find 
the direction and magnitude of the resultant of these 
forces. (Hint: Write the vector representing each force 
in component form, then add the vectors.) 


y 2000 newtons 


125 newtons 


300 newtons 


SSeS a a eve 


900 newtons 


Figure for 77 Figure for 78 


78. Resultant Force Forces with magnitudes of 
2000 newtons and 900 newtons act on a machine part at 
angles of 30° and — 45°, respectively, with the positive 
x-axis (see figure). Find the direction and magnitude of 
the resultant of these forces. 


79. Resultant Force Three forces with magnitudes 
of 75 pounds, 100 pounds, and 125 pounds act on an 
object at angles of 30°, 45°, and 120°, respectively, with 
the positive x-axis. Find the direction and magnitude of 
the resultant of these forces. 


80. Resultant Force Three forces with magnitudes of 
70 pounds, 40 pounds, and 60 pounds act on an object 
at angles of — 30°, 45°, and 135°, respectively, with the 
positive x-axis. Find the direction and magnitude of the 
resultant of these forces. 


81. Cable Tension The cranes shown in the figure are 
lifting an object that weighs 20,240 pounds. Find the 
tension (in pounds) in the cable of each crane. 


1 
\ 
SI 


ee 
© 00000 
TAN 


82. Cable Tension Repeat Exercise 81 for 6, = 35.6° 
and 6, = 40.4°. 


83. Rope Tension A tetherball weighing 1 pound is 
pulled outward from the pole by a horizontal force 
u until the rope makes a 45° angle with the pole (see 
figure). Determine the resulting tension (in pounds) in 
the rope and the magnitude of u. 


© Mattscutt/Getty Images 
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84. Physics Use the figure to determine the tension (in 
pounds) in each cable supporting the load. 


10in. 20 in. 


—_oo-<£_ > 


Inclined Ramp In Exercises 85-88, a force of F 
pounds is required to pull an object weighing W pounds 
up a ramp inclined at 0 degrees from the horizontal. 


85. Find F when W = 100 pounds and @ = 12°. 

86. Find W when F = 600 pounds and 6 = 14°. 

87. Find @ when F = 5000 pounds and W = 15,000 pounds. 
88. Find F when W = 5000 pounds and @ = 26°. 


89. Air Navigation An airplane travels in the direction 
of 148° with an airspeed of 875 kilometers per hour. 
Due to the wind, its ground speed and direction are 
800 kilometers per hour and 140°, respectively (see 
figure). Find the direction and speed of the wind. 


800 kilometers per hour 


875 kilometers per hour 


90. Air Navigation 
A commercial jet travels from Miami to Seattle. 
The jet’s velocity 

with respect to the air 
is 580 miles per hour, 
and its bearing is 332°. 
The jet encounters 

a wind with a velocity 
of 60 miles per hour 
from the southwest. 


(a) Draw a diagram that gives 
a visual representation of the problem. 


(b) Write the velocity of the wind as a vector in 
component form. 

(c) Write the velocity of the jet relative to the air in 
component form. 

(d) What is the speed of the jet with respect to the 
ground? 


(e) What is the true direction of the jet? 
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Chapter 3. Additional Topics in Trigonometry 


Exploring the Concepts 


True or False? In Exercises 91-94, determine whether 
the statement is true or false. Justify your answer. 


91. 


92. 
93. 
94. 


95. 


96. 


97. 


BE 98. 


If u and v have the same magnitude and direction, then 
u and v are equivalent. 


If u is a unit vector in the direction of v, then v = ||v|lu. 
If v = ai + bj = 0, thena = —b. 


If u = ai + Dj is a unit vector, then a? + b? = 1. 


Error Analysis Describe the error in finding the 
component form of the vector u that has initial point 
(—3, 4) and terminal point (6, — 1). 


The components are u, = —3 — 6 = —9 
and u, = 4 — (—1) = 5. So, u = (—9, 5). 
Error Analysis Describe the error in finding the 
direction angle 6 of the vector v = —Si + 8j. 

b 8 


Because tan 8 = — = a the reference angle 
oe 


is 0’ = arcian( ~8)| =~ |—57.99°| = 57.99° 


x 


and @ ~ 360° — 57.99° = 302.01°. 
Proof Prove that 

(cos 6)i + (sin @)j 

is a unit vector for any value of @. 


Technology Write a program for your graphing 
utility that graphs two vectors and their difference 
given the vectors in component form. 


BB Finding the Difference of Two Vectors In Exercises 
99 and 100, use the program in Exercise 98 to find the 
difference of the vectors shown in the figure. 


99. 


A 101. 


y 100. y 
s+ a5 + 
“(1,6 { 
ofa, 5) a) alae 
a (0.4) (10, 60) 
*T 6,2) L+4t>x 
mfp RO 88 
+ 2 4 6 8 -50-- 


Graphical Reasoning Consider two forces 

F, = (10,0) and F, = 5(cos @, sin 0). 

(a) Find ||F, + F,]| as a function of 0. 

(b) Use a graphing utility to graph the function in part 
(a) forO < @ < 27. 


(c) Use the graph in part (b) to determine the range of 
the function. What is its maximum, and for what 
value of 6 does it occur? What is its minimum, and 
for what value of 6 does it occur? 


(d) Explain why the magnitude of the resultant is 
never 0. 


( IF 0 __ _ ~ 
102. HOW DO YOU SEE IT? Use the figure to 


determine whether each statement is true or 
false. Justify your answer. 


AA 


(a) a= —d (b) c=s 
(c)atu=ce (d) v+w=-s 
(ec) at w= —2d (f)at+d=0 


(g) u-— v= —2(b + t) (h) t-w=b-a 


Video solutions at 


Review & Refresh |» LarsonPrecalculus.com 


Finding a Distance In Exercises 103-110, find the 
distance between the points. Round your answer to two 
decimal places. 

103. (2, 8), (8, 2) 

104. (1, 4), (5, 18) 

105. (— 15, 16), (— 14, 19) 

106. (— 14, 3), (— 12, 9) 

107. (5, —20), (11, — 19) 

108. (— 16, —3), (—15, — 10) 

109. (—3, 0), (13, 6) 

110. (0, —7), (4, 12) 


Solving an Equation In Exercises 111-114, solve the 
equation for x. 


—3(3) + 1(9) 
111. eee 
COs x 1090) 
40 
112. eee 
cos x T1600 
a ge a 
8 4 71250 
1 
114. cos2 = : 


6  \/3(25 + 22) 


Solving a Triangle In Exercises 115-118, solve the 
triangle. If two solutions exist, find both. Round your 
answers to two decimal places. 


115. a=9,b = 8,c = 16 


116. A = 27°, a = 28, c = 38 
117. B = 59°, C = 84°, c = 20 
118. B = 18°,a = 18,c = 37 
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3.4 Vectors and Dot Products 


© Find the dot product of two vectors and use the properties of the dot product. 

© Find the angle between two vectors and determine whether two vectors are 
orthogonal. 

© Write a vector as the sum of two vector components. 

© Use vectors to determine the work done by a force. 


The Dot Product of Two Vectors 


So far, you have studied two vector operations—vector addition and multiplication by 
a scalar—each of which yields another vector. In this section, you will study a third 
vector operation, the dot product. This operation yields a scalar, rather than a vector. 


Definition of the Dot Product | 


The dot product of u = (u,, u,) and v = (vy, v>) isu * V = WV, + Uno. | 


The dot product of two vectors Finding Dot Products 
has many real-life applications. 

For example, in Exercise 74 
on page 298, you will use the 
dot product to find the force a. (4,5) + (2, 3) b. (2, —1) + (1, 2) c. (0,3) * (4, —2) 
necessary to keep a sport utility 
vehicle from rolling down a hill. 


Find each dot product. 


Solution 

a. (4,5) « (2,3) = 4(2) + 5(3) =8 + 15 = 23 

b. (2, -1) - (1,2) = 2(1) + (-DQ)=2-2=0 

c. (0,3) * (4, -2) = 0(4) + 3(-2) =0 -6 = -6 

VY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find each dot product. 
a. (3,4) > (2,—-3)  b. (-3,-5) + (1,-8)  . (6,5) + (5, 6) Ps 


In Example 1, be sure you see that the dot product of two vectors is a scalar (a real 
number), not a vector. Moreover, notice that the dot product can be positive, zero, or 
negative. 


Properties of the Dot Product ) 


Let u, v, and w be vectors and let c be a scalar. : 
lou-ev=veu Commutative Property 
2,.u-(v+w)=u-vtu-w Distributive Property 

35 c(u ° y) Se CUM Vie— aU GV: Associative Property 

4.0-v=0 

5. ve v = |v? 


For proofs of the properties of the dot product, see Proofs in Mathematics on page 310. 


© Westend61/Getty Images 
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Origin 
Figure 3.25 


EXAMPLE 2 Using Properties of the Dot Product 


Let u = (—1, 3), v = (2, —4), and w = (1, —2). Use properties of the dot product to 
find (a) (u + v)w, (b) u « 2v, and (c) |lull. 


Solution Begin by finding the dot product of u and v and the dot product of u and u. 
usv= (-1,3)° (2, —-4) = —1(2) + 3(-4) = -14 
u-u= (1,3) + (-1,3) = -1(-1) + 3(3) = 10 

a. (u* v)w = —14(1, —2) = (-14, 28) 

b. u + 2v = 2(u+ v) = 2(—14) = —28 

c. Because |{u|? = u + u = 10, it follows that |lul] = /u+u = /10. 


Notice that the product in part (a) is a vector, whereas the product in part (b) is a scalar. 
Can you see why? 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Let u = (3,4) and v = (—2,6). Use properties of the dot product to find 
(a) (u + v)v, (b) w+ (u + y), and (c) ||vI|. a 


The Angle Between Two Vectors 


The angle between two nonzero vectors is the angle 0, 0 < @ < 7, between their 
respective standard position vectors, as shown in Figure 3.25. This angle can be found 
using the dot product. 


Angle Between Two Vectors ) 


If 6 is the angle between two nonzero vectors u and v, then 


u:v 
fully 


cos 9 = 


For a proof of the angle between two vectors, see Proofs in Mathematics on page 310. 


EXAMPLE 3 Finding the Angle Between Two Vectors 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Find the angle @ between u = (4, 3) and v = (3,5). 


Solution Begin by sketching a graph of the vectors, as shown in Figure 3.26. 


cos @ = UY — (43) + 3,5) _ 4G) + 36) 7 
full lvl 1K4, 3)INIK3, SD 42? + 32/32 +52 5/34 


This implies that the angle between the two vectors is 


o7 
5/34 


of Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


1 


6 = cos” = 0.3869 radian. Use a calculator. 


Find the angle @ between u = (2, 1) and v = (1, 3). |_| 
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Opposite 
direction 


A graphing utility program that 
graphs two vectors and finds the 
angle between them is available 
at LarsonPrecalculus.com. Use 
this program, called “Finding the 
Angle Between Two Vectors,” to 
verify the solutions to Examples 3 
and 4. 


a 


GO DIGITAL 
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Rewriting the expression for the angle between two vectors in the form 
u + v= |lul|||v|| cos 6 


Alternative form of dot product 


produces an alternative way to calculate the dot product. This form shows that u * v and 
cos 6 always have the same sign, because ||ul| and ||v|| are always positive. The figures 
below show the five possible orientations of two vectors. 


Obtuse angle Right angle Acute angle Same 
us-v<0 u-v=0 urv>0O direction 
Ka a Pa 
ui ge 
v v ¥ —— 
1 1 1 
a GK<a a= 5 ves | 6=0 
—-1<cos#<0O cos 8 = 0 0<cosé <1 cos@é = 1 


Definition of Orthogonal Vectors ) 


The vectors u and v are orthogonal if and only if u + v = 0. 


The terms orthogonal and perpendicular have essentially the same meaning— 
meeting at right angles. Even though the angle between the zero vector and another 
vector is not defined, it is convenient to extend the definition of orthogonality to include 
the zero vector. In other words, the zero vector is orthogonal to every vector u, because 
0O-u=0. 


EXAMPLE 4 Determining Orthogonal Vectors 


Determine whether the vectors u = (2, —3) and v = (6, 4) are orthogonal. 
Solution 
Find the dot product of the two vectors. 

u+v= (2, —3) + (6,4) = 2(6) + (—3)(4) = 0 


The dot product is 0, so the two vectors are orthogonal (see figure below). 


at v= (6, 4) 


u = (2, -3) 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Determine whether the vectors u = (6, 10) and v = (- es ) are orthogonal. Hi 
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Finding Vector Components 


You have seen applications in which you add two vectors to produce a resultant vector. 
Many applications in physics and engineering pose the reverse problem—decomposing 
a given vector into the sum of two vector components. 

For example, consider a boat on an inclined ramp, as shown in Figure 3.27. The 
force F due to gravity pulls the boat down the ramp and against the ramp. These two 
orthogonal forces, w, and w,, are vector components of F. That is, 


F=w, + wp. Vector components of F 


The negative of component w, represents the force needed to keep the boat from rolling 
Figure 3.27 down the ramp, whereas w, represents the force that the tires must withstand against 
the ramp. A procedure for finding w, and w, is developed below. 


Definition of Vector Components } 


Let u and v be nonzero vectors such that 
u=w,t Ww, 


where w, and w, are orthogonal and w, is parallel to (or a scalar multiple of) v, 
as shown in Figure 3.28. The vectors w, and w, are vector components of u. 
The vector w, is the projection of u onto v and is denoted by 


W, = proj,u. 
The vector w, is given by 


WwW, =U -— Wy). 


From the definition of vector components, notice that you can find the component 
w, once you have found the projection of u onto v. To find the projection, use the dot 
product, as shown below. 


u=w, + Ww, 


u=cv +t ws w, is a scalar multiple of v. 
ue-v= (cv ++ w,) 7 ¥ Take the dot product of each side with v. 
@ is obtuse. usvV=cv-vVtw°Vv Distributive Property 
Figure 3.28 usv= cllv||? +0 w, and v are orthogonal. 


So, solving for c yields 
c= can Solve fi 
— VT 1_ Olive Tor c. 
lvl? 


and w,, the projection of u onto v, is 


: ucyv 
W, = projyu = cv = Ga 


Projection of u onto v | 


Let u and v be nonzero vectors. The projection of u onto v is given by 


: ucv 
projyu = (5th 
llvIP 


etc t 
GO DIGITAL 
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EXAMPLE 5 Decomposing a Vector into Components 


Find the projection of u = (3, —5) onto v = (6, 2). Then write u as the sum of two 
orthogonal vectors, one of which is proj,u. 


Solution The projection of u onto v is 


. _fusrv\) [8 62 
W, = proj,u (a y (S\, 2)= (3 2) 


as shown in Figure 3.29. The component w, is 


6 2 9 27 
wpa m=, -5)— (5,5) = (5-9). 


So, 


6 2 9 27 
Figure 3.29 u=w, + Wy 5° 5 + 5° 5 


= (3, -5). 


7 Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the projection of u = (3, 4) onto v = (8, 2). Then write u as the sum of two 
orthogonal vectors, one of which is proj,u. wi 


EXAMPLE 6 Finding a Force 


A 200-pound cart is on a ramp inclined at 30°, as shown in Figure 3.30. What force is 
required to keep the cart from rolling down the ramp? 


Solution The force due to gravity is vertical and downward, so use the vector 
F = —200j Force due to gravity 


to represent the gravitational force. To find the force required to keep the cart from 
rolling down the ramp, project F onto a unit vector v in the direction of the ramp, where 


v = (cos 30°)i + (sin 30°)j 


a ee 


=—i+ ~j. Unit vector along ramp 
Figure 3.30 2 2 
So, the projection of F onto v is 
w, = proj, F 
_ (F . vy 
llv|P 
= (F-v)v Ilv|P = 


1 
(- 200)(4)s 
J3. 4 ) 
— = + — 7 
109 71+ 55 
The magnitude of this force is 100. So, a force of 100 pounds is required to keep the 
cart from rolling down the ramp. 


Sf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Rework Example 6 for a 150-pound cart that is on a ramp inclined at 15°. | 


are 
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Force acts along the line of motion. 


Figure 3.31 


yoo] 


Force acts at 
motion. 
Figure 3.32 


Figure 3.33 


aaa 
GO DIGITAL 


angle @ with the line of 


—— 12 ft——" 


Q 


Work 


The work W done by a constant force F acting along the line of motion of an object is 
given by 


W = (magnitude of force)(distance) = ||F||||PO|| 


as shown in Figure 3.31. When the constant force F is not directed along the line of 
motion, as shown in Figure 3.32, the work W done by the force is given by 


W= || projg F || |PO| Projection form for work 
= (cos 6)||F|| ||POl| |1proj¢F || = (cos 6) IF 
=F- PO. : Dot product form for work 


The definition below summarizes the concept of work. 


Definition of Work | 


The work W done by a constant force F as its point of application moves along 
the vector PQ is given by either formula below. 


ay || projzoF | \|PO | Projection form 


2W=F- PO Dot product form 


EXAMPLE 7 Determining the Work Done 


To close a sliding barn door, a person pulls on a rope with a constant force of 50 pounds 
at a constant angle of 60°, as shown in Figure 3.33. Determine the work done in moving 
the barn door 12 feet to its closed position. 


Solution To determine the work done, project F onto PO. 


N 


W = ||projpg Fl ||PQ 


= (cos 60°)||F| ||PO|| = 5 (50)(12) = 300 foot-pounds 


So, the work done is 300 foot-pounds. Verify this result by finding the vectors F and PO 
and calculating their dot product. 


Yi Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


A person pulls a wagon by exerting a constant force of 35 pounds on a handle 
that makes a 30° angle with the horizontal. Determine the work done in pulling the 
wagon 40 feet. 


Summarize (Section 3.4) 


1. State the definition of the dot product and list the properties of the dot 
product (page 29/). For examples of finding dot products and using the 
properties of the dot product, see Examples 1| and 2. 

2. Explain how to find the angle between two vectors and how to determine 
whether two vectors are orthogonal (page 292). For examples involving the 
angle between two vectors, see Examples 3 and 4. 


3. Explain how to write a vector as the sum of two vector components (page 294). 
For examples involving vector components, see Examples 5 and 6. 


4. State the definition of work (page 296). For an example of determining work, 
see Example 7. 
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3.4 Exercises 


3.4 Vectors and Dot Products 297 


oral 
See CalcChat.com for tutorial help and worked-out solutions eae 


to odd-numbered exercises. 


GO DIGITAL 


Vocabulary and Concept Check 


1. Give an example of the Distributive Property of the dot product. 


2. Is the dot product of two vectors an angle, a vector, or a scalar? 


In Exercises 3 and 4, fill in the blanks. 


3. The projection of u onto v is given by projju = 


4. The work W done by a constant force F as its point of application moves along the 


vector PQ is given by W = or W= 


Skills and Applications 


Finding a Dot Product In Exercises 5-10, find u - v. 


5. u = (7, 1) 6. u = (6, 10) 
¥=(=3,2) v = (-2, 3) 

7. u = (—6, 2) 8. u = (—2,5) 
v = (1,3) v = (-1, -8) 

9. u = 4i— 2j 10. u=i- 2j 
v=i-j v= -2-j 


Using Properties of the Dot Product In Exercises 
11-22, use the vectors u = <3,3>, v = (—4,2>, and 
w = <3, —1> to find the quantity. State whether the 
result is a vector or a scalar. 


ll. ueu 12. 3u-v 

13. (u+ v)v 14. (u + 2v)w 

15. (v ° 0)w 16. (ut+ v)°0 

17. 3||v||? 18. —2(lull? 

19. ||w|| — 1 20. 2 — |lull 

21. (u+ v) — (u- w) 22. (v- u) — (wv) 


Finding the Magnitude of a Vector In Exercises 
23-28, use the dot product to find the magnitude of u. 


23. u = (—8, 15) 24. u = (4, —6) 
25. u = 201 + 25j 

26. u = 12i — 16j 

27. u = 6j 

28. u = —2li 


Finding the Angle Between Two Vectors In 
Exercises 29-38, find the angle 6 (in radians) between 
the vectors. 


29. u = (1,0) 30. u = (3, 2) 
v = (0, —2) v = (4, 0) 
31. u=3i+ 4j 32. u = 21 — 3j 

v= —2j v=i- 2j 


33. u = 2i — j 34. u = 5i+ Sj 
v = 6i — 3j v= —6i + 6j 
35. u= —6i — 3j 36. u = 2i — 3j 
v= —8i+ 4j v=4i+ 3j 


1 1 
. u=cos{ =i + sin{ =)j 
37. u cos( 2) sin 2)j 
3m 3m 
— — jj + si —}j 
Vv cos 4 ji sin( ri ji 
1\, _{t)\, 
38. u = cos( i + sin( 2) 


= (\i + sin( =") 
Vv = cos 4 aj 


Finding the Angle Between Two Vectors In 
Exercises 39-42, find the angle 6 (in degrees) between 
the vectors. 


39. u= 31 + 4j 40. u= 6i — 3j 
v= -7it+ 5j v= —-4i- 4j 

41. u= —5i — 5j 42. u= 2i — 3j 
v= —8i + 8j v= 8+ 3j 


Finding the Angles in a Triangle In Exercises 
43-46, use vectors to find the interior angles of the 
triangle with the given vertices. 

43. (1, 2), (3, 4), (2, 5) 44. (=3, —4), (i, Ty (8, 2) 
45. (=3, 0), 2, 2), (0, 6) 

46. (=3, 5), [= 1, 9), (7, 9) 

Using the Angle Between Two Vectors In 
Exercises 47-50, find u + v, where 6 is the angle between 
u and v. 

47. |u|) = 4, ||v| = 10, @ = 22/3 

48. |u| = 4, [lv] = 12, 6 = 1/3 

49. ||ul] = 100, ||v|| = 250, @ = 2/6 

50. |lul| = 9, ||vl| = 36, @ = 37/4 
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Determining Orthogonal Vectors In Exercises 
51-56, determine whether u and v are orthogonal. 


51. u = (3, 15) 52. u = (30, 12) 
v =(-1,5) v = (3, -3) 

53. u = 2i — 2j 54. u = 5(3i — j) 
v=-i-j v= 5it 6 

55.u=i 56. u = (cos @, sin 6) 
v= —-2i+ 2j v = (sin 6, —cos 0) 


Decomposing a Vector into Components In 
Exercises 57-60, find the projection of u onto v. Then 
write u as the sum of two orthogonal vectors, one of 
which is proj,u. 


57. u = (2, 2) 58. u = (0, 3) 
v = (6, 1) v = (2, 15) 
59. u = (4, 2) 60. u = (—3, —2) 
v = (1, -2) v = (-4, -1) 


Finding the Projection of u onto v_ In Exercises 
61-64, use the graph to find the projection of u onto v. 
(The terminal points of the vectors in standard position 
are given.) Use the formula for the projection of u onto 
v to verify your result. 


61. 


63. 


Finding Orthogonal Vectors InExercises 65-68, find 
two vectors in opposite directions that are orthogonal to 
the vector u. (There are many correct answers.) 

65. u = (3,5) 66. u = (—8, 3) 

67. u = Si - 3j 68. u = —3i — 3j 
Determining the Work Done In Exercises 69 and 
70, determine the work done in moving a particle from 
P to Q when the magnitude and direction of the force 
are given by v. 

69. P(0O,0), (4,7), 
70. P(1,3), O(—3,5), 


v = (1,4) 
v= —-2i+ 3j 


© Westend61/Getty Images 


71. Business The vector u = (1225, 2445) gives the 
numbers of hours worked by employees of a 
temporary work agency at two pay levels. The vector 
v = (12.20, 8.50) gives the hourly wage (in dollars) 
paid at each level, respectively. 

(a) Find the dot product u + v and interpret the result in 
the context of the problem. 

(b) Identify the vector operation used to increase wages 
by 2%. 

72. Revenue The vector u = (3140, 2750) gives the 
numbers of hamburgers and hot dogs, respectively, 
sold at a fast-food stand in one month. The vector 
v = (2.25, 1.75) gives the prices (in dollars) of the food 
items, respectively. 

(a) Find the dot product u + v and interpret the result in 
the context of the problem. 

(b) Identify the vector operation used to increase the 
prices by 2.5%. 

73. Physics A truck with a gross weight of 30,000 
pounds is parked on a slope of d° (see figure). Assume 
that the only force to overcome is the force of gravity. 


Weight = 30,000 Ib 


(a) Find the force required to keep the truck from 
rolling down the hill in terms of d. 


Fe (b) Use a graphing utility to complete the table. 


d oe | 1° | 2° | 3° | 4° | 5° 
Force 

d 6° | 7° | 8° | 9° | 10° 
Force 


(c) Find the force perpendicular to the hill when d = 5°. 


74. Braking Load 
A sport utility vehicle 
with a gross weight 
of 5400 pounds is 
parked on a slope 

of 10°. Assume that 
the only force to 
overcome is the force 
of gravity. Find the 
force required to keep 
the vehicle from rolling down the hill. 
Find the force perpendicular to the hill. 
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75. Determining the Work Done Determine the work 
done by a person lifting a 245-newton bag of sugar 3 
meters. 


76. Determining the Work Done Determine the work 
done by a crane lifting a 2400-pound car 5 feet. 


77. Determining the Work Done A constant force 
of 45 pounds, exerted at an angle of 30° with the 
horizontal, is required to slide a table across a floor. 
Determine the work done in sliding the table 20 feet. 


78. Determining the Work Done A constant force 
of 50 pounds, exerted at an angle of 25° with the 
horizontal, is required to slide a desk across a floor. 
Determine the work done in sliding the desk 15 feet. 


79. Determining the Work Done A child pulls a toy 
wagon by exerting a constant force of 25 pounds on a 
handle that makes a 20° angle with the horizontal (see 
figure). Determine the work done in pulling the wagon 
50 feet. 


80. Determining the Work Done One of the events 
in a strength competition is to pull a cement block 
100 feet. One competitor pulls the block by exerting a 
constant force of 250 pounds on a rope attached to the 
block at an angle of 30° with the horizontal. Determine 
the work done in pulling the block. 


Exploring the Concepts 


True or False? In Exercises 81 and 82, determine 
whether the statement is true or false. Justify your 
answer. 


81. The work W done by a constant force F acting 
along the line of motion of an object is represented 
by a vector. 


82. A sliding door moves along the line of vector PO. If 
a force is applied to the door along a vector that is 
orthogonal to PQ, then no work is done. 


Finding an Unknown Vector Component In 
Exercises 83 and 84, find the value of k such that vectors 
u and v are orthogonal. 


83. u = 81+ 4j 
v= 2i - kj 
84. u = —3ki + 5j 
v=2i- 4j 
Copyright 2022 Cengage Learning. All Rights Reserved. May not be c 
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85. Error Analysis Describe the error. 


(5, 8) © (—2,7) = (—10, 56) x 


86. HOW DO YOU SEE IT? What is known 
about 0, the angle between two nonzero 
vectors u and v, under each condition 
(see figure)? 


‘a 0 
Vv 
Origin 
(a)ucv=0 (b)urev>O (c)urv<0 


87. Think About It Let u be a unit vector. What is the 
value of u + u? Explain. 


88. Think About It What can be said about the vectors 
u and v under each condition? 


(a) The projection of u onto v equals u. 
(b) The projection of u onto v equals 0. 


89. Proof Use vectors to prove that the diagonals of a 
rhombus are perpendicular. 


90. Proof Prove that||u — v||? = |lull? + |lv|? — 2u- v. 


Video solutions at 


Review & Refresh |» LarsonPrecalculus.com 


Finding a Distance and Midpoint In Exercises 
91-94, find (a) the distance between the points and 
(b) the midpoint of the line segment joining the points. 

91. (0, 9), (3, 13) 92. (—5, — 12), (5, 16) 

93. (—2.5, 3.5), (2.5,-3.5) 94. (4,3), (-3,3) 
Operations with Polynomials In Exercises 95-98, 
perform the operation. 

95. Add 12n — 1 and 3n? — 9n. 

96. Add —5a + 7a? and 10a? — a. 

97. Subtract 2x? — 6x from 7x? + x + 4. 

98. Subtract 6z + 12z” — 2 from 9z? + 6z — 3. 


Sketching the Graph of an Equation In Exercises 

99-102, test for symmetry and graph the equation. Then 

identify any intercepts. 
99. 2x +ty=1 

101. y=x? +2 


100. 3x —- y=7 

102. y=2-— x 

Vector Operations In Exercises 103 and 104, find (a) 
u + v and (b) u — v. Then sketch each resultant vector. 
103. u = (—3, 2), v = (4, —3) 

104. u = 6i + 2j, v = —10i + 10j 
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Summary and Study Strategies i 
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What Did You Learn? 


The list below reviews the skills covered in the chapter and correlates each one to 
the Review Exercises (see page 302) that practice the skill. 


Section 3.1 Review Exercises 
H Use the Law of Sines to solve oblique triangles (AAS or ASA) (p. 262). 1-8 


a b 
If ABC is a triangle with sides a, b, and c, then — =— = Bd ; 
snA sinB  sinC 


| Use the Law of Sines to solve oblique triangles (SSA) (p. 264). 9-12 


@ Find the areas of oblique triangles (p. 266). IE dics 


The area of any triangle is one-half the product of the lengths of two sides 
times the sine of their included angle. 


™ Use the Law of Sines to model and solve real-life problems (p. 267). 19, 20 
Section 3.2 
H Use the Law of Cosines to solve oblique triangles (SSS or SAS) (p. 271). 23-36 
Standard Form Alternative Form 
b? ak DD: 
a@=b?+ Cc — 2becosA ot 
2be 
2, efls 2 b2 
b? = a? + c? — 2ac cos B cos B = SS 
2ac 
2; a b2 ee 
ce =a’ + b? — 2abcosC cos. = 
2ab 
® Use the Law of Cosines to model and solve real-life problems (p. 273). 37-40 
™@ Use Heron’s Area Formula to find areas of triangles (p. 274). 41-44 


Area = /s(6 — a)(s — b)(s — c), where s = (a + b + c)/2 


Section 3.3 


@ Represent vectors as directed line segments (p. 278). 45, 46 

@ Write component forms of vectors (p. 279). 47-50, 73, 74 

™@ Perform basic vector operations and represent vector operations graphically (p. 280). 51-58, 63-68 
Let u = (u,, u5) and v = (vj, v5) be vectors and let k be a scalar. 
u+v= (u, + vu, + v,) ku = k(u,, uy) = (ku, ku) 

®@ Write vectors as linear combinations of unit vectors (p. 282). 59-62 

® Find direction angles of vectors (p. 284). 69-72 

™ Use vectors to model and solve real-life problems (p. 285). 7376 
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Section 3.4 Review Exercises 


®@ Find the dot product of two vectors and use the properties of the dot 77-88 
product (p. 291). 


The dot product of u = (u,, u,) and v = (vj, v9) is Us V = UV, + U5V>. 
lousv=v-u 
2,u:(v+w)=u-vtu-ew 
3. clue v) = cu-v=u-cv 
4.0°-v=0 
5. ve v= |v? 
™@ Find the angle between two vectors and determine whether two vectors 89-96 
are orthogonal (p. 292). 


If 0 is the angle between two nonzero vectors u and v, then 


v 


full 


The vectors u and v are orthogonal if and only if u * v = 0. 


cos @ = 


™ Write a vector as the sum of two vector components (p. 294). 97-100 


™@ Use vectors to determine the work done by a force (p. 296). 101-104 


The work W done by a constant force F as its point of application moves along the 
vector PQ is given by either formula below. 
1. Projection form: W = ||projz¢F|| || PQ|| 


2. Dot product form: W = F - PO 


Study Strategies 


Reading Your Textbook Many students avoid opening their textbooks due to anxiety and 
frustration. But not opening your textbook will cause more anxiety and frustration! Your textbook 
is designed to help you master skills and understand concepts. It contains many features and 
resources to help you succeed in your course. 
1. Review what you learned 
¢ Read the bulleted list at the beginning of the section. If you cannot remember how to 
perform a skill, review the appropriate example. 
¢ Read the contents of the concept boxes—these contain important definitions and rules. 
Use the Summarize feature at the end of the section to organize the lesson’s key concepts. 
2. Prepare for homework 
* Complete the Checkpoint exercises. If you have difficulty with a Checkpoint exercise, 
reread the example or watch the solution video at LarsonPrecalculus.com. 
3. Prepare for quizzes and tests 
¢ Make use of the What Did You Learn? and Study Strategies features. 
* Complete the Review Exercises. Then take the Chapter Test or Cumulative Test, as appropriate. 
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Review Exercises 


See CalcChat.com for tutorial help and worked-out solutions 


to odd-numbered exercises. 


ER] Using the Law of Sines In Exercises 1-12, use 
the Law of Sines to solve (if possible) the triangle. If two 
solutions exist, find both. Round your answers to two 
decimal places. 


1. 


3. B= 72°, C= 82°, b=54 
4.B= 10°, C=20°", c= 33 

5. A= 16°, B= 98, c=84 
6. A= 95°, B=45°, c= 104.8 
7, A= 24, C=48, b=275 
8. B= 64, C=36, a= 367 
9. B= 150°", b=30, c= 10 
10. B= 150°, a=10, b=3 


11. A= 75°, a=51.2, b= 33.7 
12. B= 25°, a=62, b=4 


Finding the Area of a Triangle In Exercises 13-18, 

find the area of the triangle. Round your answers to one 

decimal place. 

13. A = 33°, b=7, c= 10 

14. B= 80°, a=4, c=8 

15. C= 119°, a=18, b= 

16. A= 11°, B=89, c=21 

17. B = 72°30', a= 105, c= 64 

18. C = 84°30'", a= 16, b= 20 

19. Height A tree stands on a hillside of slope 28° from 
the horizontal. From a point 75 feet down the hill, 


the angle of elevation to the top of the tree is 45° (see 
figure). Find the height of the tree. 


20. River Width A surveyor finds that a tree on the 
opposite bank of a river flowing due east has a bearing 
of N 22°30’ E from a certain point and a bearing of 
N 15° W from a point 400 feet downstream. Find the 
width of the river. 


EX] Using the Law of Cosines In Exercises 21-30, 
use the Law of Cosines to solve the triangle. Round your 
answers to two decimal places. 


21. Cc 22. Cc 


23.a=6, b=9, c=14 
24.a=75, b=50, c= 110 
25.a=2.5, b=5.0, c=45 

26. a= 16.4, b=8.8, c= 12.2 
27. B= 108°, a=11, c=11 

28. B= 150°, a=10, c= 20 

29. C = 43°, a=22.5, b= 314 
30. A = 62°, b= 11.34, c= 19.52 


Solving a Triangle In Exercises 31-36, determine 
whether the Law of Sines or the Law of Cosines is needed 
to solve the triangle. Then solve (if possible) the triangle. 
If two solutions exist, find both. Round your answers to 
two decimal places. 


31. B = 38°, a=15, b=6 

32. B= 52°, a=4, c=5 

33. a= 13, b= 15, c= 24 

34.A = 44°, B=31°, c=28 

35. B= 12°, C=T7°, a= 160 

36. A = 33°, b=7, c= 10 

37. Geometry The lengths of the sides of a parallelogram 
are 10 feet and 16 feet. Find the lengths of the diagonals 
of the parallelogram when the sides intersect at an angle 
of 28°. 


38. Geometry The lengths of the diagonals of a 
parallelogram are 30 meters and 40 meters. Find the 
lengths of the sides of the parallelogram when the 
diagonals intersect at an angle of 34°. 


39. Surveying To approximate the length of a marsh, 
a surveyor walks 425 meters from point A to point B. 
Then the surveyor turns 65° and walks 300 meters to 
point C (see figure). Find the length AC of the marsh. 
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40. Air Navigation Two planes leave an airport at 
approximately the same time. One plane flies 425 miles 
per hour at a bearing of 355°, and the other plane flies 
530 miles per hour at a bearing of 67° (see figure). 
Determine the distance between the planes after they fly 
for 2 hours. 


Using Heron’s Area Formula In Exercises 41-44, 
use Heron’s Area Formula to find the area of the 
triangle. 


41.a=3, b=6, c=8 


42. a= 15, b=8, c=10 
43. a= 12.3, b= 15.8, c= 3.7 
4 3 5 

44. a 5 b i Cc 8 


EX] Determining Whether Two Vectors Are 
Equivalent In Exercises 45 and 46, determine whether 
u and v are equivalent. Explain. 


45. 46. 
4+¢@(1, 4) 
Pee aly 
u + 
HHH +H x 
-4 + 2\4 
+ e 
+ G,-2) 
(-1,-4 f 


Finding the Component Form of a Vector In 
Exercises 47-50, find the component form and magnitude 
of the vector v. 


47. 


49. Initial point: (0, 10) 
Terminal point: (7, 3) 

50. Initial point: (1, 5) 
Terminal point: (15, 9) 


Review Exercises 303 


Vector Operations In Exercises 51-58, find 
(a) ut+v, (b) u—v, (c) 4u, and (d) 3v + 5u. Then 
sketch each resultant vector. 


51. u = (-1,-3), v= (-3, 6) 
52. u= (4,5), v = (0, —-1) 

53. u= (—5,2), v= (4,4) 

54. u= (1,—-8), v= (3, —2) 
55. u=2i-j, v= Sit 3j 


57. 4i, v= —it 6 
58. u= —6j, v=itj 


u 

56. u= —7i-3j, v= 4i-j 
u 
u 


Writing a Linear Combination of Unit Vectors In 
Exercises 59-62, the initial and terminal points of a 
vector are given. Write the vector as a linear combination 
of the standard unit vectors i and j. 


Initial Point Terminal Point 


59. (2, 3) (1, 8) 

60. (4, —2) (25, = 10) 
61. (3, 4) (9, 8) 

62. (—2,7) (5, —9) 


Vector Operations In Exercises 63-68, find the 
component form of w and sketch the specified vector 
operations geometrically, where u = 6i — 5j and 
v = 10i + 3j. 


63. w = 3v 64. w = 3Vv 
65. w= 2u+v 66. w = 4u — 5v 
67. w = 5u — 4v 68. w = —3u + 2v 


Finding the Direction Angle of a Vector In 
Exercises 69-72, find the magnitude and direction angle 
of the vector v. 
69. v = Si + 4j 
71. v = —3i — 3j 


70. v = —4i + 7j 
72. v= 81 -j 


Finding the Component Form of a Vector In 
Exercises 73 and 74, find the component form of v given 
its magnitude and the angle it makes with the positive 
x-axis. Then sketch v. 


73. ||v|| = 8, 0 = 120° 7A, ||v|| = 3, 0 = 225° 
75. Rope Tension Two ropes support a 180-pound 


weight, as shown in the figure. Find the tension in 
each rope. 
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76. Resultant Force Forces with magnitudes of 
85 pounds and 50 pounds act on a single point at angles 
of 45° and 60°, respectively, with the positive x-axis. 
Find the direction and magnitude of the resultant of these 
forces. 


EX] Finding a Dot Product In Exercises 77-80, find 


us vy. 

77. u = (6,7) 78. u = (—7, 12) 
v = (-3, 9) v = (-4, - 14) 

79, u = 31+ 7j 80. u = —7i + 2j 
v= lli-5j v = 16i — 12j 


Using Properties of the Dot Product In Exercises 
81-88, use the vectors u = <—4, 2) and v = <5, 1) to 
find the quantity. State whether the result is a vector or 
a scalar. 


81. 2u-u 82. 3u-v 
83. 4 — |lull 84. ||v|| 
85. u(u ° vy) 86. (u + v)v 


87. (u-u) — (u- v) 88. (v- v) — (v- u) 


Finding the Angle Between Two Vectors In 
Exercises 89-92, find the angle 6 (in degrees) between 
the vectors. 


89. u = cos mi + sin aj 
Vv = cos zu + sin a 
90. u = cos 45° + sin 45°j 
v = cos 300° + sin 300°j 
91. u = (2,/2, -4), v = (- V2, 1) 
92. u = (3, /3), v = (4,33) 


Determining Orthogonal Vectors In Exercises 
93-96, determine whether u and v are orthogonal. 


93. u = (3, 8) 94. u = (4, -3) 


¥ = (8,3) v = (-2, 4) 
95. u= —i 96. u = —2i+ j 
v=it 2j v = 31+ 6j 


Decomposing a Vector into Components In 
Exercises 97-100, find the projection of u onto v. Then 
write u as the sum of two orthogonal vectors, one of 
which is proj, u. 


97, u = (-4,3), v = (—-8, —2) 
98. u = (5,6), v= (10,0) 

99. u = (2,7), v=(1,-1) 
100. u = (—3,5), v = (—5, 2) 
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Determining the Work Done In Exercises 101 and 
102, determine the work done in moving a particle from 
P to Q when the magnitude and direction of the force 
are given by v. 


101. P(5,3), O(8,9), v = (2,7) 
102. P(—2, -9), O(-12,8), v= 3i—- 6j 


103. Determining the Work Done Determine the work 
done by a crane lifting an 18,000-pound truck 4 feet. 

104. Determining the Work Done _ A constant force 
of 25 pounds, exerted at an angle of 20° with the 
horizontal, is required to slide a crate across a floor. 
Determine the work done in sliding the crate 12 feet. 


Exploring the Concepts 


True or False? In Exercises 105-108, determine 
whether the statement is true or false. Justify your 
answer. 


105. Two sides and their included angle determine a unique 
triangle. 


106. If any three sides or angles of an oblique triangle are 
known, then the triangle can be solved. 

107. The Law of Sines is true when one of the angles in the 
triangle is a right angle. 

108. When the Law of Sines is used, the solution is always 
unique. 


109. Think About It Which vectors in the figure appear 
to be equivalent? 


110. Think About It The vectors u and v have the same 
magnitudes in the two figures. In which figure is the 
magnitude of the sum greater? Explain. 


@ (b) 


111. Geometry Describe geometrically the scalar 
multiple ku of the vector u, fork > Oandk < 0. 


112. Geometry Describe geometrically the difference 
of the vectors u and v. 


113. Writing Describe the characteristics of a vector in 
the plane. 
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oye | 


See CalcChat.com for tutorial help and worked-out solutions ies 
C h a pter Test to odd-numbered exercises. 


Of 
GO DIGITAL 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


In Exercises 1-6, determine whether the Law of Sines or the Law of Cosines is 
needed to solve the triangle. Then solve (if possible) the triangle. If two solutions 
exist, find both. Round your answers to two decimal places. (Sections 3.1 and 3.2) 
1.A=24, B=68, a=12.2 
.B=110°, C=28, a= 15.6 
A=24, a=11.2, b= 134 
6.0, b=7.3, c= 124 
B= 100°", a=23, b=15 
~C= 121°, a= 34, b=55 


I AW wD 
gS 
ll 


. A triangular parcel of land has sides of lengths 60 meters, 70 meters, and 82 meters. 
Find the area of the parcel of land. (Section 3.2) 

8. An airplane flies 370 miles from point A to point B with a bearing of 24°. Then it 

A flies 240 miles from point B to point C with a bearing of 37° (see figure). Find the 

Figure for 8 straight-line distance and bearing from point A to point C. (Sections 3.1 and 3.2) 


In Exercises 9 and 10, find the component form of the vector v. (Section 3.3) 
9. Initial point of v: (—3, 7) 
Terminal point of v: (11, — 16) 
10. Magnitude of v: ||v|| = 12 
Direction of v: u = (3, —5) 
In Exercises 11-14, u = 2,7) and v = (—6,5). Find the resultant vector and 
sketch its graph. (Section 3.3) 
ll. ut+v 
12, u-—v 
13. 5u — 3v 
14. 4u + 2v 
15. Find a unit vector in the direction of u = (24, —7). (Section 3.3) 


16. Forces with magnitudes of 250 pounds and 130 pounds act on an object at angles 
of 45° and — 60°, respectively, with the positive x-axis. Find the direction and 
magnitude of the resultant of these forces. (Section 3.3) 

17. Find the dot product of u = (—9, 4) and v = (1,2). (Section 3.4) 

18. Find the angle 9 (in degrees) between the vectors u = (— 1,5) and v = (3, —2). 
(Section 3.4) 

19. Determine whether the vectors u = (6, — 10) and v = (5, 3) are orthogonal. 
(Section 3.4) 

20. Determine whether the vectors u = (cos 0, —sin 0) and v = (sin 0, cos @) are 
orthogonal, parallel, or neither. (Section 3.4) 

21. Find the projection of u = (6, 7) onto v = (—5, —1). Then write u as the sum of 
two orthogonal vectors, one of which is proj,u. (Section 3.4) 


22. A 500-pound motorcycle is stopped at a red light on a hill inclined at 12°. Find the 
force required to keep the motorcycle from rolling down the hill. (Section 3.4) 
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See CalcChat.com for tutorial help and worked-out 


Cu mu I ative Test for Cha pters 1 —3 solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 
1. Consider the angle @ = —120°. (Sections 1.1 and 1.4) 
(a) Sketch the angle in standard position. 
(b) Determine a coterminal angle in the interval [0°, 360°). 
(c) Rewrite the angle in radian measure as a multiple of 7. Do not use a calculator. 
(d) Find the reference angle 0’. 
(e) Find the exact values of the six trigonometric functions of 0. 
2. Convert — 1.45 radians to degrees. Round to three decimal places. (Section 1.1) 
3. Find cos 6 when tan 8 = 3 and sin@ < 0. (Section 1.4) 


y In Exercises 4—6, sketch the graph of the function. (Include two full periods.) 
(Sections 1.5 and 1.6) 


4. f(x) = 3 — 2sin nx 


> X 1 us 
5. g(x) = Fan(s - =) 


6. h(x) = —sec(x + z) 


—3 
-4t 


Figure for 7 7. Find a, b, and c for the function h(x) = acos(bx + c) such that the graph of h 
matches the figure. (Section 1.5) 


8. Sketch the graph of the function f(x) = 5X sin x on the interval [—3z, 37]. 
(Section 1.6) 


In Exercises 9 and 10, find the exact value of the expression. (Section 1.7) 


9. tan(arctan 4.9) 
10. tan(arcsin 3) 


11. Write an algebraic expression that is equivalent to sin(arccos 2x). (Section 1.7) 
12. Use the fundamental identities to simplify: cos( 2 = «ese x. (Section 2.1) 


ind—1 
13. Subtract and simplify: une a we L (Section 2.1) 


In Exercises 14-16, verify the identity. (Section 2.2) 
14. cot? a(sec? a — 1) = 1 

15. sin(x + y) sin — y) = sin? x — sin? y 

16. sin? x cos? x = #(1 — cos 4x) 


In Exercises 17 and 18, find all solutions of the equation in the interval [0, 27). 
(Section 2.3) 


17. 2 cos? B — cos B = 0 
18. 3 tan @ — cot? =0 


19. Use the Quadratic Formula to find all solutions of the equation in the interval 
[0, 27): sin?x + 2sinx + 1=0. (Section 2.3) 
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20. Given that sin u = i cos v = 2, and angles u and v are both in Quadrant I, find 
tan(u — v). (Section 2.4) 
1 
21. Given that tan u = 3 and0O <u< o find the exact value of tan(2u). (Section 2.5) 
4 
22. Given that tan u = 3 andOQ<u< 7 find the exact value of sin 5 (Section 2.5) 
: _ 3 7 F ; 
23. Rewrite 5 sin 4 * cos - as asum or difference. (Section 2.5) 
24. Rewrite cos 9x — cos 7x as a product. (Section 2.5) 
C In Exercises 25-30, determine whether the Law of Sines or the Law of Cosines 
b a is needed to solve the triangle at the left. Then solve the triangle. Round your 
answers to two decimal places. (Sections 3.1 and 3.2) 
A c B 25. A = 30°, a=9, b=8 
Figure for 25-30 26. A= 30°, b=8, c= 10 
27. A = 30°, C= 90°, b= 10 
28. a=4.7, b=8.1, c= 10.3 
29. A= 45°, B= 26°, c= 20 
30. C = 80°, a=1.2, b= 10 
31. Find the area of a triangle with two sides of lengths 7 inches and 12 inches and an 
included angle of 99°. (Section 3.1) 
32. Use Heron’s Area Formula to find the area of a triangle with sides of lengths 
30 meters, 41 meters, and 45 meters. (Section 3.2) 
33. Write the vector with initial point (— 1, 2) and terminal point (6, 10) as a linear 
combination of the standard unit vectors iand j. (Section 3.3) 
34. Find a unit vector u in the direction of v=i+ j. (Section 3.3) 
35. Find u + v foru = 3i + 4j andv =i — 2j. (Section 3.4) 
36. Find the projection of u = (8, —2) onto v = (1, 5). Then write u as the sum of two 
orthogonal vectors, one of which is proj, u. (Section 3.4) 
37. A ceiling fan with 21-inch blades makes 63 revolutions per minute. Find the angular 
speed of the fan in radians per minute. Find the linear speed (in inches per minute) 
of the tips of the blades. (Section 1.1) 
| 38. Find the area of the sector of a circle with a radius of 12 yards and a central angle 
FY) | | of 105°. (Section 1.1) 
ee 12 feet 39. From a point 200 feet from a flagpole, the angles of elevation to the bottom and top 
of the flag are 16° 45’ and 18°, respectively. Approximate the height of the flag to 
‘ the nearest foot. (Section 1.3) 

Figure for 40 40. To determine the angle of elevation of a star in the sky, a student aligns the star and 
the top of the backboard of a basketball hoop that is 5 feet higher than his eyes in 
his line of vision (see figure). His horizontal distance from the backboard is 12 feet. 
What is the angle of elevation of the star? (Section 1.8) 

41. Finda model fora particle in simple harmonic motion with a displacement (at t = 0) 
of 4 inches, an amplitude of 4 inches, and a period of 8 seconds. (Section 1.8) 

42. An airplane has a speed of 500 kilometers per hour at a bearing of 30°. The wind 
velocity is 50 kilometers per hour in the direction N 60° E. Find the resultant speed 
and true direction of the airplane. (Section 3.3) 

43. A constant force of 85 pounds, exerted at an angle of 60° with the horizontal, is 


required to slide an object across a floor. Determine the work done in sliding the 
object 10 feet. (Section 3.4) 
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HISTORICAL NOTE 


Besides the Law of Sines and 
the Law of Cosines, there 
is also a Law of Tangents, 

developed by French 
mathematician Francois 

Viéte (1540-1603). The Law 
of Tangents follows from 
the Law of Sines and the 

sum-to-product formulas for 

sine and is defined as 


a+b tan[(A + B)/2] 
a—b_ tan{(A — B)/2]' 


The Law of Tangents can be 
used to solve a triangle when 
two sides and the included 
angle (SAS) are given. Before 
the invention of calculators, 
it was easier to use the 
Law of Tangents to solve 
the SAS case instead of the 
Law of Cosines because the 
computations by hand were 
not as tedious. 


A is acute. 


A is obtuse. 


Law of Sines (p. 262) } 


If ABC is a triangle with 
sides a, b, and c, then 


a bb _ ec 
snA sinB sinc’ 


A is acute. A is obtuse. 


Proof 


Let h be an altitude of either triangle shown above. Next, write two expressions 
for h involving sinA and sin B. From right triangle trigonometry, sin B = h/a 
in both triangles. In the acute triangle, sin A = h/b, and in the obtuse triangle, 
sin(180° — A) = h/b. But sin(180° — A) = sin A. So, in either triangle, sin A = h/b. 
Now, solve both equations for h. 

[> h=bsindA 


sin A = Solve for h. 


sin B = [> h=asinB Solve for h. 


Q|> S|> 


Equating these two values of h, you have 


a _ b 
snA sinB 


asnB=bsinA [> 


Divide each side by sin A sin B. 


Note that sin A # 0 and sin B # 0 because no angle of a triangle can have a measure 
of 0° or 180°. In a similar manner, construct an altitude ) from vertex B to side AC 
(extended in the obtuse triangle), as shown at the left. Then you have 


ry ee [> h=csinA and sinc =" E> h=asinC. 
Cc 


Equating these two values of h, you have 


@ . € 
snA sinC 


asinC=csnA E> 


Divide each side by sin A sin C. 


By the Transitive Property of Equality, you can conclude that 


a b G | 


snA sinB  sinC’ 


Law of Cosines (p. 271) ) 


~ 
Standard Form Alternative Form 
Pi ye = 
a =b*+c? — 2becosA cos A = 2— 
2bc 
Gee a 
b* = a? + c*? — 2ac cos B Oe ce 
2ac 
Gop ae 
c? =a? + b* — 2abcosC cos C = ——————— 
2ab 
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C(x, y) 


A © Bc, 0) 


ALGEBRA HELP 


1 
Piast! + cos A) 


1 
= bel 1 + Phe 


ete = ae 


2 7 2be 


= toe em 


1 
_ 4(2be agp EG) 


= TP + 2be + 2 = @) 
eel 2 2 
=Ho+or- a 


= ib + c+ alb+e-a) 


at+t+b+c -at+b+t+e 


2 


» 


2 


Proof To prove the first formula, consider the triangle at the left, which has three 
acute angles. Note that vertex B has coordinates (c, 0). Furthermore, C has coordinates 
(x, y), where x = bcosA and y = bsinA. Because a is the distance from C to B, it 
follows that 


a= Ge (x — c)? + (y — 0)? Distance Formula 

a = (x — c)? + (y -— 0)? Square each side. 

a = (bcosA — c)? + (b sin A)? Substitute for x and y. 

@ = b* cos? A — 2bccosA + c? + b? sin? A Expand. 

a = b*(sin? A + cos? A) + c? — 2be cos A Factor out b?. 

2 = b+ c? — 2becos A. sin? A + cos?A = 1 
Similar arguments are used to establish the second and third formulas. | 


Heron’s Area Formula (p. 274) } 


Given any triangle with sides of lengths a, b, and c, the area of the triangle is 


at+b+ec 
Area = \/s(s — a)(s — b)(s — c), where s = ee 
Proof From Section 3.1, you know that 
Area = a sin A Formula for the area 
9) of an oblique triangle 
1 : 
(Area)? = gee sin? A Square each side. 
1 
= PREY ee Take the square root 
Area 4? c* sin’ A of each side. 
1 Do) 2 oe ee 
= 4° Cc (1 — cos A) Pythagorean identity 


Il 


J [feat + cos A)|[ Foe — cos A) Factor. 


Using the alternative form of the Law of Cosines, 


Gas € —@sr bac 


1 
zoel + cos A) 5 i 
and 


a— b> GCRRGe Dien 
2D) 2) ‘ 


1 

acl — cos A) = 
Letting s = (a + b + c)/2, rewrite these two equations as 

1 1 

5 bell + cos A) = s(s — a) and igae — cos A) = (s — b)(s — c). 


Substitute into the last formula for area to conclude that 


Area = \/s(s — a)(s — b)(s — c). | 
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Properties of the Dot Product (p. 291) | 


Let u, v, and w be vectors and let c be a scalar. 
lousv=v-u 20ue(vt+w)=u-vtuew 
3. clue v) =curv=u-cyv 4.0-v=0 


5. vev =v? 


Proof 
Let u = (U4, U5), V = (Vj, Vo), W = (W,, W>), 0 = (0, 0), and let c be a scalar. 


1. us v= Wy, + yy = VU, + Vou, = VU 


2. ue (v + w) =u (v, + Wj, > + Wo) 


u(r, ate w,) ity Ux(V> ate W5) 

= UV, + UW, + UVa + UyWy 

= (uv, ae UpV>) ar (uw, as UyW) 
=urvturw 


3. c(u- = c((uy, Uy) q (V1, V>)) 


< 
~~ 
| 


= c(uyy, or UyV>) 


= (cu,)v, + (cuy)v> 


(CU, CUy) * (V1, Vo) 
=cucv 
4. 0: v = 0(v,) + 00.) = 0 


5. viv =v? + v3 = (Jv? + v3) = |IvIP 


Angle Between Two Vectors (p. 292) | 


usv 
lulliiyl 


If @ is the angle between two nonzero vectors u and v, then cos 0 = 


Proof 


Consider the triangle determined by vectors u, v, and v — u, as shown at the left. 


By the Law of Cosines, 
|v — ull? = jul? + |lv|? — 2llull||v|] cos 6 
(v — u) * (v — u) = ul? + |lv|? — 2Ilull||v|| cos @ 


| 
| 
? + |lv|? — 2Iull||v|| cos @ 
| 
| 


(v-—u)-v—-(v—u)-u=|u 
vev—urv—veutusu= ul? + |v? — 2Iull||v|| cos @ 
\\v||? — 2u + v + |lull? = |lull? + |Iv|? — 2\Iull||vl| cos @ 
cosg = 
Jull||v|| 
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PS. Problem Solving 


1. Distance In the figure, a beam of light is directed 
at the blue mirror, reflected to the red mirror, and then 
reflected back to the blue mirror. Find PT, the distance 
that the light travels from the red mirror back to the blue 
mirror. 


Q Blue mirror 
~ 6 ft >I 


2. Correcting a Course A triathlete sets a course to 
swim S 25° E from a point on shore to a buoy 3 mile away. 
After swimming 300 yards through a strong current, the 
triathlete is off course at a bearing of S 35° E. Find the 
bearing and distance the triathlete needs to swim to 
correct the course. 


3. Locating Lost Hikers A group of hikers is lost in a 
national park. Two ranger stations receive an emergency 
SOS signal from the hikers. Station B is 75 miles due 
east of station A. The bearing from station A to the signal 
is S 60° E and the bearing from station B to the signal 
is S 75° W. 

(a) Draw a diagram that gives a visual representation of 
the problem. 


(b) Find the distance from each station to the SOS signal. 


(c) A rescue party is in the park 20 miles from station A 
at a bearing of S 80° E. Find the distance and the 
bearing the rescue party must travel to reach the lost 
hikers. 


4. Seeding a Courtyard You are seeding a triangular 
courtyard. One side of the courtyard is 52 feet long and 
another side is 46 feet long. The angle opposite the 52-foot 
side is 65°. 

(a) Draw a diagram that gives a visual representation of 
the problem. 


(b) How long is the third side of the courtyard? 


(c) One bag of grass seed covers an area of 50 square 
feet. How many bags of grass seed do you need to 
cover the courtyard? 


See CalcChat.com for tutorial help and worked-out ihe 
solutions to odd-numbered exercises. Obecet | 


GO DIGITAL 


5. Finding Magnitudes For each pair of vectors, find 


the value of each expression. 


(i) |lul (ii) |v Gii) ju + vl| 
. u Vv : ut+yv 
ma lici| o | rt | Ju + vi 
(a) u = (1, -1) (b) u = (0, 1) 
v = (- 1,2) v = (3, —3) 
(c) u = (1,5) (d) u = (2, -4) 
v = (2, 3) v = (5,5) 


6. Writing a Vector in Terms of Other Vectors 


Write the vector w in terms of u and v, given that the 
terminal point of w bisects the line segment (see figure). 


7. Think About It Consider two forces of equal 


magnitude acting on a point. 

(a) If the magnitude of the resultant is the sum of the 
magnitudes of the two forces, make a conjecture 
about the angle between the forces. 

(b) If the resultant of the forces is 0, make a conjecture 
about the angle between the forces. 

(c) Can the magnitude of the resultant be greater than the 
sum of the magnitudes of the two forces? Explain. 


8. Comparing Work Done _ Two forces of the same 


magnitude F, and F, act at angles 0, and @,, respectively. 
Use a diagram to compare the work done by F, with the 
work done by F, in moving along the vector PO when 


(a) 6, = —@, 
(b) 6, = 60° and 6, = 30° 
(c) 0, = 45° and 6, = 60°. 


9. Proof Use a half-angle formula and the Law of 


Cosines to show that, for any triangle, 


(a) cos " = ee and 
(b) sins mee ise als =i) 


where s = }a+ b+). 
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10. 


11. 


12. 


13. 


14. 


312 


Proof Prove that if u is orthogonal to v and w, then u 
is orthogonal to cv + dw for any scalars c and d. 


Skydiving A skydiver falls at a constant downward 
velocity of 120 miles per hour. In the figure, vector 
u represents the skydiver’s velocity. A steady breeze 
pushes the skydiver to the east at 40 miles per hour. 
Vector v represents the wind velocity. 


WwW <H4++++++++~ E 
—20 20 40 60 
Down 


(a) Write the vectors u and v in component form. 
(b) Lets = u + v. Use the figure to sketch s. 


(c) Find the magnitude of s. What information does the 
magnitude give you about the skydiver’s fall? 


(d) Without wind, the skydiver would fall in a path 
perpendicular to the ground. At what angle to the 
ground is the path of the skydiver when affected by 
the 40-mile-per-hour wind from due west? 


(e) The next day, the skydiver falls at a constant 
downward velocity of 120 miles per hour and a 
steady breeze pushes the skydiver to the west at 
30 miles per hour. Draw a new figure that gives a 
visual representation of the problem and find the 
skydiver’s new velocity. 


Comparing Vector Magnitudes The vectors u 
and v have the same magnitudes in the two figures. 
In which figure is the magnitude of the sum greater? 
Explain. 


(a) : (b) i 


Think About It Given A = 36° and a =5, find 
values of b such that the triangle has (a) one solution, 
(b) two solutions, and (c) no solution. 


Proof Prove that if u is a unit vector and @ is the 
angle between u and j, then 


1 1 
= cos|— — 6 ]i + sin{ — — @ Jj. 
u cos( 7 0ji sn( 2 0)i 


its Rese 


15. Speed and Velocity of an Airplane Four basic 


forces are in action during flight: weight, lift, thrust, and 
drag. To fly through the air, an object must overcome its 
own weight. To do this, it must create an upward force 
called lift. To generate lift, a forward motion called 
thrust is needed. The thrust must be great enough to 
overcome air resistance, which is called drag. 


For a commercial jet aircraft, a quick climb is important 
to maximize efficiency because the performance of 
an aircraft is enhanced at high altitudes. In addition, 
it is necessary to clear obstacles such as buildings and 
mountains and to reduce noise in residential areas. In 
the diagram, the angle @ is called the climb angle. The 
velocity of the plane can be represented by a vector v 
with a vertical component ||v|| sin 6 (called climb speed) 
and a horizontal component ||v|| cos 6, where ||v|| is the 
speed of the plane. 


When taking off, a pilot must decide how much of the 
thrust to apply to each component. The more the thrust 
is applied to the horizontal component, the faster the 
airplane gains speed. The more the thrust is applied to 
the vertical component, the quicker the airplane climbs. 


Lift 


Thrust 


Climb angle @ 


Velocity 


(a) Complete the table for an airplane that has a speed 
of ||v|| = 100 miles per hour. 


0 0.5° | 1.0° | 1.5° | 2.0° | 2.5° | 3.0° 


||v|| sin 6 


\|v|| cos 6 


(b) Does an airplane’s speed equal the sum of the 
vertical and horizontal components of its velocity? 
If not, how could you find the speed of an airplane 
whose velocity components were known? 


(c) Use the result of part (b) to find the speed of an 
airplane with the given velocity components. 


(i) ||v|| sin @ = 5.235 miles per hour 
\|v|| cos 8 = 149.909 miles per hour 

(ii) ||v|| sin @ = 10.463 miles per hour 
\|v|| cos 8 = 149.634 miles per hour 
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Complex Numbers 


ed 
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Complex Numbers 

Complex Solutions of Equations 

The Complex Plane 

Trigonometric Form of a Complex Number 
DeMoivre's Theorem 


4.4 Ohm's Law (Exercises 67 and 68, p. 341) 4.3 Shipping (Exercise 43, p. 335) 
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314 Chapter 4 Complex Numbers 


4.1 Complex Numbers 


Complex numbers are often 

used in electrical engineering. 
For example, in Exercises 59 

and 60 on page 320, you will use 
complex numbers to find the 
impedance of an electrical circuit. 


© Use the imaginary unit i to write complex numbers. 

© Add, subtract, and multiply complex numbers. 

© Use complex conjugates to write the quotient of two complex numbers 
in standard form. 

© Find complex solutions of quadratic equations. 


The Imaginary Unit i 


Some quadratic equations have no real solutions. For example, the quadratic equation 
x? + 1 = Ohas no real solution because there is no real number x that can be squared to 
produce — 1. To overcome this deficiency, mathematicians created an expanded system 
of numbers using the imaginary unit i, defined as 


i= /-1l Imaginary unit 


where i? = —1. By adding real numbers to real multiples of this imaginary unit, 
you obtain the set of complex numbers. Each complex number can be written in 
the standard form a + bi. For example, the standard form of the complex number 
=). /—9 is —5 + 3i because 


—5+ J/-9=-5+ /3(-D = -5+3/-1 = —-5 + 3i. 


Definition of a Complex Number | 


~ 


Let a and b be real numbers. The number a + bi is a complex number written 
in standard form. The real number a is the real part and the number bi (where 
b is areal number) is the imaginary part of the complex number. 

When b = 0, the number a + bi is a real number. When b # O, the number 
a + biis an imaginary number. A number of the form bi, where b # 0, is a 
pure imaginary number. 


Every real number a can be written as a complex number using b = 0. That is, for 
every real number a, a = a + Oi. So, the set of real numbers is a subset of the set of 
complex numbers, as shown in the figure below. 


Real numbers (a + 0) 
: 300 
Examples: —1,/2, 57, 7 Complex numbers (a + bi) 
Examples: —1, 8 — i, «fD, Si, 
300 i 
Imaginary numbers orl Vi7i,n 
(a + bi, b # 0) 
Examples: 8 — i, 5i, 1 — VTi 


Equality of Complex Numbers ) 


Two complex numbers a + bi and c + di, written in standard form, are equal to 
each other 


a+bi=c+di Equality of two complex numbers 


if and only if a = c and b = d. 


© Pixel-Shot/Shutterstock.com 
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Note that the sum of two 
complex numbers can be a real 
number. 


4.1. Complex Numbers 315 


Operations with Complex Numbers 


To add (or subtract) two complex numbers, add (or subtract) the real and imaginary 
parts of the numbers separately. 


Addition and Subtraction of Complex Numbers ) 


For two complex numbers a + bi and c + di written in standard form, 
their sum is 


(a+ bi) + (c+ di) =(a+c+(b+d)i Sum 
and their difference is 


(a + bi) — (c + di) = (a-—c) + (b - di. Difference 


The additive identity in the complex number system is zero (the same as in the real 
number system). Furthermore, the additive inverse of the complex number a + bi is 


—(a + bi) = -a — bi. Additive inverse 
So, you have 


(a + bi) + (-a — bi) = 0+ 0: = O. 


Adding and Subtracting Complex Numbers 


a. (44+ 71) + (1 - 61) =4+7i4+ 1 - 6i Remove parentheses. 
=(4+1)+(7 - 6)i Definition of complex addition 
=5+i Write in standard form. 

b. (1 + 2i) + 8 -— 2i/) =1+ 2i+3 -2i Remove parentheses. 
=(1+3)+ (2 -2)i Definition of complex addition 
=4+ 0i Simplify. 
=4 Write in standard form. 


ce. 3i- (-2+ 3) —-(24+ 5) = 3i+2- 31-2 -5i 
=(2-2)+(3-3-5)i 
=0-5i 
= —Si 
d. (3+ 2) +(4-)-(7+)=34+2i+4-i-7-i 
=(3+4-7)+(2-1-1)i 
=0+ 0 
=0 
f Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Perform each operation and write the result in standard form. 
a. (7 + 3i) + (5 — 4i) b. (3 + 47) — (5 — 31) 
c. 2i + (—3 — 41) — (-3 - 3) d. (5 — 3i) + (3 + 5i) — (8 + 2i) | 
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316 Chapter 4 Complex Numbers 
Many of the properties of real numbers are valid for complex numbers as well. 
Here are some examples. 


Associative Properties of Addition and Multiplication 
Commutative Properties of Addition and Multiplication 
Distributive Property of Multiplication over Addition 


» SKILLS REFRESHER Note the use of these properties when multiplying two complex numbers. 


For a refresher on the FOIL (a + bi)\(c + di) = a(c + di) + bi(c + di) Distributive Property 
Method, watch the video at = ac + (ad)i + (bc)i + (bd)i? Distributive Property 
LarsonPrecalculus.com. use tia: bere Wat’) io 55 
= ac — bd + (ad)i + (bc)i Commutative Property 
= (ac _ bd) + (ad + be)i Associative Property 


The procedure shown above is similar to multiplying two binomials and combining like 
terms, as in the FOIL Method. So, you do not need to memorize this procedure. 


Multiplying Complex Numbers 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Perform each operation and write the result in standard form. 


a. 4(—2 + 3) b. (2 — i)(4 + 31) c. (3 + 21)(3 — 2i) d. (3 + 2i)? 


Solution 
a. 4(—2 + 31) = 4(-2) + 4G) Distributive Property 
= —-8+ 12i Write in standard form. 
eee b. (2 — (4 + 31) = 8 + 61 — 4i — 37 FOIL Method 


perform operations with 
complex numbers (see below). =8+ 6i — 4i — 3(-1) ?=-1 
For specific keystrokes, 


consult the user’s guide for = (8 +3) + (6 — 4)i oe es 
your graphing utility. = 11+ 2i Write in standard form. 
G(-2434) c. (3 + 2i)(3 — 21) = 9 — 6i + 61 — 4i? FOIL Method 
-84+12i 
C2=1) C4437) =9-— 61+ 6i — 4(—1) eee 
11423 
(3421) (3-21) =9+4 Simplify. 
13 
= 13 Write in standard form. 
d. (3 + 2i)? = (3 + 21)(3 + 2i) Property of exponents 
=9+ 61 + 6i + 47 FOIL Method 
=9+ 61+ 6i + 4(—1) ?=-] 
=9+ 12i-4 Simplify. 
=5+ 12i Write in standard form. 


SY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Perform each operation and write the result in standard form. 

a. —5(3 — 2i) b. (2 — 4i)(3 + 3i) 

c. (4 + 5i)(4 — 5i) d. (4 + 2i)? | 


GO DIGITAL 
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Note that when you multiply a 
quotient of complex numbers by 
c— di 
c-— di 


you are multiplying the 
quotient by a form of 1. So, 
you are not changing the 
original expression. You are 
only writing an equivalent 
expression. 


4.1 Complex Numbers 317 


Complex Conjugates 


Notice in Example 2(c) that the product of two complex numbers can be a real number. 
This occurs with pairs of complex numbers of the form a + bi and a — bi, called 
complex conjugates. 


(a+ bia — bi) = @ — abit abi- DI? =a- P(-lh= 20+ PhP? 


EXAMPLE 3 Multiplying Conjugates 


Multiply each complex number by its complex conjugate. 
alti b. 4 — 33 
Solution 
a. The complex conjugate of 1 + iis 1 — i. 
G+) -)=P-2=1-C1)=2 
b. The complex conjugate of 4 — 3iis 4 + 3i. 
(4 — 30(4 + 3’) = 44 — (i)? = 16 — 977 = 16 — 9(—1) = 25 
VY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Multiply each complex number by its complex conjugate. 


a. 3+ 6i b. 2 — 5i 3 | 


To write the quotient of a + biand c + di in standard form, where c and d are not 
both zero, multiply the numerator and denominator by the complex conjugate of the 
denominator to obtain 


at bi at hi(c~ a) _ (ac + bd) + (be = ad)i 


= = i. 
c+di ctdi\c-di c2 + d? c2 + d? c+ d? 


EXAMPLE 4 Writing a Quotient in Standard Form 


ac + bd (% — a 


. 2+ 31, 
Write - in standard form. 
Solution 
2 + 3i 2+ 31/4 + 2i Multiply numerator and denominator 
4-23 4—-2j\44+ 2: by complex conjugate of denominator. 
8 + 4i + 12i + 617 
= 16 — 472 Expand. 
_ 8+ 4it 121-6 a 
16 +4 a 
2+ 16i — 
90 implify. 
: + Write in standard fi 
= at g re é 
10 rite in standard form. 


of Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


i. 
in standard form. |_| 


2+ 
Write 
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The definition of principal 
square root uses the rule 


Jab = ./a./b 
fora > Oandb < O. This rule 


is not valid when both a and b 
are negative. For example, 


Jf =. =5 = /5(=1)/5E1) 
= /5ix/5i 
= JS 2512 
= 5i2 
=-5 
whereas 
V(-5)(-5) = /25 = 5. 


Be sure to convert complex 
numbers to standard form 
before performing any 
operations. 


Complex Solutions of Quadratic Equations 


The standard form of the complex number me —3 is “i 3i. The number J3i is the 
principal square root of —3. 


Principal Square Root of a Negative Number } 


Let a be a positive real number. The principal square root of — a is defined as 


—a= Jai. 


Writing Complex Numbers in Standard Form 
a. /-3./-12 = /3i/12i = /36i? = 6(-1) = -6 
b. /—48 — /-27 = J/48i — /271 = 473i - 331 = V3 
e. (-1 + /-3) =(-1+4 V3) 
= (-1) — 239 + (¥3)') 
= 1— 2,/3i + 3(-1) 
= -2- 2/3i 


SY Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Write ./— 14./—2 in standard form. 


EXAMPLE 6 Complex Solutions of a Quadratic Equation 


Solve 3x? — 2x + 5 = 0. 


Solution 
—(=9) + /(— 2)? — 4(8)(5) 
x= ( ) = ) (3) (5) Quadratic Formula 

2 af = 

a 2+ /-56 Simplify. 

6 

2+2/14i — 

— 2s 2vii Write \/—56 in standard form. 
1, V4. si etie 

= 3 zu 3 1 Write solution in standard form. 


i Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve 8x2 + 14x + 9 = 0. |_| 


Summarize (Section 4.1) 


1. Explain how to write complex numbers using the imaginary unit i (page 314). 

2. Explain how to add, subtract, and multiply complex numbers (pages 315 and 
316, Examples 1 and 2). 

3. Explain how to use complex conjugates to write the quotient of two complex 
numbers in standard form (page 317, Example 4). 

4. Explain how to find complex solutions of a quadratic equation (page 318, 
Example 6). 
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See CalcChat.com for tutorial help and worked-out solutions 


4 . 1 Exe rcises to odd-numbered exercises. 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 
1. The imaginary unit i is defined as i = , where i? = : 


2. Let a be a positive real number. The root of —a is defined as \/—a = Jai. 


3. Match the type of complex number with its definition. 


(a) real number Gi) a+ bi, a=0, b#0 
(b) imaginary number (ii) a+ bi, b=0 
(c) pure imaginary number (ii) a+ bi, a#0, b #0 


4. What method for multiplying two polynomials can you use when multiplying two 
complex numbers in standard form? 


5. What is the additive inverse of the complex number 2 — 4i? 
6. What is the complex conjugate of the complex number 2 — 4i? 


Skills and Applications 


Equality of Complex Numbers In Exercises 7 and Writing a Quotient in Standard Form In Exercises 
8, find real numbers a and Bb such that the equation is 33-40, write the quotient in standard form. 
true. 
33 z 34 : 
Tat bi=9+ Bi 8. a+ bi=b+ (2a-1)i A Si "1-4 
Adding or Subtracting Complex Numbers In 35. 5 ct 36. 6 - a 
Exercises 9-16, perform the operation and write the 37 1 — 2i 
result in standard form. 9-4 8 + 16: 
37. ; 38. F 
9. (5 + i) + (2 + 3) 10. (13 — 2’) + (—5 + 6i) : : 
F F 3i Si 
11. (9-)-(8-i ee pt ee 
’ i eG = Sip 40. + 39p 
12. (3 + 2i) — (6 + 133) 
13. (2 + /=8) + (5 7 /=50) Writing a Complex Number in Standard Form In 
14. (8 + /~18) = (4 43 J2i) Exercises 41-48, write the complex number in standard 
form. 


15. 13i — (14 — 7’) + (2 — 118) _ 
16. (25 + 6i) + (—10 + 1a) — (17 - 151) 41. /-6/-2 Ade ef “Sf > 10 
siege Camiuen oy 43, (./—15)° 44, (./—75)° 
ultiplying Complex Numbers In Exercises 17-24, 4 = en —z 
5. /-8+ /- 46. /-45 —- J/- 
perform the operation and write the result in standard V~8 + V~50 . v-5 


Sorat: 47. (3 + /—5)\(7 - /-10) 48. (2 - /-6)" 


17. (1 + JB — 21) 18. (7 — 21)(3 — Si) Complex Solutions of a Quadratic Equation In 

19. 12i(1 — 93) 20. —8i(9 + 4i) Exercises 49-58, use the Quadratic Formula to solve the 

2, (2452-3) 22.44 Aa) ateteneseeon 

23. (6 + 7i) 24. (5 — 4i)2 49. x? —2x +2=0 50. x? + 6x + 10 =0 
51. 4x7 + lox + 17 =0 52. 9x? — 6x + 37 =0 


Multiplying Conjugates In Exercises 25-32, multiply 


: : 53. 4x7 + 16x + 21 =0 54. 1607 — 44+ 3 =0 
the complex number by its complex conjugate. 3 
55. 5x° —- 6x +9 =0 
25. 9 + 2i . 26. 8 — 10% . 56. 2 —tx+2=0 
27. —1 ~ J5i 28. -3 + J/2i 57. 1.4x2 — 2x + 10 = 0 
29. 20 ey 58. 4.5x2 — 3x + 12 =0 


31.1 — /-6 32.1+ /-8 
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320 Chapter 4 Complex Numbers 


Impedance of a Circuit 
The opposition to current in an electrical circuit is 
called its impedance. The impedance z in a parallel 
circuit with two pathways satisfies the equation 


where z, is the 
impedance (in ohms) 
of pathway 1 and z, 
is the impedance 

(in ohms) of 
pathway 2. The 
impedance of each pathway in a parallel circuit is 
found by adding the impedances of all components 
in the pathway (see table). In Exercises 59 and 60, 
find z,,Z,, and z for the circuit shown in the figure. 


Resistor | Inductor | Capacitor 


—h- 
cQ 


AVA, 
aQ 


“O5O™ 


Symbol bQ 


—ci 


Impedance a bi 


59. 60. 


SO 5Q S30 
\ B22 


® Bisa S200 


= 100 


S90 


Exploring the Concepts 


True or False? In Exercises 61-64, determine whether 
the statement is true or false. Justify your answer. 


61. The sum of two complex numbers is always a real number. 


62. There is no complex number that is equal to its complex 


conjugate. 
63. —i./6 is a solution of x4 — x2 + 14 = 56. 
64. i4 + j150 co j/4 a j)09 + j61 =-] 


65. Pattern Recognition Find the missing values. 
ji=i ?=-1 P=-i it=1 
p= if = v= B= 
P= i= i= i 

What pattern do you see? Write a brief description of how 
you would find i raised to any positive integer power. 


66. Cube of a Complex Number 
number. 


Cube each complex 


HOW DO YOU SEE IT? Use the diagram 


below. 


(a) Match each label with its corresponding letter 
in the diagram. 


(i) Pure imaginary numbers 
(ii) Real numbers 


(iii) Complex numbers 


(b) What part of the diagram represents the 
imaginary numbers? Explain your reasoning. 


69. Proof Prove that the complex conjugate of the 
product of two complex numbers a, + b,i anda, + bai 
is the product of their complex conjugates. 


70. Proof Prove that the complex conjugate of the sum of 
two complex numbers a, + b,i and a, + b,i is the sum 
of their complex conjugates. 


; , Video solutions at 
Review & Refresh |» LarsonPrecalculus.com 


Factoring Completely In Exercises 71-80, completely 
factor the expression. 


71. 3x4 — 48x? 72. 9x4 — 12x? 

73. x3 — 3x? + 3x -—9 74, x3 — 5x? — 2x + 10 
75. 6x? — 27x? — 54x 76. 12x? — 16x* — 60x 
77. x4 — 3x7 +2 78. x+ — 7x? + 12 

79. 9x4 — 37x? +4 80. 4x*+ — 37x2 + 9 


Evaluating an Expression In Exercises 81-90, 
evaluate the expression for each value of x. 


67. 


(a) -1+ /3i 


Error Analysis 


/-6./-6 = J/(—6)(—6) = /36 = 6 x 


(b) -1— /3i 


Describe the error. 


© Pixel-Shot/Shutterstock.com 


81. /2x+7-x (a)x=-3 (b)x=1 
82. x + /40 — 9x (a)x=4 (b)x=-9 
83. /2x-5- /x-3-1 (a)x=3 (b) x=7 
84../5x-—44+/x-1 (a) x=4 (b) x=1 
85. (x — 4)2/3 (a) x= 129 (b) x=—121 
86. (x — 5)3/2 (a)x=69 (b)x=14 
\ (ax=4 (b)x=-1 
x w= 2 
88. + 43 (a)x=—-4 (b)x=-1 
89. |x? — 3x| + 4x — 6 (a)x=-3 (b)x=2 
90. |x2+ 4x] -—7x- 18 (a) x=-3 (bd) x=-9 
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4.2 Complex Solutions of Equations 321 


4.2 Complex Solutions of Equations 


Polynomial equations have 
many real-life applications. 

For example, in Exercise 78 

on page 327, you will use a 
quadratic equation to analyze a 
patient's blood oxygen level. 


© Determine the numbers of solutions of polynomial equations. 

© Find solutions of polynomial equations. 

© Find zeros of polynomial functions and find polynomial functions 
given the zeros of the functions. 


The Number of Solutions of a Polynomial Equation 


The Fundamental Theorem of Algebra implies that a polynomial equation of 
degree n has precisely n solutions in the complex number system. These solutions can 
be real or imaginary and may be repeated. The Fundamental Theorem of Algebra and 
the Linear Factorization Theorem are given below for your review. For a proof of the 
Linear Factorization Theorem, see Proofs in Mathematics on page 354. 


The Fundamental Theorem of Algebra | 


If f(x) is a polynomial of degree n, where n > O, then f has at least one zero in 
the complex number system. 


Note that finding zeros of a polynomial function f is equivalent to finding solutions 
of the polynomial equation f(x) = 0. 


Linear Factorization Theorem ) 


If f(x) is a polynomial of degree n, where n > 0, then f(x) has precisely n linear 
factors 


F(z) = a,(% — ey)(e — €)- - + — ¢,) 


where c,,C,. . .,¢, are complex numbers. 


EXAMPLE 1 Solutions of Polynomial Equations 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


a. The first-degree equation x — 2 = 0 has exactly one solution: x = 2. 


b. The second-degree equation x2 — 6x + 9 = (x — 3)(x — 3) = O has exactly two 
solutions: x = 3 and x = 3 (a repeated solution). 


c. The fourth-degree equation 


xst-1=(@-De+Do-d)xt+)=0 


has exactly four solutions: x = 1,x = —1,x =i, andx = —i. 
if Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Determine the number of solutions of the equation x7 + 9x = 0. a 
You can use a graph to check the number of real solutions of an equation. As 


shown in Figure 4.1, the graph of f(x) = x+ — 1 has two x-intercepts, which implies 
that the equation has two real solutions. 


© Monkey Business Images/Shutterstock.com 
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322 Chapter 4 Complex Numbers 
Every second-degree equation, ax* + bx + c = 0, has precisely two solutions 
given by the Quadratic Formula 


—b + ./h — 4ac 
x= - 
2a 


The quantity under the radical sign, b* — 4ac, is the discriminant, and can be used to 
determine whether the solutions are real, repeated, or imaginary. 


1. If b* — 4ac < 0, then the equation has two imaginary solutions. 
2. If b*? — 4ac = 0, then the equation has one repeated real solution. 


3. If b? — 4ac > 0, then the equation has two distinct real solutions. 


EXAMPLE 2 Using the Discriminant 


Find the discriminant of each quadratic equation and describe the number and type of 
solutions of the equation. 


a. 4x? — 20x + 25 =0 b. 13x27 + 7x + 2=0 c. 5x7 — 8k = 0 
Solution 
a. For this equation, a = 4, b = —20, and c = 25. 
b? — 4ac = (—20)? — 4(4)(25) = 400 — 400 = 0 
The discriminant is zero, so there is one repeated real solution. 


b. For this equation, a = 13, b = 7, andc = 2. 
b? — 4ac = 77 — 4(13)(2) = 49 — 104 = —55 
The discriminant is negative, so there are two imaginary solutions. 
c. For this equation, a = 5, b = —8, andc = 0. 
b? — 4ac = (—8)? — 4(5)(0) = 64 — 0 = 64 


The discriminant is positive, so there are two distinct real solutions. 
Sf Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the discriminant of each quadratic equation and describe the number and type of 
solutions of the equation. 


a. 3x27 + 2x-1=0 b. 9x7 + 6x + 1=0 ce. 9x2 + 2x+1=0 |_| 


The figures below show the graphs of the functions corresponding to the equations 
in Example 2. Notice that with one repeated solution, the graph touches the x-axis at its 
x-intercept. With two imaginary solutions, the graph has no x-intercepts. With two real 
solutions, the graph crosses the x-axis at its x-intercepts. 


y 
A 
gt 
7a. 
6-+ 
54 
Hob 
3. 
tb 
t ttt 1 > © 
=4 123 45 67 
a. Repeated real solution 
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Finding Solutions of Polynomial Equations 


EXAMPLE 3 Solving a Quadratic Equation 


Solve x? + 2x + 2 = 0. Write complex solutions in standard form. 
Solution You have 

a=1, b=2, and c=2 
so by the Quadratic Formula, 


—b+ \/b* — 4ac 


x= Quadratic Formula 


2a 
—2 + /2?? — 4(1)(2) 
2(1) 


Substitute 1 for a, 2 for b, and 2 for c. 


= ——_ Simplify. 

=2 + 21 . —_—. 
= ~ Write ./—4 in standard form. 
=—-l+ti. Write solution in standard form. 


of Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve x? — 4x + 5 = 0. Write complex solutions in standard form. Bi 


In Example 3, the two complex solutions are complex conjugates. That is, they are 
of the form a + bi. This is not a coincidence, as stated in the theorem below. 


Complex Solutions Occur in Conjugate Pairs i 


If a + bi, b # 0, is a solution of a polynomial equation with real coefficients, 
then the complex conjugate a — bi is also a solution of the equation. 


Be sure you see that this result is true only when the polynomial has real 
coefficients. For example, the result applies to the equation x? + 1 = 0, but not to the 
equation x — i = 0. 


EXAMPLE 4 Solving a Polynomial Equation 


Solve x* — x? — 20 = 0. 


Solution 
x4 — x7 —- 20 =0 Write original equation. 
(x? — 5)@? + 4) =0 Factor trinomial. 
(x + J5)(x = J5) (x + 2i)(x — 2’) = 0 Factor completely. 


Setting each factor equal to zero and solving the resulting equations yields the solutions 
x= —/5,x= /5,x = —2i, and x = 2i. 


SY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve x+ + 7x2 — 18 = 0. |_| 


GO DIGITAL 
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Zeros of Polynomial Functions 


Finding the zeros of a polynomial function is essentially the same as finding the 
solutions of the corresponding polynomial equation. For example, the zeros of the 
polynomial function 


f(x) = 3x? — 4x + 5 
are the solutions of the polynomial equation 


3x2 — 4x +5 =0. 


EXAMPLE 5 Finding the Zeros of a Polynomial Function 


Find all the zeros of 
f(x) = x4 — 3x3 + 6x7 + 2x — 60 
given that | + 37 is a zero of f. 


Algebraic Solution Graphical Solution 


Complex zeros occur in conjugate pairs, so you know that 1 — 3i | Complex zeros occur in conjugate pairs, so you know 
is also a zero of f. This means that both that 1 — 3i is also a zero of f. The polynomial is a 
fourth-degree polynomial, so you know that there are 


[+ — (1 + 39] two other zeros of the function. Use a graphing utility 
and to graph 
[x — (1 — 30] y = x4 — 3x3 + 6x? + 2x — 60. 


are factors of f(x). Multiplying these two factors produces 
e=—(14 ape = (1 —30) = (6 =) — se =— 1) + 3a] 
= (x — 1)? — 97? 
= x7 — 2x + 10. 


ly =x4 - 3x3 + 6x? + 2x — 60| 


The x-intercepts of 
the graph of the 
function appear to 
}5  be-2and3. 


Using long division, divide x2 — 2x + 10 into f(x). 
x x- 6 
x — 2x + 10)x4 — 33+ 62+ 2x — 60 
x* — 2x3 + 10x? 


—x-— 4°+ 2x : AF 
Use the zero or root feature of the graphing utility to 
=2x + 2x7 — 10x . aw = : 
confirm that x = —2 and x = 3 are x-intercepts of the 
— 6x? + 12x — 60 graph. So, the zeros of f are 


— 6x2 


2 


+ 
Ss 
5 
| 
2 
3 


x=14+3i, x= 1-31, x = 3, and x = —2. 


So, you have 


f(x) = @? — 2x + 10)? — x — 6) 
= (x2 — 2x + 10)(« — 3) + 2) 


and can conclude that the zeros of f are 


x=1+3i,x=1- 31, x =3, and x = —2. 


ff Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find all the zeros of 
f(x) = 3x3 — 2x? + 48x — 32 


given that 47 is a zero of f. 
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EXAMPLE 6 Finding a Polynomial Function with Given Zeros 


Find a fourth-degree polynomial function f with real coefficients that has — 1, — 1, and 
3i as zeros. 


Solution You are given that 3i is a zero of f and the polynomial has real coefficients, 
so you know that the complex conjugate —3i must also be a zero. Using the Linear 
Factorization Theorem, write f(x) as 


f(x) = ale + I(x + I(x — 3i)(x + 3i). 
For simplicity, let a = 1 to obtain 
f(x) = (? + 2x + 1)? + 9) = x4 + 2x3 + 10x? + 18x + 9. 
SY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find a fourth-degree polynomial function f with real coefficients that has 2, — 2, and 
—7i as zeros. 


EXAMPLE 7 Finding a Polynomial Function with Given Zeros 


Find the cubic polynomial function f with real coefficients that has 2 and 1 — i as 
zeros, and f(1) = 3. 


Solution You are given that 1 — iis a zero of f, so the complex conjugate | + i is 
also a zero. 
F(x) = ale — 2)[x — 1 — De - (1 + 9] 
=ax—-2)[~%-D)+i[a-1-i 
= a(x — 2)[(x — 1)? + 1] 
a(x — 2)(x? — 2x + 2) 
= alx® — 4x7 + 6x — 4) 


To find the value of a, use the fact that f(1) = 3 to obtain 
FQ) = a[(1)? — 4(1)? + 61) — 4] 
3 = —a. 
So, a = —3 and 


f(x) = -368 - 42 + Gx — 4) = —3x3 + 122 -— 18x + 12. 
A Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the cubic polynomial function f with real coefficients that has 1 and 2 + i as 
zeros, and f(2) = 2. a 


Summarize (Section 4.2) 


1. Explain how to use the Fundamental Theorem of Algebra to determine the 
number of solutions of a polynomial equation (page 321, Example 1). 


2. Explain how to use the discriminant to determine the number and type of 
solutions of a quadratic equation (page 322, Example 2). 


3. Explain how to solve a polynomial equation (page 323, Examples 3 and 4). 


4. Explain how to find the zeros of a polynomial function and how to find a 
polynomial function with given zeros (pages 324 and 325, Examples 5—7). 
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See CalcChat.com for tutorial help and worked-out solutions 


4 . 2 Exe rcises to odd-numbered exercises. in 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. The of states that if f(x) is a polynomial of degree n (n > 0), 
then f has at least one zero in the complex number system. 

2. The states that if f(x) is a polynomial of degree n (n > 0), then f(x) has 
precisely n linear factors, f(x) = a,(x — c,)(x — c,): + -(« — c,), where c,, c5,. . ., C, are complex numbers. 


3. Ifa + bi, b # 0, is a solution of a polynomial equation with real coefficients, then what is another 
solution? Explain. 


4. The discriminant of a quadratic equation is 5. Describe the number and type of solutions of the equation. 


Skills and Applications 


Solutions of a Polynomial Equation In Exercises 31. f(x) = 8 - 4° +x-4 
5-8, determine the number of solutions of the equation 32. f(x) = 23 — 42 — 4x + 16 
in the complex number system. 
5. 234+3x+1=0 ‘peas i= 6 Finding the Zeros of a Polynomial Function In 
a: : a Exercises 33-48, write the polynomial as a product of 
7. 50 — 2x" = 8. 14 — x + 4x° — 72° = 0 linear factors and list all the zeros of the function. 
Using the Discriminant In Exercises 9-14, use the 33. f(x) = x7 + 36 34. f(t) =P + 25t 
discriminant to find the number of real and imaginary 35. f(x) =x4- 81 36. f(y) = y* — 256 
solutions of the quadratic as 37. A(x) =22 —2x +17 38. g(x) = 22 + 10x + 17 
9. 2x7 - 5x +5=0 10. 4x? — 5x +25=0 39. h(x) = x2 — 6x — 10 40. f(z) = 2-2z+2 
11. 4x2 + 12x +9 =0 12. x° — 4x + 53 =0 41. f(x) =x44+10x7+9 42. f(x) = x4 + 290x2 + 100 
13, $x2 + $x- 8 =0 14. —2x7 + llx -2=0 43. e(x) = x3 + 3x2 — 3x -—9 
Solving a Quadratic Equation In Exercises 15-24, 44. h(x) = x° — 4x° + lox — 64 
solve the quadratic equation. Write complex solutions in 45. ((Q) = 2° = 2° + 36x — 18 
standard form. 46. g(x) = 4x3 + 3x2 + 96x + 72 
15. x7 -5=0 16. 3x27 -1=0 47. g(x) = x* — 6x3 + 16x? — 96x 
17.2-2x-x= 18. x7 + 10+ 8 =0 48. h(x) = x* + x3 + 100x? + 100x 
19. x2 — 8x + 16 = 20. 4x2 + 4x +1 = — , ; 
= ay aa : : . ° Finding the Zeros of a Polynomial Function In 
21. x + 2x +5=0 22. x" + lox + 65 = 0 Exercises 49-58, use the given zero to find all the zeros 
23. 4x7 — 4x +5 =0 24. 4x7 — 4x + 21=0 of the function. 
Solving a Polynomial Equation In Exercises 25-28, Function Zero 
solve the polynomial equation. Write complex solutions 49. f(x) = 2-2? + 4-4 2i 
in standard form. 50. f(x) = +224 9x +9 3i 
25. xt - 6° —-7=0 26. xt + 2x7 -8=0 51. f(x) = 2x4 — x3 + 7x? — 4x — 4 2i 
27. x*+ — 5x7 -6=0 28. x4 + x7 — 72=0 52. f(x) = x4 — 4x3 + 6x? — 4x + 5 i 
a Bs iy?) a ane 
BB Using Technology In Exercises 29-32, (a) use a 53. f(x) = x° — 2x sie am 
graphing utility to graph the function, (b) algebraically 54. g(x) = 4x3 + 23x? + 34x — 10 =3 Fa 
find all the zeros of the function, and (c) describe the 55. g(x) = x — 8x? + 25x — 26 342i 
relationship between the number of real zeros and the 56. f(x) = 23 + 42 + 14x + 20 “p= 3} 
f x-i f th h. = 
number of x-intercepts of the grap SAG) xt = Te he HO + 16 [ft 
29. f(x) =x4+ 4°44 30. f(x) =xt— 3-4 58. h(x) = x4 — 6x3 + 14x2 — 18x + 9 1 Pe es 
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Finding a Polynomial Function with Given 
Zeros In Exercises 59-64, find a polynomial function 
with real coefficients that has the given zeros. (There are 
many correct answers.) 
59. 1, 5i 

61. 2,2,1 +i 

62. —1,5,3 — 2: 

63. 3,-1.3 + /2i 

64. -3,-5,1+ /3i 


60. 4, —3i 


Finding a Polynomial Function with Given 
Zeros In Exercises 65-70, find the polynomial function 
f with real coefficients that has the given degree, zeros, 
and function value. 


Degree Zeros Function Value 
65. 3 1, 23 f(-1) = 10 
66. 3 | f(-1) =6 
67. 4 —2,1,i f(0) = -4 
68. 4 —1,2, /2i fi) = 12 
69. 3 —3,1+ /3i f(—2) = 12 
70. 3 -2,1- /2i f(-1) = -12 


Finding a Polynomial Function In Exercises 71-74, 
find a cubic polynomial function f with real coefficients 
that has the given complex zeros and x-intercept. (There 
are many correct answers.) 


Complex Zeros x-Intercept 


1. = 4+ 9j (—2, 0) 
(ee ee ee (1, 0) 
73. x= 22.f5i (2, 0) 
M4. x=-1+ /3i (—4, 0) 


75. Height of a Baseball A baseball is thrown upward 
from a height of 5 feet with an initial velocity of 79 feet 
per second. The height / (in feet) of the baseball 
is modeled by h = —1627 + 79t+ 5 forO St <5, 
where f represents the time (in seconds). 

(a) Complete the table to find the heights h of the 


baseball for the given times tf. Does it appear that 
the baseball reaches a height of 110 feet? 


t}O};1)2)3)4]5 
h 


(b) Algebraically determine whether the baseball 
reaches a height of 110 feet. 


aad (c) Use a graphing utility to graph the function. 
Graphically determine whether the baseball reaches 
a height of 110 feet. 


(d) Compare your results from parts (a), (b), and (c). 


Copyright 2022 Cengage Learning. All Rights Reserved. May no 
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76. Writing an Equation The graph of a fourth-degree 
polynomial function y = f(x) is shown. The equation 
has + ./2i as zeros. Write an equation for f. 


(9.415) 


77. Profit The demand equation for a microwave oven is 

given by 

p = 140 — 0.0001x 

where p is the unit price (in dollars) of the microwave 

oven and x is the number of units sold. The cost 

equation for the microwave oven is 

C = 80x + 150,000 

where C is the total cost (in dollars) and x is the number 

of units produced. The total profit P obtained by 

producing and selling x units is modeled by 

P=xp-C. 

(a) Find the profit function P in terms of x. 

(b) Find the profit when 250,000 units are sold. 

(c) Find the unit price when 250,000 units are sold. 

(d) Find (if possible) the unit price that will yield 
a profit of 10 million dollars. If not possible, 
explain why. 


78. Physiology 
Doctors treated a patient at an emergency room from 
2:00 p.m. to 7:00 P.M. The patient’s blood oxygen level 
L (in percent form) during this time period can be 
modeled by 


L = —0.27017 + 3.59t + 83.1, 


2<t<s7 


where ¢ represents 
the time of day, with 
t = 2 corresponding 
to 2:00 p.m. Use the 
model to estimate 
the time (rounded 

to the nearest hour) 
when the patient’s 
blood oxygen level 
was 93%. 


n whole or in part. WCN ( )3 
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328 Chapter 4 Complex Numbers 


Exploring the Concepts 


True or False In Exercises 79 and 80, decide whether 
the statement is true or false. Justify your answer. 


79. It is possible for a third-degree polynomial function 
with integer coefficients to have no real zeros. 


80. If x = —iis a zero of the function 
f(xy) =e +i? +ix—-1 
then x = i must also be a zero of f. 


81. Writing Write a paragraph explaining the 
relationships among the solutions of a polynomial 
equation, the zeros of a polynomial function, and the 
x-intercepts of the graph of a polynomial function. 
Include examples in your paragraph. 


HOW DO YOU SEE IT? In parts (a)-(c) 
use the graph to determine whether the 
discriminant of the given equation is positive, 
zero, or negative. Explain. 


2—2x=0 


an 
eta 


—) 


©) 6 = We 2= 0 


y 


83. Error Analysis Describe the error in finding a 
polynomial function f with real coefficients that has 
— 2, 3.5, and i as zeros. 


A function is f(x) = (x + 2)(x — 3.5)(x — i). x 


yright 2022 Cen 


84. Finding a Quadratic Function Find a quadratic 
function f (with integer coefficients) that has the 
given zeros. Assume that b is a positive integer and a 
is an integer not equal to zero. 


(a) +./bi (b) at bi 


Think About It In Exercises 85-90, determine (if 
possible) the zeros of the function g when the function f 
has zeros atx =7r,,xX =r, and x =r. 


85. g(x) = —f(x) 


86. g(x) = 4f(x) 
87. g(x) = f(x — 5) 
88. 9(x) = f(2x) 
89. g(x) = 3 4+ f(x) 
90. g(x) = f(—x) 


Video solutions at 


Review & Refresh \» LarsonPrecalculus.com 


Identifying Rules of Algebra In Exercises 91-96, 
identify the rule(s) of algebra illustrated by the statement. 


1 
1. h+6)=1,h 
2 cae o) , ° 
92. (x + 3) — («+ 3) =0 


93. x(3y) = (x + 3)y = Ga)y 
94, (7+ 12) =(F-7)12=1-12= 12 
95. x(2x2 + 3x — 1) = 2x3 + 3x2 — x 


96. (x — 2)(2x + 3) = (« — 2)(2x) + & — 2)(3) 


Using a Reference Angle In Exercises 97-102, 
evaluate the sine, cosine, and tangent of the angle 
without using a calculator. 


97. 330° 98. — 225° 
3 15x 
9, —— 1 — 
9 4 00 5 
lla 357 
101. — 102. ——— 
3 6 


Writing a Linear Combination of Unit Vectors In 
Exercises 103-106, the initial and terminal points of a 
vector are given. Write the vector as a linear combination 
of the standard unit vectors i and j. 


Initial Point Terminal Point 


103. (4, 1) (6, —3) 
104. (—2, 0) (=3,=1) 
105. (5, —5) (—4, 0) 
106. (—6, —9) (-—2, -7) 


Project: Population To work an extended application 
analyzing the population of the United States, visit this 
text’s website at LarsonPrecalculus.com. (Source: U.S. 
Census Bureau) 
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4.3. The Complex Plane 


4.3 The Complex Plane 


The complex plane has many 
practical applications. For 
example, in Exercise 43 on page 
335, you will use the complex 
plane to write complex numbers 
that represent the positions of 
two ships. 


Imaginary 
axis 


+—_+—_ t t 
2A 3) 2921 I) -De 3: “<4. 


Figure 4.2 


Bice 


ae 


GO DIGITAL 


© Plot complex numbers in the complex plane and find absolute values 
of complex numbers. 

© Perform operations with complex numbers in the complex plane. 

© Use the Distance and Midpoint Formulas in the complex plane. 


The Complex Plane 


Just as a real number can be represented by a point on the real number line, a complex 
number z = a + bi can be represented by the point (a, b) in a coordinate plane called 
the complex plane. In the complex plane, the horizontal axis is the real axis and the 
vertical axis is the imaginary axis, as shown in the figure below. 


Imaginary 
axis 
A 
3+ 
3, 1) 
27 or 
14 3+ ‘ 
— ++ 4 > Real 
-3 -2 -1 1 2 3. axis 
e -14+ 
(—2, -1) or 
-2-i 77 


The absolute value, or modulus, of the complex number z = a + biis the distance 
between the origin (0, 0) and the point (a, b). (The plural of modulus is moduli.) 


Definition of the Absolute Value of a Complex Number ) 


The absolute value of the complex number z = a + bi is 


[oe Di=a eab. 


When the complex number z = a + bi is areal number (that is, when b = 0), this 
definition agrees with that given for the absolute value of a real number 


la + Oi] = Ja? + 0? = |al. 


Finding the Absolute Value of a Complex Number 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Plot z = —2 + 5i in the complex plane and find its absolute value. 


Solution In the complex plane, z = —2 + 5iis represented by the point (—2, 5), as 
shown in Figure 4.2. The absolute value of z is 


B= vias S 
= </29, 
fe Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Plot z = 3 — 4i in the complex plane and find its absolute value. | 


© d3sign/Getty Images 
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Imaginary 
axis 
A 
344 
1,2 
sl, 2 
it fu 
Real 
t t t— 
l 2 3 axis 
Figure 4.3 
Imaginary 
axis 
ry 


u + (—v) 


Figure 4.6 


A 
OFA ss 
GO DIGITAL 


earning. All Rights F 


Operations with Complex Numbers in the Complex Plane 


In Section 3.3, you learned how to add and subtract vectors geometrically in the 
coordinate plane. In a similar way, you can add and subtract complex numbers 
geometrically in the complex plane. 

The complex number z = a + bi can be represented by the vector u = (a, b). For 
example, in Figure 4.3, the complex number z = 1 + 2i is represented by the vector 
u = (1, 2). 

To add two complex numbers z, = a + bi and z, = c + di geometrically, first 
represent the numbers as vectors u = (a,b) and v = (c,d), respectively (see 
Figure 4.4). Then use the parallelogram law for vector addition to find u + v, as shown 
in Figure 4.5. Because u + v represents z, + Z,, it follows that 


yZ+m=(atodt+(b+ di. 


Imaginary Imaginary 
axis axis 
(a+c,b+d) 
(a, b) 
u 
(c, d) 
v Real Real 
axis axis 
Represent z, = a + biandz, =c + di Use parallelogram law for vector 
as vectors u = (a, b) and v = (c, d) addition 
Figure 4.4 Figure 4.5 
EXAMPLE 2 Adding in the Complex Plane 
Find (1 + 3i) + (2 + 3) in the complex plane. 
Solution 
Begin by writing a vector to represent Imaginary 
each complex number. oe 
5 fe 
Complex number Vector 
4+ o(3, 4) 
1+ 3i u = (1, 3) (1,3) 
3+ @ 
2+i1 v = (2, 1) 54u 
ut+v 
Graph u and v, where the initial point of v i+ 
coincides with the terminal point of u, as a Real 
T T T T IP ot ae 
shown in the figure. Next, graph u + v. -1 123 4 5 8 
From the figure, u + v = (3, 4), which ak 


implies that 
(1+3)+ (2+) =3 + 4. 
Yi Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Find (3 + i) + (1 + 2i) in the complex plane. |_| 
To subtract two complex numbers geometrically, first represent the numbers as 


vectors u and v. Then subtract the vectors, as shown in Figure 4.6. The difference of 
the vectors represents the difference of the complex numbers. 
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EXAMPLE 3 Subtracting in the Complex Plane 


Find (4 + 2i) — (3 — i) in the complex plane. 


Solution 
Begin by writing a vector to represent Imaginary 
each complex number. ae 
Complex number Vector al 
4+ 2i u = (4, 2) 
3-1 v= (33, -1) 


Because u — v = u + (—v), graph u and 
—v = (—3, 1), where the initial point of —v 
coincides with the terminal point of u, as 
shown in the figure. Next, graph u + (—v). 
From the figure, u + (—v) = (1,3), which 
implies that 


(4+ 2) -(3-i) =1 +4 37. 


SY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Find (2 — 4i) — (1 + i) in the complex plane. wi 
Recall that the complex numbers a + bi and a — bi are complex conjugates. The 


points (a, b) and (a, — b) are reflections of each other in the real axis, as shown in the 
figure below. This information enables you to find a complex conjugate geometrically. 


Imaginary 
axis 
A 
(a, b) 
e 
Real 
~ axis 
“(a,-b) 
Imaginary 
axis 
3 EXAMPLE 4 Complex Conjugates in the Complex Plane 
2 
(-3, LD) Plot z = —3 + i and its complex conjugate in the complex plane. Write the conjugate 
- : as a complex number. 
———o pt» Real 
-4 3 i 2 = Solution 
° -1 
(-3, -1) Begin by plotting —3 + i. As shown in Figure 4.7, the reflection (— 3, 1) in the real 
= axis is (—3, — 1). So, the complex numbers 
-3 r ‘ 
=3°4 i and =3 = 4 
Figure 4.7 
are complex conjugates. 
yA Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
mls Plot z = 2 — 3i and its complex conjugate in the complex plane. Write the conjugate 
GO DIGITAL as a complex number. 
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Distance and Midpoint Formulas in the Complex Plane 


For two points in the complex plane, the distance between the points is the modulus 
(or absolute value) of the difference of the two corresponding complex numbers. Let 
(a, b) and (s, ft) be points in the complex plane. One way to write the difference of the 
corresponding complex numbers is (s + ti) — (a + bi) = (s — a) + (t — b)i. The 
modulus of the difference is 


\(s — a) + (t— D)i| = J(s — a)? + (t — by. 


So, d = /(s — a)? + (t — b) is the distance between the points in the complex plane. 
Imaginary 
axis 


Distance Formula in the Complex Plane ) 


The distance d between the points (a, b) and (s, f) in the complex plane is 


d= J(s — a)? + (t — by. 


Figure 4.8 shows the points represented as vectors. The magnitude of the vector 


axis u — vis the distance between (a, b) and (s, #). 
u—v=(s—a,t— b) 
Figure 4.8 ilu = vl = (s _ a)? a (t = b)? 
EXAMPLE 5 Finding Distance in the Complex Plane 
Find the distance between 2 + 3i and 5 — 2i in the complex plane. 
Solution 
Leta + bi = 2 + 3iands + ti = 5 — 2i. The distance is 
d= /(s— a + ¢- bY 
= JG — 27 + (—2- 3? 
= af" t (—5) 
= /34 
=~ 5.83 units 
as shown in the figure below. 
Imaginary 
axis 
A 
4 =< 
(2, 3) 
3 +4 
2 <a 
it d=/34 = 5.83 
; ; ‘ ' Real 
> a: < : ~ axis 
-1l-+ 
al (5, -2) 
-3 —_ 
Eat SY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
peers io 
ai i i — 4i ii 
ao ninth Find the distance between 5 — 4i and 6 + 5i in the complex plane. a 
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To find the midpoint of the line segment joining two points in the complex plane, 
find the average values of the respective coordinates of the two endpoints. 


Midpoint Formula in the Complex Plane 2 


The midpoint of the line segment joining the points (a, b) and (s, f) in the 
complex plane is 


+5 b+ 
Midpoint = (< ad 


2° @ 


Finding a Midpoint in the Complex Plane 


Find the midpoint of the line segment joining the points corresponding to 4 — 3i and 
2 + 2i in the complex plane. 
Solution 


Let the points (4, —3) and (2, 2) represent the complex numbers 4 — 3i and 2 + 2i, 
respectively. Apply the Midpoint Formula. 


ey (OES Ot) fa KS ee 1 
Midpoint ( 7 ( er (3. | 


1 
The midpoint is (3. -3), as shown in the figure below. 


Imaginary 
axis 


—2-+ 


-3+ (4, -3) 


-4-+ 


rr Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the midpoint of the line segment joining the points corresponding to 2 + i and 
5 — 5i in the complex plane. |_| 


Summarize (Section 4.3) 


1. State the definition of the absolute value, or modulus, of a complex number 
(page 329). For an example of finding the absolute value of a complex 
number, see Example 1. 


2. Explain how to add, subtract, and find complex conjugates of complex 
numbers in the complex plane (page 330). For examples of performing 
operations with complex numbers in the complex plane, see Examples 2-4. 

3. Explain how to use the Distance and Midpoint Formulas in the complex 
plane (page 332). For examples of using the Distance and Midpoint Formulas 
in the complex plane, see Examples 5 and 6. 
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4.3 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. In the complex plane, the horizontal axis is the 


2. The distance between two points in the complex plane is the 


corresponding complex numbers. 


GO DIGITAL 


axis and the vertical axis is the axis. 


of the difference of the two 


3. How do you find the complex conjugate of a complex number? 


4. Compare the absolute value of a complex number with the absolute value of a real number. 


Skills and Applications 


Matching In Exercises 5-10, match the complex 
number with its representation in the complex plane. 
[The representations are labeled (a)-(f).] 


(a) Imaginary (b) Imaginary 
axis axis 
A A 
2-7 2° 
1+ 1+ 
Real (2, 0) Real 
12 axis -| 12 axis 
-1+ 3 e 1 + 
ot G&D Pil 
(c) Imaginary (d) Imaginary 
axis axis 
A A 
1+ a 3-4(0, 3) 
eal 
(0, -1)) ai 
<= Real 
1 -1 1 2. axis 
-34- -1I+ 
(e) Imaginary (f) Imaginary 
axis axis 
A 
3 pal TS 
2+ e(1, 2) 
i a Oe 
Real 
-| 12 axis 
Sack 
5. 2 6. 3: 
71+ 2i 8.3 -i 
93 eee 10. -—2-i 


Finding the Absolute Value of a Complex 
Number In Exercises 11-16, plot the complex number 
and find its absolute value. 


ll. —7i 

12. —7 

13. —6 + 8 
14. 5 — 12 
15. 4 — 6i 
16. —8 + 3i 


Adding in the Complex Plane In Exercises 17-22, 
find the sum of the complex numbers in the complex 
plane. 
17.(3+)+(2+ 5) 
19. (8 — 2i) + (2 + 63) 


18. (5 + 21) + (3 + 42) 
20. 3 — i) +(-7+ 3) 


21. Imaginary 22. Imaginary 
axis axis 
A A 
ry (-3,4) °) 
+ (2,4) eat 
e e 
(-1,3)> (2, 3) 2+ 
Real Real 
axis axis 
—2 2 4 -4-2 2 
=) =— —2 


Subtracting in the Complex Plane In Exercises 
23-28, find the difference of the complex numbers in the 
complex plane. 

23. (4 + 2i) — (6 + 4i) 
25. (5 — i) — (—5 + 2i) 
27. 2 — (2 + 61) 

28. —2i — (3 — 5’) 


24. (-3 + i) -B+i) 
26. (2 — 3i) — (3 + 2i) 


Complex Conjugates in the Complex Plane In 
Exercises 29-34, plot the complex number and its 
complex conjugate. Write the conjugate as a complex 
number. 


29,2. + 3i 30. 5 — 4i 
31. —1 — 2i 32. —7 + 3i 
33. 81 

34. —3 


Finding Distance in the Complex Plane In Exercises 
35-38, find the distance between the complex numbers 
in the complex plane. 

35. 1 + 2i,-1 + 43 

36. -5+i,-24+5i 

37. 61,3 — 4i 

38. —7 — 31,3 + Si 
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Finding a Midpoint in the Complex Plane In 
Exercises 39-42, find the midpoint of the line segment 
joining the points corresponding to the complex numbers 
in the complex plane. 


39.2+i,6+ Si 
41. 71,9 — 10: 


40. —3 + 47,1 — 2i 
42. -1- 94,5 +4 

43. Shipping 
Ship A is 3 miles east and 4 miles north of port. 
Ship B is 5 miles west and 2 miles north of port 
(see figure). 


(a) Using the positive 
imaginary axis 
as north and the 
positive real axis 
as east, write 
complex numbers 
that represent the 
positions of 
Ship A and 
Ship B relative to port. 


(b) How can you use the complex numbers in 
part (a) to find the distance between Ship A 
and Ship B? 


44. Force Two forces are acting on a point. The first 
force has a horizontal component of 5 newtons and a 
vertical component of 3 newtons. The second force 
has a horizontal component of 4 newtons and a vertical 
component of 2 newtons. 


(a) Plot the vectors that represent the two forces in the 
complex plane. 


(b) Find the horizontal and vertical components of 
the resultant force acting on the point using the 
complex plane. 


Exploring the Concepts 


True or False? In Exercises 45-47, determine whether 
the statement is true or false. Justify your answer. 


45. The modulus of a complex number can be real or 
imaginary. 


© d3sign/Getty Images 
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46. The distance between two points in the complex plane 
is always real. 


47. The modulus of the sum of two complex numbers is 
equal to the sum of their moduli. 


48. HOW DO YOU SEE IT? Determine which 


graph represents each expression. 
(a) (a + bi) + (a — bi) 
(Oe ei (a 75)) 


(i) Imaginary (ii) ‘Imaginary 
axis axis 


(2; 5) 


(5) 


Real 
(2 a, 0) axis 


49. Think About It What does the set of all points with 
the same modulus represent in the complex plane? 
Explain. 

50. Think About It The points corresponding to a 
complex number and its complex conjugate are plotted 
in the complex plane. What type of triangle do these 
points form with the origin? 


qi , Video solutions at 
Review & Refresh |» LarsonPrecalculus.com 


Finding the Zeros of a Polynomial Function In 
Exercises 51-54, use the given zero to find all the zeros 
of the function. 


Function Zero 
51. f(x) =x9 + 2x7 +x4+2 i 
52. f(x) = 2x3 — x? + 18x — 9 —3i 


53. f(x) = x3 — 9x? + 28x — 40 2-2 

54. f(x) = x* — 6x3 + 6x? + 24x — 40 3+i 
Evaluating Trigonometric Functions In Exercises 
55-58, find the exact values of the remaining 
trigonometric values of 0 satisfying the given conditions. 
55. cos @ = -2, tan@d < 0 

56. coté = 5, sin@ > 0 

57. tan@ = 5,sec0 < 0 

58. csc 6 is undefined,  < @ < = 

Solving a Trigonometric Equation In Exercises 
59-62, solve the equation. 


59. 1+ 2sin0=0 
61. 2cot?@—-—1=5 


60. sec — /2=0 
62. tan? @ = 3 tan@ 
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Chapter 4 Complex Numbers 


4.4 Trigonometric Form of a Complex Number 


Trigonometric forms of complex 
numbers have applications in 
circuit analysis. For example, 

in Exercises 67 and 68 on page 
341, you will use trigonometric 
forms of complex numbers to 
find the voltage and current of 
an alternating current circuit. 


For 0 <= @ < 27, use the 
guidelines below. When 

z lies in Quadrant I, 

@ = arctan(b/a). When z lies 
in Quadrant II or Quadrant III, 
6 = m + arctan(b/a). 

| When z lies in Quadrant IV, 

| 6 = 2n + arctan(b/a). 
w~ 


Imaginary 
axis 
A 
1+ 
g-44 
“3. 

i , -\ i Real 
rn 
vot 
Izl=4,/ 

€ =2.-- 
f 
* 
¥ 
#' 
a —-34+ 
7 
z=-2-2Vv3i 


hi 


GO DIGITAL 


© Write trigonometric forms of complex numbers. 
© Multiply and divide complex numbers written in trigonometric form. 


Trigonometric Form of a Complex Number 


In Section 4.1, you learned how to add, subtract, Imaginary 
multiply, and divide complex numbers. To work ou 
effectively with powers and roots of complex 

numbers, it is helpful to write complex 
numbers in trigonometric form. Consider the 
nonzero complex number a + bi, plotted at ‘ 
the right. By letting @ be the angle from the 


positive real axis (measured counterclockwise) @ 
to the line segment connecting the origin and > lk Real 
the point (a, b), you can write a = rcos 6 and a } ~ axis 


b = rsin 0, where r = \/a? + B?. Consequently, 
you have a + bi = (rcos @) + (rsin @)i, from 
which you can obtain the trigonometric form of a complex number. 


Trigonometric Form of a Complex Number | 


The trigonometric form of the complex number z = a + bi is 
z=r(cos 6 + isin @) 


where a = rcos 0,b=rsin0,r = /a* + b’, and tan 8 = b/a. The number 
r is the modulus of z, and 0 is an argument of z. 


The trigonometric form of a complex number is also called the polar form. There 
are infinitely many choices for 6, so the trigonometric form of a complex number is 
not unique. Normally, 6 is restricted to the interval 0 < 6 < 2z, although on occasion 
it is convenient to use 8 < 0. 


EXAMPLE 1 Trigonometric Form of a Complex Number 


Write the complex number z = —2 — 2./3i in trigonometric form. 
Solution The modulus of z is 

r= J/(-2)2 + (-2V3)2 = /16 = 4 

and the argument 0 is determined from 


tan 0 272 = 2/3 = /3. 
a —2 


Because z = —2 — 2,/3i lies in Quadrant III, as shown in Figure 4.9, you have 
6 =n + arctan./3 = 2 + (2/3) = 47/3. So, the trigonometric form of z is 


z= r(cos@ + isin @) = 4(cos + isin <) 


VY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Write the complex number z = 6 — 6/ in trigonometric form. Hi 
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A graphing utility can be used 
to convert a complex number in 
trigonometric form to standard 
form. For specific keystrokes, 
see the user’s manual for your 
graphing utility. 


mb ii 


GO DIGITAL 
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EXAMPLE 2 Trigonometric Form of a Complex Number 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Write the complex number z = 6 + 27 in trigonometric form. 
Solution The modulus of z is 
r= J/62 + 22 = ./40 = 2/10 


and the argument 6 is determined from 


Imaginary 
mes og 2 ad 
a 6 3 4 
I- 
Because z = 6 + 2i is in Quadrant I, as ra 
shown at the right, you have : 
pS seen “7 eas 
3 Pal 
or 0 ~ 18.4°. So, the trigonometric form gil. \ 
of zis |z| =210_---" 
1+ “LA ° 
z= r(cos 6 + isin @) er Ee _ Real 
~ 2,/10(cos 18.4° + isin 18.4°). i234 6°65 7 


Jf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Write the complex number z = 3 + 4/ in trigonometric form. 


EXAMPLE 3 Writing a Complex Number in Standard Form 


Write the complex number z = 4(cos 120° + isin 120°) in standard form a + bi. 
Solution Because cos 120° = — 1/2 and sin 120° = ./3/2, you can write 
z = A(cos 120° + isin 120°) 


VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Write the complex number z = 2(cos 150° + isin 150°) in standard form a + bi. 


EXAMPLE 4 Writing a Complex Number in Standard Form 


Write the complex number z = \/8[cos(—7/3) + isin(—7/3)] in standard form 
at bi. 


Solution Because cos(— 7/3) = 1/2 and sin(— 7/3) = — \/3/2, you can write 
c= fe) +l 4) 

2/i(} - 3) 

= /2 - /6i. 


Begs 
2 2 
A Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Write the complex number z = 8[cos(27/3) + i sin(27/3)] in standard form a + bi. 
| 
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Multiplication and Division of Complex Numbers 


The trigonometric form adapts nicely to multiplication and division of complex 
numbers. Consider two complex numbers 


z,=r,(cos@, + isin@,) and z,=r,(cos 6, + isin 6,). 
The product of z, and z, is 
ZZ) = 1,r(cos 6, + isin 8,)(cos 6, + isin 6,) 
= r,r,[(cos 0, cos 0, — sin 6, sin @,) + i(sin 8, cos 8, + cos 6, sin @,)]. 
Using the sum and difference formulas for cosine and sine, this equation is equivalent to 
ZZ = ryro[cos(6, + 6) + isin(@, + @,)]. 


This establishes the first part of the rule below. The second part is left for you to verify 
(see Exercise 71). 


Product and Quotient of Two Complex Numbers | 


Let z; = r,(cos 6, + isin 6,) and z, = r,(cos 6, + isin 6,) be complex 


numbers. 
ZZ = ryro[cos(O, + 0,) + isin(@, + 6,)] Product 
Zz r 
eo = —[cos(4, — 6,) + isin(@, — 6,)|, z, #0 Aegan 
2 p 


Note that this rule states that to multiply two complex numbers you multiply 
moduli and add arguments, whereas to divide two complex numbers you divide moduli 
and subtract arguments. 


Multiplying Complex Numbers 


Find the product z,z, of 
Zz, = 2(cos 120° + isin 120°) and z, = 8(cos 330° + isin 330°). 


Solution 
ZZ) = 2(cos 120° + isin 120°) + 8(cos 330° + i sin 330°) 
= fe ig i si © 0 Multiply moduli 
= 16[cos(120° + 330°) + isin(120° + 330°)] eet need 
= 16(cos 450° + i sin 450°) 
= 16(cos 90° + i sin 90°) 450° and 90° are 
coterminal. 
= 16[0 + i(1)] 
= 16i 


Y Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the product z,z, of 
z, = 3(cos 60° + isin60°) and z, = 4(cos 30° + isin 30°). Hi 


Check the solution to Example 5 by first converting the complex numbers 
to the standard forms z, = —1+ /3i and = 4,/3 — 4i and then multiplying 
algebraically, as in Section 4.1. 


zz =(-1+ V3i(4/3 - 4i) = -4/3 + 42+ 129+ 4/3 = 163 
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Some graphing utilities can 
multiply and divide complex 


numbers in trigonometric form. 


If you have access to such a 
graphing utility, use it to check 
the solutions to Examples 5 
and 6. 


Imaginary 
axis 
ry 
5 eS 


44 
3 


Figure 4.10 
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Dividing Complex Numbers 


z 5 5 a 5) 
Find the quotient . of z; = 24( cos a + isin =) and z, = a(cos = + isin a 


Solution 


Z,  2A[cos(52/3) + isin(57/3)] 
Zz 8[cos(52/12) + i sin(572/12)] 


7 | oo 7 3) . isin( 2 = =) Divide moduli and subtract ; 
3 12 3 12 ivide moduli and subtract arguments. 
5r  .. Sn 
= a(cos °F + isin 4 
_ 3¥2_ 3v2, 
2 2 


VY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


zy 2n 2n 1 us 
Find the quotient — of z, = cos + isin and z, = cos + isin—. |_| 
2 oo 9 9 2 18 18 


In Section 4.3, you added, subtracted, and found complex conjugates of complex 
numbers geometrically in the complex plane. In a similar way, you can multiply 
complex numbers geometrically in the complex plane. 


EXAMPLE 7 Multiplying in the Complex Plane 


Find the product z,z, in the complex plane, where z, = 2[cos(7/6) + i sin(7/6)]| and 
Z = 2[cos(z/3) + i sin(z/3)]. 


Solution 
Let u = 2(cos(z/6), sin(z/6)) = (/3, 1) and v = 2(cos(z/3), sin(z/3)) = (1, J3). 
Then |lul] = /(/3)? + 12 = /4 = 2 and |v] = /12 + (V3)? = V4 = 2. So, the 


magnitude of the product vector is 2(2) = 4. The sum of the direction angles is 
(1/6) + (2/3) = 2/2. So, the product vector lies on the imaginary axis and is 
represented in vector form as (0,4), as shown in Figure 4.10. This implies that 
Zyq = Ai. 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the product z,z, in the complex plane, where z, = 2[cos(7/4) + isin(2/4)] and 
Z = 4[cos(37/4) + i sin(37/4)]. 


Summarize (Section 4.4) 


1. State the trigonometric form of a complex number (page 336). For examples 
of writing complex numbers in trigonometric form and standard form, see 
Examples 1-4. 


2. Explain how to multiply and divide complex numbers written in trigonometric 
form (page 338). For examples of multiplying and dividing complex numbers 
written in trigonometric form, see Examples 5-7. 
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Else 
i 


4 4 . See CalcChat.com for tutorial help and worked-out solutions 
/ Exe rcises to odd-numbered exercises. 


be 
GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. The of the complex number z = a + biis z = r(cos 6 + isin @), where r is the 
of z and @ is an of z. 


2. Let z, = r,(cos 0, + isin @,) and z, = r,(cos 6, + isin 6,) be complex numbers, then the product 
ZZ = and the quotient z,/z, = (z, # 0). 


3. Explain how to write the complex number z = a + bi in trigonometric form. 


4. Explain how to write the complex number z = r(cos 6 + isin @) in standard form. 


Skills and Applications 


Trigonometric Form of a Complex Number In Writing a Complex Number in Standard Form In 
Exercises 5-8, write the complex number in Exercises 29-38, write the standard form of the complex 
trigonometric form. number. Then plot the complex number. 
5. Imaginary 6. Imaginary 29. 2(cos 60° + isin 60°) 30. 5(cos 135° + isin 135°) 
axis axis 9 is 37 
rea rail 31. 3(cos — + isin x) 
3072=31 Z=o2 ob a 4 4 
2+ Real 
1+ 6-4-2 | 2 axis 32. o{ cos °% an + isin =) 
Real T 12 12 
a ee al 33. \/48[cos(— 30°) + i sin(—30°)] 
7. Imaginary 8. Imaginary 34, /8(cos 225° + isin 225°) 
ae peal es 35. 7(cos 0 + isin 0) 
’ axis om . 
ge a +vBit 36. a(cos 4 + isin = 
Pay eo ol 2 2 
.. 27 |_| Real 37. S[cos(198° 45’) + i sin(198° 45’)] 
=-3-3i1 39 -] axis 


38. 9.75[cos(280° 30’) + i sin(280° 30’)] 


Trigonometric Form of a Complex Number In 
Exercises 9-28, plot the complex number. Then write the 
trigonometric form of the complex number. 


A8 Writing a Complex Number in Standard Form 
In Exercises 39-42, use a graphing utility to write the 
complex number in standard form. 


91 +i 10. 5 — 5i 
Teo oa 2n  .. 20 

l.1- Ji 12. 4- 4./3i 39. s(cos 9 + isin Z 40. 10(cos 5 + isin 2) 
13. =9(1 4 V3i) 14. >(/3 = i) 41. 2(cos 155° + isin 155°) 42. 9(cos 58° + isin 58°) 
15. —Si 16. 12i Multiplying Complex Numbers In Exercises 43-48, 

find the product. Leave the result in trigonometric form. 
17. 2 18. 4 
19. —7 + 4i 20. 3 -i 43. | 2(cos + isin 1) 6 cos 0) + isin =)| 
21.34 /3i 22. 2./2-i 


23. -—3-i 44. E (cos 2 . + isin ANE (cos 32 + isin =) 


24. 1 + 3 


5. 5 +2; 45. [5 (cos 120° + i sin 120° Nex (cos 30° + isin 30°)| 
26. 8 3 46. [5(cos 100° + i sin 100°)||2(cos 300° + i sin 300°)| 
27. -8 — 5 /3i 47. (cos 80° + isin 80°)(cos 330° + i sin 330°) 

28. —9 — 2/10: 48. (cos 5° + isin 5°)(cos 20° + i sin 20°) 
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Dividing Complex Numbers In Exercises 49-54, 
find the quotient. Leave the result in trigonometric form. 


3(cos 50° + isin 50°) cos 120° + isin 120° 
9(cos 20° + i sin 20°) 2(cos 40° + i sin 40°) 
cos a + isin 5(cos 4.3 + isin 4.3) 


= cos(z/3) + i sin(z/3) me A(cos 2.1 + isin 2.1) 
6(cos 40° + i sin 40°) 


12(cos 92° + i sin 92°) 
2(cos 122° + i sin 122°) 7(cos 100° + isin 100°) 


49. 50. 


53. 54. 


Multiplying or Dividing Complex Numbers In 
Exercises 55-62, (a) write the trigonometric forms of 
the complex numbers, (b) perform the operation using 
the trigonometric forms, and (c) perform the indicated 
operation using the standard forms, and check your 
result with that of part (b). 


55. (2 + 21)(1 — i) 
57. —2i(1 + i) 


56. (/3 + (1 + i) 
58. 3i(1 — ,/2i) 


59. io or AE 60. 1+ V3i 
1- /3i 6 — 3i 
5 4i 
om 2+ 3i o2 —442i 


Multiplying in the Complex Plane In Exercises 
63-66, find the product in the complex plane. 


63. [ofene2 + 1sin22)][ eos! + 1502) 
[ond +a) fon] 
[doe tod) 


2) (cos + isin “| 
Ohm’s Law 


In Exercises 67 and 
68, use the following 
information. Ohm’s 
Law for alternating 
current circuits is 
given by the formula 
E = IZ, where E is 
the voltage, J is the oo 
current (in amperes), and Z is the impedance 
(in ohms). Each variable is a complex number. 


67. Write E in trigonometric form when 

I = 6(cos 41° + isin 41°) amperes and 

Z = A[cos(— 11°) + isin(—11°)] ohms. Then 
write E in standard form. 
. Write J in standard form when FE = 12 + 24i 
volts and Z = 12 + 20i ohms. Then write J in 
trigonometric form. 


© Mny-Jhee/Shutterstock.com 
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Exploring the Concepts 


True or False? In Exercises 69 and 70, determine 
whether the statement is true or false. Justify your answer. 


69. When the argument of a complex number is 7, the 
complex number is a real number. 


70. The product of two complex numbers is zero only when 
the modulus of one (or both) of the numbers is zero. 


71. Quotient of Two Complex Numbers Given 
two complex numbers z, = r,(cos 6, + isin 6,) and 
Z = 1r,(cos 6, + isin 6,), z, # 0, show that 


%/% = (r,/r,)[cos(O, _ 65) + isin(0, ~ 0,)]. 


j 


72. a) HOW DO YOU SEE IT? Match each 
complex number with its corresponding 
point. 


Imaginary axis 


Real axis 


(i) 3(cos 0° + isin 0°) 

(ii) 3(cos 90° + i sin 90°) 
(iii) 3./2(cos 135° + i sin 135°) 
(iv) 3.\/2(cos 315° + i sin 315°) 


73. Complex Conjugates Show that 
= r[cos(—@) + isin(—6)] 


is the complex conjugate of z = r(cos 6 + isin @). 
Then find (a) zz and (b) z/z, z # 0. 


Video solutions at 


Review & Refresh |») LarsonPrecalculus.com 


74. Think About It Find values of a, b, and c such that 
x 2 10 is the solution of the inequality ax—b <c. 
(There are many correct answers.) 


Finding Surface Area and Volume _ In Exercises 
75-78, find the (a) surface area and (b) volume of the 
rectangular solid with the given characteristics. 


77. Length = 8.3 ft, width = 6.2 ft, height = 7.1 ft 
78. Length = 6.4 mm, width = 3.5 mm, height = 4.6 mm 
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4.5 DeMoivre’s Theorem 


© Use DeMoivre’s Theorem to find powers of complex numbers. 
© Find nth roots of complex numbers. 


Powers of Complex Numbers 


The trigonometric form of a complex number can be used to raise a complex number to 
a power. To accomplish this, consider repeated use of the multiplication rule. 


z= r(cos 6 + isin @) 


2 = r(cos 6 + isin @)r(cos @ + isin @) = r(cos 26 + isin 26) 
2 = r(cos 26 + isin 20)r(cos @ + isin 0) = r3(cos 30 + isin 30) 
Z= 


r*(cos 40 + isin 46) 


This pattern leads to DeMoivre’s Theorem, which is named after the French 
mathematician Abraham DeMoivre (1667-1754). 


Applications of DeMoivre’s 
Theorem include solving DeMoivre’s Theorem ) 


problems that involve powers of 
complex numbers. For example, 
in Exercises 65-68 on page 347, 


you will use DeMoivre’s Theorem z" = [r(cos @ + isin 0)" = r*(cos nO + isin né). 


in an application related to 
EXAMPLE 1 Finding a Power of a Complex Number 


computer-generated fractals. 
Use DeMoivre’s Theorem to find (- 1+ / 31)”. 


Solution The modulus of z= —1+ J3i is r= af(= 1)? + (/3) = 2 and the 
argument @ is determined from tan @ = \/3/(—1). Because z = —1 + \/3i lies in 
Quadrant II, 


If z = r(cos @ + isin @) is a complex number and n is a positive integer, then 


2+ arctan >a 3 


1 


J3 ( z) _ 2n 
So, the trigonometric form of z is 


2 2 
Z= =1+ J3= 2(cos 7 + isin = 


3 3 


Then, by DeMoivre’s Theorem, you have 


= 12 
(- 1+ fai)” = | 2(c0s = + isin =) Trigonometric form 
= 2| cos 2s + isin 2) DeMoivre’s Theorem 
= 4096(cos 82 + isin 87) 
= 4096. 


a Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use DeMoivre’s Theorem to find (—1 — i)*. |_| 


GO DIGITAL 
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>>>» SKILLS REFRESHER 


For a refresher on finding 
nth roots of real numbers and 
simplifying radicals, watch the 


video at LarsonPrecalculus.com. 


HISTORICAL NOTE 


Abraham DeMoivre 
(1667-1754) is remembered 
for his work in probability 
theory and DeMoivre’s 
Theorem. His book The 
Doctrine of Chances (published 
in 1718) includes the theory 
of recurring series and the 
theory of partial fractions. 


GO DIGITAL 
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Roots of Complex Numbers 


Recall that a consequence of the Fundamental Theorem of Algebra is that a polynomial 
equation of degree n has n solutions in the complex number system. For example, 
the equation x° = | has six solutions. To find these solutions, use factoring and the 
Quadratic Formula. 


x*—-1=0 
(x3 — 103+ 1) =0 
(&«- DG? +x4+ Diet IDCeC-x4+ 1) =0 


Consequently, the solutions are 


-1+ /3i 
x= yh 


5 and 


x= +], 


1+ /3i 
ia, ne 


Each of these numbers is a sixth root of 1. In general, an nth root of a complex 
number is defined as follows. 


Definition of an nth Root of a Complex Number ) 


The complex number u = a + bi is an nth root of the complex number z when 


Z=u 
= (a + bi)". 


To find a formula for an nth root of a complex number, let u be an nth root of z, 
where 


u = s(cos B + isin B) 

and 
z= r(cos 6 + isin @). 

By DeMoivre’s Theorem and the fact that u” = z, you have 
s"(cos nB + isin nB) = r(cos 6 + isin @). 


Taking the absolute value of each side of this equation, it follows that s” = r. 
Substituting back into the previous equation and dividing by r gives 


cos nB + isinnB = cos @ + isin @. 
So, it follows that 

cos nB = cos 8 
and 

sin nB = sin @. 


Both sine and cosine have a period of 271, so these last two equations have solutions if 
and only if the angles differ by a multiple of 27. Consequently, there must exist an 
integer k such that 


np = @ + 2nk 
64+ 2nk 
sp = ——. 


n 
Substituting this value of 6 and s = 2/r into the trigonometric form of u gives the result 
stated on the next page. 


© North Wind Picture Archives / Alamy Stock Photo 
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When @ is in degrees, replace 
2n with 360° in z,. 


Imaginary 
axis 
A 


Real 
td . 
axis 


Figure 4.11 


Imaginary 
axis 


Figure 4.12 
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aie 


flee 
GO DIGITAL 


Copyright 2022 C 


Chapter 4 Complex Numbers 


Finding nth Roots of a Complex Number | 


For a positive integer n, the complex number z = r(cos 6 + isin @) has exactly 
n distinct nth roots given by 


S + + 
Ge = (cos et ae at + isin ue ils Jat) 


Whe reski—a 0) yullne) Samrat? ars 


When k > n — 1, the roots begin to repeat. For example, when k = n, the angle 


0+ 2nn_ 0 eo 

n n 
is coterminal with 0/n, which is also obtained when k = 0. 

The formula for the nth roots of a complex number z has a geometrical 
interpretation, as shown in Figure 4.11. Note that the nth roots of z all have the same 
magnitude 2/r, so they all lie on a circle of radius */y with center at the origin. 
Furthermore, successive nth roots have arguments that differ by 27/n, so the n roots 
are equally spaced around the circle. 

On the preceding page, you found the sixth roots of | by factoring and using the 
Quadratic Formula. Example 2 shows how to solve the same problem with the formula 
for nth roots. 


Finding the nth Roots of a Complex Number 


Find all sixth roots of 1. 


Solution First, write 1 in the trigonometric form z = 1(cos 0 + isin 0). Then, by 
the nth root formula with n = 6, r = 1, and @ = O, the roots have the form 
= + 2k + 2nk k k 
Re VI(cos? 6 HE ae 6 Z )- cos — + isin 


So, for k = 0, 1, 2, 3, 4, and 5, the sixth roots of 1 are shown below. (See Figure 4.12.) 


% = cos0+isin0O=1 


2 
| 


nm .. nH _ 1 2 
y= ROS + isin> = Increment by = >= 
n 


3 2 2 


zy = cos + isin = 1 +B; 
23 = cosa + isinn = —1 
4n  . . 40 i 3, 
i a ae 
St. St _ 1 3. 
a ae ae a 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find all fourth roots of 1. | 


In Figure 4.12, notice that the roots obtained in Example 2 all have a magnitude 
of 1 and are equally spaced around the unit circle. Also notice that the complex roots 
occur in conjugate pairs, as discussed in Section 4.2. The n distinct nth roots of 1 are 
called the nth roots of unity. 
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In Example 3, r = /8, so it 
follows that 
vr= 7/8 
= 3-2/8 
= 9, 


Imaginary 
axis 
A 


~1.3660 + 0.3660i| 


\ 1+i 
(VP Rea 


_, 10.3660 — 1.3660 


Figure 4.13 
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Finding the nth Roots of a Complex Number 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Find the three cube roots of z = —2 + 2i. Write the roots in trigonometric form using 
degree measure. 


Solution The modulus of z is 
r= /(-2)2 + 2 
= /8. 
Note that z lies in Quadrant IT and 


b 2 


tan@ =—=—=-1. 
an 0 es 


In Quadrant II the reference angle is 45°, so @ = 135°. The trigonometric form of z is 
g= 2+ .2i 
/8(cos 135° + isin 135°). 


By the nth root formula, the roots have the form 


fe} + Oo fe} + Oo 
a= £/8{ cos 135 . 360°k ee 135 ; 360 “) 


So, for k = 0, 1, and 2, the cube roots of z are shown below. (See Figure 4.13.) 


= ° + te} ° =o ° 
og TO gO) 


= ,/2(cos 45° + isin 45°) 
1+i 


= ° + te} ° + to) 
= /8( cos 135 360°(1) i ais 135 360 @) 
3 3 
= \/2(cos 165° + isin 165°) 
= — 1.3660 + 0.3660: 
= ° + te} ° + to) 
a= {cos 135 a (2) + isin 135 = 2) 


= ,/2(cos 285° + isin 285°) 
= 0.3660 — 1.3660 


Sf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the three cube roots of z = —6 + 6i. Write the roots in trigonometric form using 
degree measure. |_| 


Summarize (Section 4.5) 


1. Explain how to use DeMoivre’s Theorem to find a power of a complex 
number (page 342). For an example of using DeMoivre’s Theorem, see 
Example 1. 


2. Explain how to find the nth roots of a complex number (page 343). For 
examples of finding nth roots of complex numbers, see Examples 2 and 3. 
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4.5 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-3, fill in the blanks. 


1. Theorem states that if z = r(cos @ + isin @) is a complex number and n is a 


positive integer, then z”? = r(cos n@ + isinné). 


2. The complex number u = a + biis an 


when z = u" = (a + bi)’. 


of the complex number z 


3. Successive nth roots of a complex number have arguments that differ by 


4. How many solutions does x!° = 1 have in the complex number system? 


Skills and Applications 


Finding a Power of a Complex Number In Exercises 
5-24, use DeMoivre’s Theorem to find the power of the 
complex number. Write the result in standard form. 


5. [5(cos 20° + isin 20°)? 6. [3(cos 60° + isin 60°)|* 
eS ee 

7. (cos + isin z) 8. | 2(c0s 5 + isin =) | 

9. [5(cos 3.2 + isin 3.2)|* 10. (cos 0 + isin 0)?° 

11. [3(cos 15° + isin 15°)]* 12. [2(cos 10° + isin 10°)]® 


1  _, aye nan .., m\|e 
13. | 2(cos + isin x) 14. | 2(c0s 8 + isin =) | 


15. (1 + 0 16. (2 + 2i)° 
17. (-1 +96 18. (3 — 2i)8 
19. 2( /3 + i)'° 20. 4(1 — /3i)° 
21. (3 — 2i)5 22, (2 + 5i)® 
23. (/5 — 4i)° 24, (/3 + 2i)* 


Graphing Powers of a Complex Number In 
Exercises 25 and 26, represent the powers z, 2”, z°, and 
24 graphically. Describe the pattern. 


25, z= a + i) 26. z= Al + ,/3i) 


Verifying nth Roots In Exercises 27 and 28, use 
DeMoivre’s Theorem to verify the indicated root of the 
real number. 


27. —3(1 + /3i) is a sixth root of 1. 
28. 2~'/4(1 — 2) is a fourth root of —2. 
Finding the Square Roots of a Complex Number 


In Exercises 29-36, find the square roots of the complex 
number. 


29. 2i 30. 5i 
31. —3i 32. —6i 

33. 2 — 2i 34. 242i 
35. 1+ /3i 36. 1 — /3i 


Finding the nth Roots of a Complex Number In 
Exercises 37-40, (a) find the roots of the complex 
number given in trigonometric form, (b) write each of 
the roots in standard form, and (c) represent each of the 
roots graphically. 

37. Square roots of 5(cos 120° + i sin 120°) 


38. Square roots of 16(cos 60° + i sin 60°) 


39. Cube roots of a(cos * + isin =) 


40. Fifth roots of 32( cos a + isin =) 


Finding the nth Roots of a Complex Number In 
Exercises 41-52, (a) find the roots of the complex 
number, (b) write each of the roots in standard form, 
and (c) represent each of the roots graphically. 

41. Cube roots of 1000 42. Cube roots of — 125 

43. Fourth roots of —4 44. Fourth roots of 16 

45. Fourth roots of i 46. Fifth roots of 1 

47. Fourth roots of 81i 

48. Fourth roots of 625i 

49, Fifth roots of 4(1 — i) 

50. Sixth roots of 647 

51. Cube roots of 23] + /3i) 

52. Cube roots of —4./2(—1 + i) 

Solving an Equation In Exercises 53-64, find all 


solutions of the equation. Represent the solutions 
graphically. 


53. x4+i1=0 54.89 -i=0 

55. x° + 1=0 56. x° +1=0 

57. x + 32=0 58. 13° + 125 =0 
59. 8 — 27=0 60. © — 243 =0 
61. x* — 161 = 0 62. x° + 641 = 0 
63. °° —-(1-i =0 64. x7 + (14+) =0 
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Computer-Generated Fractals 
The prisoner set 

and escape set of 

a function play a 

role in the study of 
computer-generated 
fractals. A fractal is a 
geometric figure that 
consists of a pattern 
that is repeated infinitely 
on a smaller and smaller scale. To determine 
whether a complex number Z, is in the prisoner 
set or the escape set of a function, consider the 
sequence below. 


4 = F(Z), 2 Sf (2), 33> f (2), eee 


If the sequence is bounded (the absolute value of 
each number in the sequence is less than some fixed 
number NV), then the complex number Z, is in the 
prisoner set, and if the sequence is unbounded (the 
absolute value of the terms of the sequence become 
infinitely large), then the complex number 2Z, is 

in the escape set. In Exercises 65-68, determine 
whether the complex number is in the prisoner set 
or the escape set of the function f(z) = z? — 1. 


65. $(cos 0° + isin 0°) 66. \/2(cos m + isin) 
67. ./2(cos 30° + i sin 30°) 
68. 4/2[cos(z/8) + i sin(z/8)] 


Exploring the Concepts 


True or False? In Exercises 69 and 70, determine 
whether the statement is true or false. Justify your 
answer. 


69. Each of the n roots of a given complex number have the 
same modulus. 


70. ./3 + iis a solution of the equation x2 — 8i = 0. 


71. Error Analysis Describe the error. 


5a _, dr\8 ae 
CO + Fein = cos 107 + isin 107 


=O+i 
x 


Imaginary 
The figure shows one axis 


of the fourth roots of a { 
complex number z. 


(a) How many roots are 
not shown? 


(b) Describe the other roots. 


© Bill Heller/Shutterstock.com 


4.5 DeMoivre’s Theorem 347 


Solutions of Quadratic Equations In Exercises 73 
and 74, (a) show that the given value of x is a solution 
of the quadratic equation, (b) find the other solution 
and write it in trigonometric form, (c) explain how you 
obtained your answer to part (b), and (d) show that the 
solution in part (b) satisfies the quadratic equation. 


73. x2 — 4x + 8 = 0; x = 2./2(cos 45° + i sin 45°) 


74. x7 +2x+4=0; x= (cos + isin) 


75. Reasoning Show that /2(cos 7.5° + isin 7.5°) is a 
fourth root of 2 /3 + 2i. The find the other fourth roots 
of 2./3 + 2i and verify your results. 


76. Solving Quadratic Equations Use the Quadratic 
Formula and, if necessary, the formula on page 344 to 
verify the given solutions of each equation. 


(a) xr +ix+2=0; x= 
(b) x2 + 2ix +1=0; x=(-1+ Y2)i 


2i,x=1 


(c) x2 + 2ix + /3i=0; rae (-14), 
ro 2_ (1+) 
2 2 


Video solutions at 


Review & Refresh |» LarsonPrecalculus.com 


Sketching the Graph of an Equation In Exercises 
77-82, use a table of values to graph the equation. 


71. y=-yx +2 
78. y=x? + Ax 


79. y= /4—x 
80. y = |3x| — 6 
81. x = 2y — 5 
82. x= -y? + 8 


Finding the Component Form of a Vector In 
Exercises 83-86, find the component form of v given 
its magnitude and the angle it makes with the positive 
x-axis. Then sketch v. 


Magnitude Angle 
83. |lv|| = 2 6 = 180° 
84. ||v| = /3 @ = 135° 
85. ||v|| = 10 Vv in the direction of 4i + 3j 
86. |lv|| = ; v in the direction of —i — 3j 
87. Verifying a Trigonometric Identity Verify the 
identity 


cost @ — sin* 0 


2 2 
: = csc? 9 — sec? 0. 
sin? 0 cos? 0 


88. Think About It Give an example of a polynomial 
that is prime. 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


348 Chapter 4 Complex Numbers 


Summary and Study Strategies 


| 
GO DIGITAL 


What Did You Learn? 


The list below reviews the skills covered in the chapter and correlates each one to 
the Review Exercises (see page 350) that practice the skill. 


Section 4.1 Review Exercises 
H Use the imaginary unit i to write complex numbers (p. 3/4). 1 
@ Add, subtract, and multiply complex numbers (p. 3/5). 5-20 


For two complex numbers a + bi and c + di written in standard form, their sum is 
(a+ bi) + (c+ di) =(a+c)+(b+d)i 
and their difference is 


(a + bi) — (c + di) = (a-—c) + (b- di. 


@ Use complex conjugates to write the quotient of two complex numbers in standard 21-26 
form (p. 317). 


Complex numbers of the form a + bi and a — bi are complex conjugates. To write 
(a + bi)/(c + di) in standard form, where c and d are not both zero, multiply the 
numerator and denominator by the complex conjugate of the denominator, c — di. 


@ Find complex solutions of quadratic equations (p. 318). 27-30 


Section 4.2 


@ Determine the numbers of solutions of polynomial equations (p. 321). 31-36 
The Fundamental Theorem of Algebra: If f(x) is a polynomial of degree n, 
where n > O, then f has at least one zero in the complex number system. 
Linear Factorization Theorem: If f(x) is a polynomial of degree n, where n > 0, 
then f(x) has precisely n linear factors, f(x) = a,(x — c,)(x — c5) +++ (x — ¢,), 


where c),¢>,...,¢, are complex numbers. 
@ Find solutions of polynomial equations (p. 323). 4/746 
@ Find zeros of polynomial functions and find polynomial functions given the zeros of 47-64 


the functions (p. 324). 
Section 4.3 


@ Plot complex numbers in the complex plane and find absolute values of complex 65-68 
numbers (p. 329). 


@ Perform operations with complex numbers in the complex plane (p. 330). O9-/4 


®@ Use the Distance and Midpoint Formulas in the complex plane (p. 332). 775 
The distance d between the points (a, b) and (s, t) in the complex plane is 
d= JG So > GSE, 


The midpoint of the line segment joining the points (a, b) and (s, #) in the complex 
plane is 


Midpoint = (2 
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Section 4.4 Review Exercises 
® Write trigonometric forms of complex numbers (p. 336). 79-90 


The trigonometric form of the complex number z = a + bi is 
z= r(cos 6 + isin @) 
where a = rcos0,b=rsin0,r= Jae + b, and tan 8 = b/a. 


® Multiply and divide complex numbers written in trigonometric form (p. 338). 91-96 


Let z, = r,(cos 6, + isin 6,) and z, = r,(cos 0, + isin 8) be complex numbers. 
ZZ = Mr[cos(@, + 65) + isin(O, + 6,)] 


41 = JN eos(8, — 8,) + isin(6, — 6,)], z, #0 
U9) 


£2 
Section 4.5 
@ Use DeMoivre’s Theorem to find powers of complex numbers (p. 342). 97-102 


If z = r(cos 6 + isin @) is a complex number and n is a positive integer, then 
z” = [r(cos 6 + isin @)}" = r*(cos nO + isin né). 


@ Find nth roots of complex numbers (p. 343). 103-110 
The complex number u = a + bi is an nth root of the complex number z when 
z=u"=(a+t bi)". 
For a positive integer n, the complex number z = r(cos @ + isin @) has exactly n 
distinct nth roots given by 


= 06+ 27k |. O+ 2k 
= a cos oF ESi—<$<———= 
where k = 0,1, 2,...,n — 1. 


n n 


Study Strategies 


Managing Test Anxiety Test anxiety is different from the typical nervousness that usually 

occurs during tests. It interferes with the thinking process. After leaving the classroom, have you 
suddenly been able to recall what you could not remember during the test? It is likely that this 

was a result of test anxiety. Test anxiety is a learned reaction or response—no one is born with it. 
The good news is that most students can learn to manage test anxiety. It is important to get as 

much information as you can into your long-term memory and to practice retrieving the information 
before you take a test. The more you practice retrieving information, the easier it will be during 

the test. One way to get information into your long-term memory is to make note cards. 


1. Write down important information on note cards, such as formulas, examples of problems you 
find difficult, and concepts that always trip you up. 


2. Memorize the information on the note cards. Flash through the cards, placing the ones containing 
information you know in one stack and the ones containing information you do not know in 
another stack. Keep working on the information you do not know. 


3. As soon as you receive your test, turn it over and write down all the information you remember, 
starting with things you have the greatest difficulty remembering. Having this information 
available should boost your confidence and free up mental energy for focusing on the test. 


Do not wait until the night before the test to make note cards. Make them after you study 
each section. Then review them two or three times a week. 
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Review Exercises 


Oe 


See CalcChat.com for tutorial help and worked-out solutions z 
to odd-numbered exercises. ies 


GO DIGITAL 


£3 Writing a Complex Number in Standard 
Form In Exercises 1-4, write the complex number in 

standard form. 
1.6+ /-4 
3. i? + 33 


2.3- /-25 
4. —5i+ 7? 
Adding or Subtracting Complex Numbers In 
Exercises 5-12, perform the operation and write the 
result in standard form. 
5. (7 + 5i) + (4+ 2i) 
. (6 — 4i) + (-9 + i) 
. (7 — 2i) — (3 — 81) 
. (9 + 9i) — (1 — 7i) 
. (4+ /=54) + (6 + 8 Y6i) 
10. (—3 + ./—72) - (9 — /=32) 
11. 14+ (-3 + 11) + 337 
12. (4 + 5i) + (—16 + 12’) — (15 — 111i) 


Ce monn 


Multiplying Complex Numbers In Exercises 13-20, 
perform the operation and write the result in standard 
form. 

13. (10 — 81)(2 — 3’) 

14. (4 + i)(3 — 103) 

15. —3i(—2 + 5i) 

16. 5i(13 — 81) 

17. (1 + 7)(1 — 71) 

18. (/5 + i(/5 — i) 

19. (5 — 9i) 

20. (2 + 7i)? 


Writing a Quotient in Standard Form In Exercises 
21-26, write the quotient in standard form. 


4 3+ 2i 
sa eer aces 
10 + 3i — 5i 
23. oes 24, © I 
3i i 
Ti 8i 
25. Band 26. ——_.5 
(327)? (9 — 4i) 


Complex Solutions of a Quadratic Equation In 
Exercises 27-30, use the Quadratic Formula to solve the 
quadratic equation. 

27. x7 — 2x + 10=0 

28. x7 + 6x + 34=0 

29. 4x2 + 4x +7=0 

30. 6x7 + 3x + 27=0 


ZX] Solutions of a Polynomial Equation In 
Exercises 31 and 32, determine the number of solutions 
of the equation in the complex number system. 

31. —2x® + 7x93 +29? + 4x -19=0 

32. 33 + 4x2 +344+2=0 

Using the Discriminant In Exercises 33-36, use the 
discriminant to find the number of real and imaginary 
solutions of the quadratic equation. 

33. 6x7 +x -2=0 

34, 9x? — 12x +4=0 

35. 0.13x? — 0.45x + 0.65 = 0 

36. 42+ 9x+5=0 

Solving a Polynomial Equation In Exercises 37—44, 
solve the polynomial equation. Write complex solutions 
in standard form. 

37. x7 — 2x =0 

38. 6x — x7 = 0 

39. x7 — 3x + 5=0 

40. x7 -— 4x +9=0 

41. 2x7 + 3x +6=0 

42. 4x7 -x+10=0 

43. x4 + 8x7 +7=0 

44. 21+ 4x7 -x4 =0 


45. Biology The metabolic rate of an ectothermic 
organism increases with increasing temperature within 
a certain range. Experimental data for the oxygen 
consumption C (in microliters per gram per hour) of a 
beetle at certain temperatures can be approximated by 
the model 


C = 0.4527 — 1.65x + 50.75, 10 < x < 25 


where x is the air temperature in degree Celsius. The 
oxygen consumption is 150 microliters per gram per 
hour. What is the air temperature? 


46. Profit The demand equation for an electronic device 
is p = 140 — 0.0001x, where p is the unit price (in 
dollars) of the electronic device and x is the number 
of units produced and sold. The cost equation for the 
electronic device is C = 75x + 100,000, where C is 
the total cost (in dollars) and x is the number of units 
produced. The total profit obtained by producing and 
selling x units is modeled by 


P=xp-C. 


If possible, determine a price p that would yield a profit 
of 9 million dollars. If not possible, explain. 
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Finding the Zeros of a Polynomial Function § In 
Exercises 47-52, write the polynomial as a product of 
linear factors and list all the zeros of the function. 

47. r(x) = 2x7 + 2x + 3 

48. s(x) = 2x7 + 5x +4 

49, f(x) = 2x3 — 3x? + 50x — 75 

50. f(x) = 43 — x2 + 128x — 32 

51. f(x) = 4x4 + 3x7 — 10 

52. f(x) = 5x+ + 126x* + 25 

Finding the Zeros of a Polynomial Function In 


Exercises 53-58, use the given zero to find all the zeros 
of the function. 


Function Zero 
53. f(x) = 8 + 3x? — 24x + 28 2 
54. f(x) = 8 + 3x? — 5x + 25 =5 
55, h(x) = —3 + 2x2 — 16x + 32 ~4i 
56. f(x) = 5x9 — 4x? + 20x — 16 2i 


57. g(x) = 2x4 — 3x8 — 13° + 37x - 15 24+ 
58. f(x) = x4 + 5x3 + 2x2 — 50x — 84 3 /5i 


Finding a Polynomial Function with Given Zeros 
In Exercises 59-62, find a polynomial function with real 
coefficients that has the given zeros. (There are many 
correct answers.) 


59. 3,4, /3i 

60. 2, —3, 1 — 2i 

61. /2i, —5i 

62. —2i, —4i 

Finding a Polynomial Function with Given Zeros 
In Exercises 63 and 64, find the polynomial function f 


with real coefficients that has the given degree, zeros, 
and function value. 


Degree Zeros Function Value 
63. 3 5,1-i fl) = - 
64. 4 —3,0, /2i f(—2) = 24 


LE] Finding the Absolute Value of a Complex 
Number In Exercises 65-68, plot the complex number 
and find its absolute value. 

65. 7i 66. —6i 

67. 5 + 31 68. —10 — 4i 


Adding in the Complex Plane In Exercises 69 and 
70, find the sum of the complex numbers in the complex 
plane. 


69. (2 + 3i) + (1 — 2%) 
70. (-4+ 2) + (2+ i) 
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Subtracting in the Complex Plane In Exercises 71 
and 72, find the difference of the complex numbers in 
the complex plane. 


71. (1 + 21) —- (34+ i) 72. (-2+ i) -(1 + 4) 


Complex Conjugates in the Complex Plane In 
Exercises 73 and 74, plot the complex number and its 
complex conjugate. Write the conjugate as a complex 
number. 


73.3+i 74. 2—5i 


Finding Distance in the Complex Plane In Exercises 
75 and 76, find the distance between the complex 
numbers in the complex plane. 


75. 3 + 21,2 —i 
76. 1 + 5i, —1 + 33 


Finding a Midpoint in the Complex Plane In 
Exercises 77 and 78, find the midpoint of the line 
segment joining the points corresponding to the complex 
numbers in the complex plane. 


77.1+i,4+ 3 
78. 2—i,1+ 4i 
ZX] Trigonometric Form of a Complex Number 


In Exercises 79-84, plot the complex number. Then 
write the trigonometric form of the complex number. 


79. 4i 80. — 
$1. 7 — Ti $2. 5 + 123 
83. 5 — 123 84. —3./3 + 3i 


Writing a Complex Number in Standard Form 
In Exercises 85-90, write the standard form of the 
complex number. Then plot the complex number. 

85. 2(cos 30° + isin 30°) 

86. 4(cos 210° + isin 210°) 

87. ./2[cos(— 45°) + isin(—45°)] 

88. ./8(cos 315° + isin 315°) 


5a . oa 
89. 2(cos ra + isin 6 


90. 4(cos = + isin «| 


Multiplying Complex Numbers In_ Exercises 


91 and 92, find the product. Leave the result in 
trigonometric form. 


mt .. 7 
91. | 2(cos + isin 2) | a(cos 2 + isin 4] 
ma .. 0 Sa . on 
92. | 4(cos % + isin £) | 3{cos 6 + isin 6 =| 
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Dividing Complex Numbers In Exercises 93 and 94, 
find the quotient. Leave the result in trigonometric form. 
2(cos 60° + i sin 60°) 
3(cos 15° + isin 15°) 
cos 150° + isin 150° 
2(cos 50° + isin 50°) 


93. 


94. 


Multiplying in the Complex Plane In Exercises 95 
and 96, find the product in the complex plane. 


Qn es TE 5a si OTE 
95. | 4(cos 2 + isin 3 J] 2{c0s 6 + isin 6 )| 


96. [3(cos m + isin nl 3(cos 2 + isin 4] 


ZX Finding a Power of a Complex Number In 
Exercises 97-102, use DeMoivre’s Theorem to find the 
power of the complex number. Write the result in 
standard form. 


1 _, a\l 
97. ECGs D + isin =) 


4n —. . 4n\/P 
98. | 2(cos #2 + isin =) | 


99, (2 + 3i)® 
100. (1 — 38 
101. (—1 + i)’ 
102. (/3 — i)* 
Finding the nth Roots of a Complex Number 
In Exercises 103-106, (a) find the roots of the complex 
number, (b) write each of the roots in standard form, 
and (c) represent each of the roots graphically. 

103. Sixth roots of —729i 

104. Fourth roots of 2567 

105. Cube roots of 8 

106. Fifth roots of — 1024 

Solving an Equation In Exercises 107-110, find 
all solutions of the equation. Represent the solutions 
graphically. 

107. x* + 81 =0 
109. 7° + 8i=0 


108. x° — 32 =0 
110. x* — 641 = 0 
Exploring the Concepts 


True or False? In Exercises 111-114, determine 
whether the statement is true or false. Justify your answer. 


111. /—18/—2 = \/(—18)(—2) 
112. The equation 
325x* — 717x + 398 = 0 


has no solution. 


| Rights Reserved 


113. A fourth-degree polynomial with real coefficients can 
have —5, —8i, 4i, and 5 as its zeros. 


114. Geometrically, the nth roots of any complex number z 
are all equally spaced around the unit circle. 

Graphical Reasoning In Exercises 115 and 116, use 

the graph of the roots of a complex number. 

(a) Write each of the roots in trigonometric form. 


(b) Identify the complex number whose roots are given. 
Use a graphing utility to verify your results. 


115. Imaginary 


axis 


Real 
axis 


116. 


axis 


Real 
axis 


117. Graphical Reasoning The figure shows z, and z,. 
Describe z,z, and z,/Z). 


Imaginary 
axis 


118. Graphical Reasoning The figure shows one of 
the sixth roots of a complex number z. 


Imaginary 
axis 


(a) How many roots are not shown? 
(b) Describe the other roots. 


119. Writing Quadratic Equations Write quadratic 
equations that have (a) two distinct real solutions, 
(b) two imaginary solutions, and (c) no real solution. 
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Chapter Test 353 


See CalcChat.com for tutorial help and worked-out solutions 4 z 
Ch apter Test to odd-numbered exercises. [a] Ste 


GO DIGITAL 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


In Exercises 1-3, perform the operation and write the result in standard 
form. (Section 4.1) 


1. /-16 — 2(7 + 23) 2. (4 + 9i) 3. (6 + V7i)(6 — Y7i) 
4, Write the quotient in standard form: i - y (Section 4.1) 
5. Use the Quadratic Formula to solve the equation 2x? — 2x+3=0. 


(Section 4.1) 
6. Determine the number of solutions of the equation »° + x7 — x + 1 = 0 in the 
complex number system. (Section 4.2) 
In Exercises 7 and 8, write the polynomial as a product of linear factors and list 
all the zeros of the function. (Section 4.2) 
7. f(x) = 8 — 6x? + 5x — 30 
8. f(x) = x4 — 2x? -— 24 


In Exercises 9 and 10, use the given zero to find all the zeros of the function. 


(Section 4.2) 
Function Zero 
9. h(x) = 28 + 2x2 + 2x +4 ti 


10. g(x) = 4x4 — 283 + 77x? — 96x +45 2 +i 


In Exercises 11 and 12, find a polynomial function with real coefficients that has 
the given zeros. (There are many correct answers.) (Section 4.2) 


11. 0, 2, 3i 12. 1,1,2+ /3i 


13. It is possible for a polynomial function with integer coefficients to have exactly one 
imaginary zero? Explain. (Section 4.2) 

14. Find the distance between 4 + 37 and 1 — iin the complex plane. (Section 4.3) 

15. Write the complex number z = 4 — 4i in trigonometric form. (Section 4.4) 


16. Write the complex number z = 6(cos 120° + isin 120°) in standard form. 
(Section 4.4) 


In Exercises 17 and 18, use DeMoivre’s Theorem to find the power of the complex 
number. Write the result in standard form. (Section 4.5) 


8 
17. | 3(cos a + isin 7) 18. (3 — 3i)° 


19, Find the fourth roots of 256. (Section 4.5) 


20. Find all solutions for the equation x7 — 27i = 0 and represent the solutions 
graphically. (Section 4.5) 


21. A projectile is fired upward from ground level with an initial velocity of 88 feet 
per second. The height h (in feet) of the projectile is given by h = —16r? + 881, 
0 < t S$ 5.5, where f¢ is the time (in seconds). Is it possible for the projectile to 
reach a height of 125 feet? Explain. (Section 4.2) 
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The Fundamental Theorem of Algebra, which is closely related to the Linear 
Factorization Theorem, has a long and interesting history. In the early work with 
polynomial equations, the Fundamental Theorem of Algebra was thought to have been 
false, because imaginary solutions were not considered. In fact, in the very early work 
by mathematicians such as Abu al-Khwarizmi (circa A.D. 800), negative solutions were 
also not considered. 

Once imaginary numbers were considered, several mathematicians attempted to 
give a general proof of the Fundamental Theorem of Algebra. These included Jean 
Le Rond D’Alembert (1746), Leonhard Euler (1749), Joseph-Louis Lagrange (1772), 
and Pierre Simon Laplace (1795). The first substantial proof (although not rigorous by 
today’s standards) of the Fundamental Theorem of Algebra is credited to Carl Friedrich 
Gauss, who published the proof in his doctoral thesis in 1799. 


Linear Factorization Theorem  (p. 321) 


If f(x) is a polynomial of degree n, where n > 0, then f(x) has precisely n linear 
factors 


f(x) = a,(% — ee — e+ -@— ec, 


where c,,C>,. . .,¢, are complex numbers. 


Proof 


Using the Fundamental Theorem of Algebra, you know that f must have at least one 
zero, C,. Consequently, (x — c,) is a factor of f(x), and you have 


F(x) = (& — ey) fi). 


If the degree of f,(x) is greater than zero, then you again apply the Fundamental 
Theorem to conclude that f, must have a zero c,, which implies that 


F(z) = & — e)Qa — c5) 60). 


It is clear that the degree of f;(x) ism — 1, that the degree of f(x) ism — 2, and that you 
can repeatedly apply the Fundamental Theorem n times until you obtain 


Br> a, (cemanr — ¢,)° ~ “(x — c,) 
where a, is the leading coefficient of the polynomial f(x). | 
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PS. Problem Solving 


1. Cube Roots 


(a) The complex numbers 
—24+2,/3i _ -2-2V3i 
; 7 2 


g=2,2> and z 


are represented graphically (see figure). Evaluate the 
expression z? for each complex number. What do you 


observe? 
Imaginary 
axis 
A 
3+ 
_ 24273: 5 
= 3 
sf 25 2 Real 
t++-} +--+ oF 
-3-2-1,/, 12 3 
-2-2/3i% + 
,=— 
2 3+ 
(b) The complex numbers 
—3 + 3/3i -3 -3/3i 
£3, 8S » and z= 


are represented graphically (see figure). Evaluate the 
expression z? for each complex number. What do you 


observe? 
Imaginary 
axis 
-34+3V3i . + 
2 +a 3 
a Z= 
pete Real 
2A 29. gallo 
-3-3V3i e | 
2 All 


(c) Use your results from parts (a) and (b) to generalize 
your findings. 

. Multiplicative Inverse of a Complex Number 

The multiplicative inverse of a complex number z is 

a complex number z,, such that z-° z,, = 1. Find the 

multiplicative inverse of each complex number. 

(a) z=1+i (b) z=3-i1 (c) z= —-2+ 8i 

. Writing an Equation A third-degree polynomial 

function f has real zeros —2, i and 3, and its leading 

coefficient is negative. 

(a) Write an equation for f. 

(b) Sketch the graph of the equation from part (a). 

(c) How many different polynomial functions are 
possible for f? 

. Proof Prove that the product of a complex number 

a + bi and its conjugate is a real number. 


See CalcChat.com for tutorial help and worked-out 
solutions to odd-numbered exercises. ol 


5. 


10. 


ORO 
a | 


GO DIGITAL 
Proof Let 
z=at+bi,z=a-— bi,w=c+di,andw=c — di. 


Prove each statement. 


(a) |z| = |z| (bt) Z=>w=z-W 
(c) 2°) = 2/2)? (d) z/w = 2/w 
(e) (2 = 2 (f) z=z 


(g) Z = z when zis real 


. Finding Values Find the values of k such that the 


equation x* — 2kx + k = 0 has (a) two real solutions 
and (b) two imaginary solutions. 


. Finding Values Use a graphing utility to graph the 


function f(x) = x4 — 4x? + k for different values of 
k. Find the values of k such that the zeros of f satisfy 
the specified characteristics. (Some parts do not have 
unique answers.) 


(a) Four real zeros 
(b) Two real zeros and two imaginary zeros 
(c) Four imaginary zeros 


. Finding Values Will the answers to Exercise 7 


change for each function g? 


(a) glx) =f(e—- 2) — (b) glx) = f(2x) 


. Reasoning The graph of one of the following 


functions is shown below. Identify the function shown 
in the graph. Explain why each of the others is not the 
correct function. Use a graphing utility to verify your 
result. 


(a) f(x) = x2(x + 2)(x — 3.5) 
(b) g(x) = (&« + 2)(x — 3.5) 
(c) A(x) = (&« + 2)(x — 3.5)(x? + 1) 
(d) k(x) = (x + 1)(x + 2)(x — 3.5) 
y 
A 
10+ 
atte 
. 4 
30 
_4g + 
Quadratic Equations with Complex 


Coefficients Use the Quadratic Formula and, if 
necessary, the formula on page 344 to solve each 
equation with complex coefficients. 


(a) x7 -— (44+ 2)x+2+41=0 
(b) x2 — (3+ 2)x+5+i1=0 

(c) 2x? + (5 — 8)x -— 13 -i=0 
(d) 3x2 — (11 + 14)x + 1-91 =0 
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11. 


12. 


13. 


356 


Reasoning Use the information in the table to 


answer each question. 


Interval | Value of f(x) 
(— 00, —2) Positive 
(—2, 1) Negative 
(1, 4) Negative 
(4, 00) Positive 


(a) 


What are the three real zeros of the polynomial 
function f? 

(b) What can be said about the behavior of the graph of 
fatx=1? 

What is the least possible degree of f? Explain. Can 
the degree of f ever be odd? Explain. 


(c) 


(d) 


Is the leading coefficient of f positive or negative? 
Explain. 


(e) 
(f) 
Sums and Products of Zeros 
(a) Complete the table. 


Write an equation for f. 


Sketch a graph of the function you wrote in part (e). 


Sum | Product 
Function Zeros of of 
Zeros Zeros 


fi) = x? — 5x + 6 


fp) =» - 7x +6 


fy) = x4 + 2x3 + x? 


+ 8x — 12 
fulx) = 20 — 3x4 — 9x3 
+ 25x? — 6x 


(b) Use the table to make a conjecture relating the 
sum of the zeros of a polynomial function to the 
coefficients of the polynomial function. 


(c) Use the table to make a conjecture relating the 
product of the zeros of a polynomial function to the 
coefficients of the polynomial function. 


Reasoning Let z=a-+ bi and z =a — bi, where 
a # 0. Show that the equation 


gaz =) 
has only real solutions, whereas the equation 
ee SU 


has imaginary solutions. 


14. The Mandelbrot Set A fractal is a geometric 


15 


. 


figure that consists of a pattern that is repeated infinitely 
on a smaller and smaller scale. The most famous fractal 
is the Mandelbrot Set, named after the Polish-born 
mathematician Benoit Mandelbrot. To draw the 
Mandelbrot Set, consider the sequence of numbers 
below. 


goete,(et+ert+e[(e? +c? +cPte,... 


The behavior of this sequence depends on the value of 
the complex number c. If the sequence is bounded (the 
absolute value of each number in the sequence 


JEP 

is less than some fixed number J), then the complex 
number c is in the Mandelbrot Set, and if the sequence 
is unbounded (the absolute value of the terms of 
the sequence become infinitely large), then the 
complex number c is not in the Mandelbrot Set. 


Determine whether each complex number c is in the 
Mandelbrot Set. 


la + bil = 


(a) c=i 
(b) c=1+7 
(c) c= —2 


The figure below shows a graph of the Mandelbrot Set, 
where the horizontal and vertical axes represent the real 
and imaginary parts of c, respectively. 


Imaginary axis 


Real axis 


Reasoning Let z and Zz be complex conjugates. 
Show that the solutions of 


lg=1 
are the points (x, y) in the complex plane such that 


(x-1?+y=1. 


z-1,/=1 


Identify the graph of the solution set. (Hint: Let 
z=x+t yi.) 
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5.4 Exponential and Logarithmic Equations 
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5.1 Exponential Functions and Their Graphs 


Exponential functions can help 
you model and solve real-life 
problems. For example, in 
Exercise 60 on page 367, you 
will use an exponential function 
to model the concentration of a 
drug in the bloodstream. 


>>>» SKILLS REFRESHER 


For a refresher on using the rules 
of exponents, watch the video at 
LarsonPrecalculus.com. 


GO DIGITAL 


© Recognize and evaluate exponential functions with base a. 

© Graph exponential functions and use the One-to-One Property. 
© Recognize, evaluate, and graph exponential functions with base e. 
© Use exponential functions to model and solve real-life problems. 


Exponential Functions 


So far, this text has dealt mainly with algebraic functions, which include polynomial 
functions and rational functions. In this chapter, you will study two types of nonalgebraic 
functions—exponential functions and logarithmic functions. These functions are 
examples of transcendental functions. This section will focus on exponential functions. 


Definition of Exponential Function | 


The exponential function f with base a is denoted by 


FQ) = a* 


where a > 0, a # 1, and x is any real number. 


The base a of an exponential function cannot be | because a = 1 yields 
f(x) = 1* = 1. This is a constant function, not an exponential function. 

You have evaluated a* for integer and rational values of x. For example, you know 
that 4° = 64 and 4!/2 = 2. However, to evaluate 4* for any real number x, you need to 
interpret forms with irrational exponents. For the purposes of this text, it is sufficient to 
think of av’ 2, where il ee 1.41421356, as the number that has the successively closer 
approximations 


als, asl qitl4 qi tia. qisl421. ae 


EXAMPLE 1 Evaluating Exponential Functions 


Use a calculator to evaluate each function at the given value of x. 


Function Value 
a. f(x) = 2° x=-3.1 
b. f(x) = 2-* x= 
c. f(x) = 0.6" x=3 
Solution 
Function Value Calculator Keystrokes Display 
a. f(=3.1) = 2-3! 2A (CG) 3.1 0.1166291 
b. f(z) = 277 2 *) (C)) x (ENTER) 0.1133147 


oy (3) = (0.6)*° 6803) 20 Eier) 0.4647580 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use a calculator to evaluate f(x) = 8-* at x = \/2. | 


On some calculators, you may need to enclose exponents in parentheses to obtain 
the correct result. 


© Kagrafi/Shutterstock.com 
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Graphs of Exponential Functions 


The graphs of all exponential functions have similar characteristics, as shown in 
Examples 2, 3, and 5. 


EXAMPLE 2 Graphs of y = a* 


In the same coordinate plane, sketch the graphs of f(x) = 2* and g(x) = 4. 


Solution Begin by constructing a table of values. 


iy mm -3 | —-2|-1/0/1] 2 
14 
x al 1 1 

12 2 8 4 2 1)2) 4 

10 fala | ics | gt (| 1) 4 16 

8 

6 To sketch the graph of each function, plot the points from the table and connect them 
4 with a smooth curve, as shown in Figure 5.1. Note that both graphs are increasing. 
2 Moreover, the graph of g(x) = 4* is increasing more rapidly than the graph of f(x) = 2°. 


as }—}—}-—}—» x 
4-3-2 -1,]/ 1 2 3 4 A Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Figure 5.1 In the same coordinate plane, sketch the graphs of f(x) = 3* and g(x) = 9. | 
The table in Example 2 was evaluated by hand for integer values of x. You can also 
evaluate f(x) and g(x) for noninteger values of x by using a calculator. 
EXAMPLE 3 Graphs of y = a-* 
In the same coordinate plane, sketch the graphs of F(x) = 2~* and G(x) = 47. 
Solution Begin by constructing a table of values. 
x —2;-1)0)]1) 2 | 3 
2*| 4 | 2/1/41] 44 4 
4*/ 16/4 /1lilele 
ae: x 
—A-$=-2 =I, ] 1 2 3 4 
To sketch the graph of each function, plot the points from the table and connect them 
Figure 5.2 with a smooth curve, as shown in Figure 5.2. Note that both graphs are decreasing. 
Moreover, the graph of G(x) = 4~* is decreasing more rapidly than the graph of 
F(x) = 2™. 
Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
In the same coordinate plane, sketch the graphs of F(x) = 3~* and G(x) = 9~. a 
Note that the functions in Example 3 can be rewritten with positive exponents 
using the property 
(7) 
Qre—=(-]. Property of exponents 
a’ a 
So, the functions F(x) = 2~* and G(x) = 4-* can be rewritten as 
EE) ee 1\7 ee | 1\* 
hee Ba) 2 og 5). an CO A a ays 
GO DIGITAL 
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Comparing the functions in Examples 2 and 3, observe that F(x) = 2~* = f(—x) 
and G(x) = 4-* = g(—x). Consequently, the graph of F is a reflection (in the y-axis) of 
the graph of f. The graphs of G and g have the same relationship. The graphs in Figures 
5.1 and 5.2 are typical of the exponential functions y = a* and y = a“. They have one 
y-intercept and one horizontal asymptote (the x-axis), and they are continuous. Here 
is a summary of the basic characteristics of the graphs of these exponential functions. 


y Graph of y=a*,a> 1 
* Domain: (— 00, 00) 

* Range: (0, ©) 

* y-intercept: (0, 1) 


* Increasing on (— ©, ©) 
(0, 1) 


* x-axis is a horizontal asymptote 
(a* 0 as x — 00). 


> xX 
¢ Continuous 


y Graph of y=a™*,a > 1 

* Domain: (— ©, 00) 

* Range: (0, ©) 

* y-intercept: (0, 1) 

* Decreasing on (—©9, 00) 

(0, 1) * x-axis is a horizontal asymptote 
(a-*>0 as x30). 


¢ Continuous 


Notice that the graph of an exponential function is always increasing or always 
decreasing, so the graph passes the Horizontal Line Test. Therefore, an exponential 
function is a one-to-one function. You can use the following One-to-One Property to 
solve simple exponential equations. 


For a > O anda # 1, a* = a’ if and only if x = y. One-to-One Property 
EXAMPLE 4 Using the One-to-One Property 
a. 9 = 3x7! Original equation 
3? = 3x7! 9 = 3? 
2=xt+1 One-to-One Property 
l=x Solve for x. 
1 x 
b. (5) = 8 Original equation 
—x — 93 ;) = =* = 93 
2-* =2 (5) =258=2 
x=-3 One-to-One Property 


JS Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


1 =X 
Use the One-to-One Property to solve (a) 8 = 27*~! and (b) (5) = 27 for x. | 
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In Example 5, notice how the graph of y = a* can be used to sketch the graphs of 
functions of the form f(x) = b + a**°. 


Transformations of Graphs of f(x) = a* 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Describe the transformation of the graph of f(x) = 3* that yields each graph. 


a. b. 
c. d. 
Solution 


a. Because g(x) = 3*+! = f(x + 1), the graph of g is obtained by shifting the graph of 
f one unit to the left. 


b. Because A(x) = 3* — 2 = f(x) — 2, the graph of h is obtained by shifting the graph 
of f down two units. 


c. Because k(x) = —3* = —f(x), the graph of k is obtained by reflecting the graph of 
f in the x-axis. 


d. Because j(x) = 3-* = f(—x), the graph of j is obtained by reflecting the graph of f 
in the y-axis. 


Sf Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Describe the transformation of the graph of f(x) = 4* that yields the graph of each 
function. 


a. g(x) = 4-2 b. A(x) = 4° 4+ 3 c. k(x) = 4-7 - 3 | 


Note how each transformation in Example 5 affects the y-intercept and the 
horizontal asymptote. 


OPE 
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The Natural Base e 
In many applications, the most convenient choice for a base is the irrational number 
e ~ 2.718281828.... 


This number is called the natural base. The function f(x) = e* is called the natural 
exponential function, and its graph is shown in Figure 5.3. The graph of the natural 
exponential function has the same basic characteristic as the graph of the function 
f(x) = a*. Be sure you see that for the exponential function f(x) = e*, e is the constant 
2.718281828 ..., whereas x is the variable. 


EXAMPLE 6 Evaluating the Natural Exponential Function 


Use a calculator to evaluate the function f(x) = e* at each value of x. 


Figure 5.3 ax=-—2 bx =-1 


c. x = 0.25 d. x = —0.3 


Solution 
Function Value Calculator Keystrokes Display 
a. f(—2) =e? 2 0.1353353 
b. f(—l) =e! 1 0.3678794 
: ce. f(0.25) = e%25 0.25 1.2840254 
ai d. f(—0.3) = e793 03 0.7408182 


i Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use a calculator to evaluate the function f(x) = e* at each value of x. 


a. x = 0.3 
b. x = —-1.2 
c. x = 6.2 
Ta }——}- +> x 
-4 -3 -2 -1 1 2 3 
Figure 5.4 >¢28=7—) Graphing Natural Exponential Functions 
y Sketch the graphs of the natural exponential functions 
A 
al 1 
Ty f(x) = 2e°7 and g(x) = =e 958, 


2 


Solution Begin by using a graphing utility to construct a table of values. 


x =3 =72, -1 0 1 2 3 
f(x) | 0.974 | 1.238 | 1.573 | 2.000 | 2.542 | 3.232 | 4.109 
g(x) | 2.849 | 1.595 | 0.893 | 0.500 | 0.280 | 0.157 | 0.088 


t T T T x 
-4 -3 -2 -l 1 2 3 4 
Figure 5.5 To graph each function, plot the points from the table and connect them with a smooth 
curve, as shown in Figures 5.4 and 5.5. Note that the graph in Figure 5.4 is increasing, 
whereas the graph in Figure 5.5 is decreasing. 
ee Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
GO DIGITAL Sketch the graph of f(x) = 5e°!”. a 
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m ( il aP 1) 
m 
1/2 
10 | 2.59374246 

100 | 2.704813829 
1,000 | 2.716923932 
10,000 | 2.718145927 
100,000 | 2.718268237 
1,000,000 | 2.718280469 
10,000,000 | 2.718281693 

y Y 

oe) e 
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Applications 


One of the most familiar examples of exponential growth is an investment earning 
continuously compounded interest. The formula for interest compounded n times per 
year is 


nt 
a=p(i+2)" 
n 


In this formula, A is the balance in the account, P is the principal (or original deposit), r 
is the annual interest rate (in decimal form), n is the number of compoundings 
per year, and ¢ is the time in years. Exponential functions can be used to develop this 
formula and show how it leads to continuous compounding. 

Consider a principal P invested at an annual interest rate r, compounded once per 
year. When the interest is added to the principal at the end of the first year, the new 
balance P, is 


P,=P+ Pr 
= P(1 +r). 


This pattern of multiplying the balance by 1 + r repeats each successive year, as 
shown here. 


Year Balance After Each Compounding 

0 P=P 

1 P,=P(1 +r) 

2 P= PjI+n=P0+nlt+r = PO +7? 
3 P;=P,jl+r)=P0+r?0 +r = P+ 7)? 
t P,= P(l +n)! 


To accommodate more frequent compounding of interest, such as quarterly, 
monthly, or daily, let m be the number of compoundings per year and let tf be the number 
of years. Then the rate per compounding is r/n, and the account balance after t years is 


nt 
A= (1 + *) 
n 
When the number of compoundings n increases without bound, the process approaches 


what is called continuous compounding. In the formula for n compoundings per year, 
let m = n/r. This yields a new expression. 


nt 
A= (1 + *) 
n 
mrt 
= (1 + -) 
mr 
1 mrt 
= p(1+4) 
m 


“Ale P 


As m increases without bound (that is, as m—>©©), the table at the left shows that 
[1 + (1/m)]” approaches e. This allows you to conclude that the formula for continuous 
compounding is 


A= Pe", 


Amount (balance) with n compoundings per year 


Amount with n compoundings per year 


Substitute mr for n. 


Simplify. 


Property of exponents 


Substitute e for [1 + (1/m)]™. 
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Formulas for Compound Interest i] 


— — = =m 


When using the formulas for me heir ve iconnicipaleeand 13 ) 
compound interest, you must ter ¢ years, the balance A 1n an account with principal P and annual interest 


erites thie anal taberest inte rate r (in decimal form) is given by one of these two formulas. 


in decimal form. For example, 


, ia. r nt 
you must write 2.5% as 0.025. 1. For n compoundings per year: A = (1 a *) 


2. For continuous compounding: A = Pe” 


EXAMPLE 8 Compound Interest 


You invest $12,000 at an annual interest rate of 3%. Find the balance after 5 years for 
each type of compounding. 


a. Quarterly b. Monthly c. Continuously 


Solution The investment is $12,000, so P = 12,000. The annual interest rate of 3% 
is 0.03 in decimal form, so r = 0.03. To find the balance after 5 years, let t = 5. 


a. For quarterly compounding, use n = 4 to find the balance after 5 years. 


nt 
A=P ( + 4 Formula for compound interest 
n 
0.03 \4©) 
= 12,000( 1 + 2) Substitute for P, r, n, and f. 
= 13,934.21 Use a calculator. 


With quarterly compounding, the balance in the account after 5 years is $13,934.21. 


b. For monthly compounding, use n = 12 to find the balance after 5 years. 


nt 
A=P ( =F *) Formula for compound interest 
n 
0.03) 12) 
= 12,000(1 + 28) Substitute for P, r, n, and t. 
= 13,939.40 Use a calculator. 


With monthly compounding, the balance in the account after 5 years is $13,939.40. 


c. Use the formula for continuous compounding to find the balance after 5 years. 


A = Pe" Formula for continuous compounding 
= 12,000e°-36) Substitute for P, r, and t. 
= 13,942.01 Use a calculator. 


With continuous compounding, the balance in the account after 5 years is $13,942.01. 
Y Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


You invest $6000 at an annual rate of 4%. Find the balance after 7 years for each type of 


compounding. 

a. Quarterly b. Monthly c. Continuously | 
ope In Example 8, note that continuous compounding yields more than quarterly and 
feet monthly compounding. This is typical of the two types of compounding. That is, for 
optes a given principal, interest rate, and time, continuous compounding will always yield a 

8 P Pp Pp g ys y 
GO DIGITAL larger balance than compounding n times per year. 


ed, or duplic. 
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EXAMPLE 9 Radioactive Decay 


In 1986, a nuclear reactor accident occurred in Chernobyl] in what was then the Soviet 
Union. The explosion spread highly toxic radioactive chemicals, such as plutonium 
(23°Pu), over hundreds of square miles, and the government evacuated the city and the 
surrounding area. To see why the city is now uninhabited, consider the model 


] t/24,100 
P= 1o() 


which represents the amount of plutonium P that remains (from an initial amount of 
10 pounds) after ¢ years. Sketch the graph of this function over the interval from t = 0 
to t = 100,000, where t = 0 represents 1986. How much of the 10 pounds will remain 
in the year 2030? How much of the 10 pounds will remain after 100,000 years? 


Solution The graph of this function p Radioactive Decay 
is shown in the figure at the right. Note A 
from this graph that plutonium has a ~ 7 4 P=10 ( L 1/24,100 | 
half-life of about 24,100 years. That is, 7 = oe 
after 24,100 years, half of the original 3 7 ONG ee ee eee 
amount will remain. After another SON ee 
24,100 years, one-quarter of the original E ii 
amount will remain, and so on. In the = 3 (100,000, 0.564) 
year 2030 (t = 44), there will still be =e uA 
1 \44/24,100 on p----- 2-2-2 S = 
a 1o($) 50,000 100,000 
] \9-0018257 Years of decay 
= 1o($) 


=~ 9.987 pounds 


of plutonium remaining. After 100,000 years, there will still be 


1 100,000/24,100 
p= 10(5) 


2 
= 0.564 pound 


of plutonium remaining. 
SY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


In Example 9, how much of the 10 pounds will remain in the year 2089? How much of 
the 10 pounds will remain after 125,000 years? wy 


Summarize (Section 5.1) 


1. State the definition of the exponential function f with base a (page 358). For 
an example of evaluating exponential functions, see Example 1. 


2. Describe the basic characteristics of the graphs of the exponential functions 
y = a* and y =a “*,a > 1 (page 360). For examples of graphing exponential 
functions, see Examples 2, 3, and 5. 

3. State the definitions of the natural base and the natural exponential function 
(page 362). For examples of evaluating and graphing natural exponential 
functions, see Examples 6 and 7. 


4. Describe real-life applications involving exponential functions (pages 364 
and 365, Examples 8 and 9). 
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366 Chapter 5 


5.1 Exercises 


Exponential and Logarithmic Functions 


oy 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


| 
GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. Exponential and logarithmic functions are examples of nonalgebraic functions, 


also called functions. 


2. The exponential function f(x) = e* is called the 


function, 


and the base e is called the base. 


3. What type of transformation of the graph of f(x) = 5* is the graph of f(x + 1)? 


4. The formula A = Pe” gives the balance A of an account earning what type of interest? 


Skills and Applications 


Evaluating an Exponential Function In Exercises 
5-8, evaluate the function at the given value of x. Round 
your result to three decimal places. 


Function Value 
5. f(x) = 0.9* x=14 
6. f(x) = 3* x= : 
7. f(x) = 5000(2*) x=-15 
8. f(x) = 200(1.2)!?* x= 24 


Matching an Exponential Function with Its 
Graph In Exercises 9-12, match the exponential 
function with its graph. [The graphs are labeled (a), (b), 
(c), and (d).] 


(a) (b) 


(©) Y (a) 


SHH 
-4 2 +1 2 4 
—2- 


10. f(x) = 2* +1 
12. f(x) = 2*-? 


ee 
11. f(x) = -—2* 
Graphing an Exponential Function In Exercises 
13-20, construct a table of values for the function. Then 
sketch the graph of the function. 
13. f(x) = 7 14. f(x) = 

15. f(x) = (7) * 16. f(x) = () 


17. f(s) = 4! 
iga=e" 

19. f(x) = 2714+ 3 

20. f(x) = 3%-2 + 1 


Using the One-to-One Property In Exercises 21-24, 
use the One-to-One Property to solve the equation for x. 


21. 3+! = 27 
22. 243 = 9 
23. (4) = 32 
24, 5-2 = os 


Transformations of the Graph of f(x) = a* In 
Exercises 25-28, describe any transformations of the 
graph of f that yield the graph of g. 


25. fix) = 3% gx) =3*4+ 1 

26. f(x) = (3), g@) = - (3) * 
27. f(x) = 10*, g(x) = 10-**3 
28. f(x) = 0.3", g(x) = —0.3% + 5 


Evaluating a Natural Exponential Function In 
Exercises 29-32, evaluate the function at the given value 
of x. Round your result to three decimal places. 


Function Value 
29. chee x=19 
f(x) = 1.5e/? x = 240 

f(x) = 5000e%% x=6 
32. ae ) = 250e9.0* x = 20 


Graphing a Natural Exponential Function In 
Exercises 33-36, construct a table of values for the 
function. Then sketch the graph of the function. 

33. f(x) = 3e**4 34. f(x) = 2e71>* 

35. f(x) = 2e*-7 + 4 

36. f(x) = 2+ et-5 
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BB Graphing a Natural Exponential Function In 
Exercises 37-40, use a graphing utility to graph the 
exponential function. 
37. s(t) = 20° 
39. g(x) =1 +e 


38. s(t) = 3e7 9?" 

40. h(x) = e*~? 

Using the One-to-One Property In Exercises 41-44, 
use the One-to-One Property to solve the equation for x. 
41. e172 = 23 42. e*—! = e4 


43. ev —3 = er 44, er +6 = eS 


Compound Interest In Exercises 45-48, complete 
the table by finding the balance A when P dollars is 
invested at rate r for ¢ years and compounded n times 
per year. 


n}|}1}]2]4 4} 12 
A 


365 | Continuous 


45. P = $1500, r = 2%, t = 10 years 

46. P = $2500, r = 3.5%, t = 10 years 

47. P = $2500, r = 4%, t = 20 years 

48. P = $1000, r = 6%, t = 40 years 

Compound Interest In Exercises 49-52, complete the 


table by finding the balance A when $12,000 is invested 
at rate r for ¢t years, compounded continuously. 


t 10 | 20 | 30 | 40 | 50 
A 
49. r= 4% 
50. r = 6% 
51. r= 6.5% 
52. r = 3.5% 
53. Investment A business deposits $30,000 in a fund 


that pays 5% interest, compounded continuously. 
Determine the balance in this account after 25 years. 


College Savings Fund A deposit of $5000 is 
made in a college savings fund that pays 7.5% interest, 
compounded continuously. The balance will be given 
to a student after the money has earned interest for 
18 years. How much will the student receive? 


54. 


55. Inflation Assuming that the annual rate of inflation 
averages 4% over the next 10 years, the approximate 
costs C of goods or services during any year in that 
decade can be modeled by C(t) = P(1.04)', where t is 
the time in years and P is the present cost. The price of 
an oil change for your car is presently $29.88. Estimate 


the price 10 years from now. 


© Kagrafi/Shutterstock.com 
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PE 506. Population Growth The projected population of 
the United States for the years 2025 through 2055 
can be modeled by P = 313.394", where P is the 
population (in millions) and ¢ is the time (in years), with 
t = 25 corresponding to 2025. (Source: U.S. Census 
Bureau) 


(a) Use a graphing utility to graph the function for the 
years 2025 through 2055. 


(b) Use the table feature of the graphing utility to 
create a table of values for the same time period as 
in part (a). 

(c) According to the model, in what year will the 
population of the United States be about 355 
million? 

57. Radioactive Decay Let Q represent a mass (in 

grams) of radioactive plutonium (?°°Pu), whose half-life 

is 24,100 years. The quantity of plutonium present after 
é 1)1/24,100 

t years is Q = 16(5) . 

(a) Determine the initial quantity (when t = 0). 

(b) Determine the quantity present after 75,000 years. 


fe (c) Use a graphing utility to graph the function over the 
interval tf = 0 to t = 150,000. 

58. Radioactive Decay Let Q represent a mass (in 

grams) of carbon (!4C), whose half-life is 5715 years. 


The quantity of carbon-14 present after ¢ years is 
1/5715 


Q = 10(;)"""™. 

(a) Determine the initial quantity (when t = 0). 

(b) Determine the quantity present after 2000 years. 

(c) Sketch the graph of the function over the interval 
t= Otor = 10,000. 


Coronavirus Infections A country reports 52,490 
coronavirus infections in its first month of testing. Each 
month thereafter, the number of infections reduces to i 
the number of the previous month. 


59. 


(a) Find a model for V(t), the number of coronavirus 
infections after tf months. 


(b) Determine the number of infections after 4 months. 


60. Chemistry 
Immediately following an injection, the concentration 
of a drug in the bloodstream is 300 milligrams per 

milliliter. After t hours, the concentration is 75% 
of the level of the previous hour. 


(a) Find a model 
for C(t), the 
concentration of 
the drug after ¢ 
hours. 


(b) Determine the 


concentration of the | 
drug after 8 hours. 
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Exploring the Concepts 


True or False? In Exercises 61 and 62, determine 
whether the statement is true or false. Justify your answer. 


61. The line y = —2 is an asymptote for the graph of 
f(x) = 10* — 2. 
271,801 
62. ¢ = “99.990 


Think About It In Exercises 63-66, use properties of 
exponents to determine which functions (if any) are the 
same. 


63. f(x) = 3*~? 64. f(x) = 4 4+ 12 
ga) = 3-9 g(x) = 226 
h(x) = 9(3") h(x) = 64(4") 

65. f(x) = 16(4~) 66. f(x) =e*4+3 
g(x) = (j ae g(x) = &-* 
h(x) = 16(2-2*) h(x) = —e*73 


BB 67. Graphical Reasoning Use a graphing utility 
to graph y, = [1 + (1/x)]* and y, = e in the same 
viewing window. Using the trace feature, explain what 
happens to the graph of y, as x increases. 

Bb 68. Graphical Reasoning Use a graphing utility to 
graph 


f(x) = (1 ao 23)" and g(x) = e°5 


in the same viewing window. What is the relationship 
between f and g as x increases and decreases without 
bound? 

a 69. Comparing Graphs Use a graphing utility to graph 
each pair of functions in the same viewing window. 
Describe any similarities and differences in the graphs. 


@y=2%y%= 0b) y =35y= 2° 


™, 
HOW DO YOU SEE IT? The figure shows 
the graphs of y = 2*, y = e*, y = 10%, 

y= 2, y =e, and y = 10™*. Match 

each function with its graph. [The graphs 

are labeled (a) through (f).] Explain your 
reasoning. 


Exponential and Logarithmic Functions 


»t be copied, scanned, or duplicated, in whole or in part. WC 


A871. Graphical Reasoning Use a graphing utility to 


graph each function. Use the graph to find where the 
function is increasing and decreasing, and approximate 
any relative maximum or minimum values. 


@Qige=?e* Ob) e@=2> 

72. Error Analysis Describe the error. 
For the function f(x) = 2* — 1, the domain xX 
is (— 00, 0O) and the range is (0, 00). 

73. Think About It Which functions are exponential? 
(a) f(x) = 3x (b) g(x) = 3x2 
(c) h(x) = 3* (d) k(x) = 27" 

74, Compound Interest Use the formula 


nt 
A= (1 +2) 
n 


to calculate the balance A of an investment when 
P = $3000, r= 6%, and t=10 years, and 
compounding is done (a) by the day, (b) by the 
hour, (c) by the minute, and (d) by the second. Does 
increasing the number of compoundings per year result 
in unlimited growth of the balance? Explain. 


A Video solutions at 
Review & Refresh |» LarsonPrecalculus.com 


Verifying Inverse Functions In Exercises 75-80, 
verify that f and g are inverse functions (a) algebraically 
and (b) graphically. 


75. f(x) =x, g(x) =x 76. f(x) = 4x, g(x) = ix 


71. flx) = +g) =~ 


x+ 1 x+1 
78. f(x) = , (x) = 

x=] x—- 1 

2x + 1 1-x 
79, f(x) = <<. ue 


80. f(x) og = 0, g(x) a <x<l 

1lt+x x 
Restricting the Domain In Exercises 81-88, restrict 
the domain of the function f so that the function is 
one-to-one and has an inverse function. Then find the 
inverse function f—1. State the domains and ranges of f 
and f—!. Explain your results. (There are many correct 
answers.) 


81. f(x) = |x + 2| 82. f(x) = |x — 5| 
83. f(x) = (« + 6) 84. f(x) = (« - 4) 
85. f(x) = —2x2 +5 86. f(x) = 32-1 
87. f(x) = |x -4| +1 88. f(x) = —|x — 1] — 2 


Project: Population per Square Mile To work an 
extended application analyzing the population per square 
mile of the United States, visit this text’s website at 
LarsonPrecalculus.com. (Source: U.S. Census Bureau) 
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5.2 Logarithmic Functions and Their Graphs 


Logarithmic functions can often 
model scientific observations. 
For example, in Exercise 81 

on page 378, you will use a 
logarithmic function that models 
human memory. 


Het] 
GO DIGITAL 


© Recognize and evaluate logarithmic functions with base a. 

© Graph logarithmic functions. 

© Recognize, evaluate, and graph natural logarithmic functions. 

© Use logarithmic functions to model and solve real-life problems. 


Logarithmic Functions 


Recall from Section P.10 that a function f has an inverse function if and only if f is 
one-to-one. In the preceding section, you learned that f(x) = a* is one-to-one, so f 
must have an inverse function. This inverse function is the logarithmic function with 
base a and is denoted by the symbol log, x, read as “log base a of x.” 


Definition of Logarithmic Function with Base a i) 


For x > 0,a > 0, anda # 1, y = log_x if and only if x = a’. The function 
f(x) = log,x is called the logarithmic function with base a. 


The equations y = log,x and x = a” are equivalent, where the first equation is 
written in logarithmic form and the second equation is written in exponential form. 
For example, 2 = log,9 is equivalent to 9 = 37, and 5* = 125 is equivalent to 
log, 125 = 3. 

When evaluating logarithms, remember that a logarithm is an exponent. This 
means that log,x is the exponent to which a must be raised to obtain x. For example, 
log, 8 = 3 because 2 raised to the third power is 8. 


EXAMPLE 1 Evaluating Logarithms 


Evaluate each logarithm at the given value of x. 


a. f(x) = log, x, x = 32 b. f(x) = log, x, x = 1 

c. f(x) = log,x, x = 2 d. f(x) = log, x, x =i 
Solution 

a. f(32) = log, 32 = 5 because 2° = 32. 

b. f(i) = log, | = 0 because 3° = 1. 

ce. f(2) = log,2 = $5 because 41/2 = \/4 = 2, 

d. Aw] = logy a = —2 because 10°? = 7 = = 
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Evaluate each logarithm at the given value of x. 


a. f(x) =loggx,x=1 b. f(x) =logsxx=ps c f(x) =log,x,x=343 


The logarithmic function with base 10 is called the common logarithmic function. 
It is denoted by log,, or simply log. On most calculators, it is denoted by (LOG). Example 2 
on the next page shows how to use a calculator to evaluate common logarithmic 
functions. You will learn how to use a calculator to evaluate logarithms with any base in 
the next section. 


© SciePro/Shutterstock.com 
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In Example 2(c), note that 
some graphing utilities do 

not give an error message for 
log(— 2). Instead the graphing 
utility will display an imaginary 
number. In this text, the domain 
of a logarithmic function is the 
set of positive real numbers. 


[alata 
GO DIGITAL 


EXAMPLE 2 Evaluating Common Logarithms on a Calculator 


Use a calculator to evaluate the function f(x) = log x at each value of x. 


ax=10 bx=} x=-2 
Solution 
Function Value Calculator Keystrokes Display 
a. f(10) = log 10 10 (ENTER) 1 
b. f(5) = log + (C06) © 1 ©) 3 CENTER) —0.4771213 
c. f(—2) = log(—2) (LOG) 2 (ENTER) ERROR 


Note that the calculator displays an error message when you try to evaluate log(—2) 
because there is no real number power to which 10 can be raised to obtain — 2. 
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Use a calculator to evaluate the function f(x) = log x at each value of x. 


NIK 


ax=275 bx=-y G@X= 


The definition of the logarithmic function with base a leads to several properties. 


Properties of Logarithms ‘| 


1. log, 1 = 0 because a° = 1. 
2. log, a = | because a! = a. 
3. log, a* = x and a!°8a* = x Inverse Properties 


4. Iflog x = log, y, then x = y. One-to-One Property 


EXAMPLE 3 Using Properties of Logarithms 


a. To simplify log, 1, use Property 1 to write log, 1 = 0. 


b. To simplify log ae 7, use Property 2 to write log eal 7=1. 
c. To simplify 6'°2s?9, use Property 3 to write 6!°8629 = 20. 
d. To solve log, x = log, 12 for x, use the One-to-One Property. 


log, x= log, 12 Write original equation. 


x= 12 One-to-One Property 


e. To solve log(2x + 1) = log 3x for x, use the One-to-One Property. 


log(2x + 1) = log 3x Write original equation. 
2x + 1 = 3x One-to-One Property 
l=x Subtract 2x from each side. 
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i~*) 


. Simplify log, 9. 
. Simplify 20!°%03. 


is 


ie) 


. Simplify log 41. 
. Solve log(x — 5) = log 20 for x. |_| 


Qu 
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Graphs of Logarithmic Functions 


To sketch the graph of y = log, x, use the fact that the graphs of inverse functions are 
reflections of each other in the line y = x. 


Graphing Exponential and Logarithmic Functions 
In the same coordinate plane, sketch the graph of each function. 

a. f(x) =2* — b. g(x) = log, x 

Solution 


a. For f(x) = 2*, construct a table of values. By plotting these points and connecting 
them with a smooth curve, you obtain the graph shown in Figure 5.6. 


28 —2/-1/0]/1/2/3 
Fo?) ; | 3 /1/2/4/8 


b. Because g(x) = log, xis the inverse function of f(x) = 2*, the graph of g is obtained 
Figure 5.6 by plotting the points (f(x), x) and connecting them with a smooth curve. The graph 
of g is a reflection of the graph of f in the line y = x, as shown in Figure 5.6. 
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In the same coordinate plane, sketch the graphs of (a) f(x) = 8* and (b) g(x) = log, x. 


EXAMPLE 5 Sketching the Graph of a Logarithmic Function 
Sketch the graph of f(x) = log x. Identify the vertical asymptote. 


Solution Begin by constructing a table of values. Note that some of the values can 
be obtained without a calculator by using the properties of logarithms. Others require 
a calculator. 


Without calculator With calculator 
x a | a |1/10| 2 5 8 
f(x) =logx | —2 | -1]0] 1 | 0.301 | 0.699 | 0.903 


Next, plot the points and connect them with a smooth curve, as shown in the figure 
below. The vertical asymptote is x = 0 (y-axis). 


ai | Vertical asymptote: x = 0 


mg fe] A Checkpoint |») Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Tat ot 
[eaeeet 


oles Sketch the graph of f(x) = log, x by constructing a table of values without using a 
GO DIGITAL calculator. Identify the vertical asymptote. |_| 
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Notice that the vertical 
transformation in Figure 5.8 
keeps the y-axis as the vertical 
asymptote, but the horizontal 
transformation in Figure 5.7 
yields a new vertical asymptote 
of x = 1. 


| 
GO DIGITAL 


The graph in Example 5 is typical for functions of the form f(x) = log, x,a > 1. 
They have one x-intercept and one vertical asymptote. Notice how slowly the graph 
rises for x > 1. Here are the basic characteristics of logarithmic graphs. 


y Graph of y = log,x,a > 1 


* Domain: (0, 00) 


it ¢ Range: (— 00, 00) 
os * x-intercept: (1, 0) 


na * Increasing on (0, 00) 


~x e One-to-one, therefore has an inverse function 


* y-axis is a vertical asymptote 
(log, x > —00 as x07). 


pt ¢ Continuous 


¢ Reflection of graph of y = a* in the line y = x 


Some basic characteristics of the graph of f(x) = a* are listed below to illustrate 
the inverse relation between f(x) = a* and g(x) = log, x. 


* Domain: (— ©, ©) * Range: (0, 00) 
* y-intercept: (0, 1) * x-axis is a horizontal asymptote (a* > 0 as x — 00). 


The next example uses the graph of y = log, x to sketch the graphs of functions of 
the form f(x) = b + log, (x + c). 


Shifting Graphs of Logarithmic Functions 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Use the graph of f(x) = log x to sketch the graph of each function. 
a. g(x) = log(x — 1) b. h(x) = 2 + log x 
Solution 


a. Because g(x) = log(x — 1) = f(x — 1), the graph of g can be obtained by shifting 
the graph of f one unit to the right, as shown in Figure 5.7. 


b. Because A(x) = 2 + logx = 2 + f(x), the graph of A can be obtained by shifting 
the graph of f two units up, as shown in Figure 5.8. 


y y 
A A 
A 
I+ 2+ 
h(x) =2 + log x 
A 
(1, 0) > = i 
1 (2, 0) 
ea! 9(x) = log(x — 1) > % 
Figure 5.7 Figure 5.8 
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Use the graph of f(x) = log, x to sketch the graph of each function. 
a. g(x) = —1 + 1log;x be. A(x) = log,(x + 3) | 
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The Natural Logarithmic Function 


By looking back at the graph of the natural exponential function introduced in the 
preceding section, you will see that f(x) = e* is one-to-one and so has an inverse 
function. This inverse function is called the natural logarithmic function and is 
denoted by the special symbol In x, read as “the natural log of x” or “el en of x.” 


The Natural Logarithmic Function } 


The function f(x) = log, x = Inx, x > 0 is called the natural logarithmic 
function. 


| ex) =f x)= Inx| 


Reflection of graph of f(x) = e* in the 


The equations y = In x and x = e” are equivalent. Note that the natural logarithm 
In x is written without a base. The base is understood to be e. 

Because the functions f(x) = e* and g(x) = Inx are inverse functions of each 
other, their graphs are reflections of each other in the line y = x, as shown in Figure 5.9. 

On most calculators, the natural logarithm is denoted by (LN), as illustrated in the 
next example. 


EXAMPLE 7 Evaluating the Natural Logarithmic Function 


Use a calculator to evaluate the function f(x) = In x at each value of x. 


ax=2 bx=03 ex=1+/2 dx=-l 


Solution 

Function Value Calculator Keystrokes Display 
a. f(2) = In2 2 0.6931472 
b. f(0.3) = In 0.3 3 —1.2039728 
e. fll + /2) = In(1 + /2) (0 14) 2 O ENTER) 0.8813736 
d. f(— 1) = In(- 1) (LN) ((—)) 1 (ENTER) ERROR 


Note that the calculator displays an error message when you try to evaluate In(— 1). 
This occurs because the domain of Inx is the set of positive real numbers (see 
Figure 5.9). So, In(— 1) is undefined. 
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Use a calculator to evaluate the function f(x) = In x at each value of x. 


a. x = 0.01 bx=4 oax=JY3+2 adadx= 73-2 |_| 


The properties of logarithms on page 370 are also valid for natural logarithms. 


Properties of Natural Logarithms | 


1. In 1 = 0 because e® = 1. 
2. Ine = 1 because e! = e. 
3. Ine* = x and e™* = x Inverse Properties 


4. If Inx = Iny, then x = y. One-to-One Property 
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EXAMPLE 8 Using Properties of Natural Logarithms 


Use the properties of natural logarithms to simplify each expression. 


1 In 1 
a. In — b. el c. = d. 2Ine 
e 3 
Solution 
1 =1 
a. In a =Ine’'=-1 Property 3 (Inverse Property) 
b. el? = 5 Property 3 (Inverse Property) 
Inl 0 0 ; ‘ 
—=-= t 
3 3 roperty 
d. 2Ine = 2(1) =2 Property 2 
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Use the properties of natural logarithms to simplify each expression. 


a.Ine/3 b.5Inl cine d. em 


EXAMPLE 9 Finding the Domains of Logarithmic Functions 


Find the domain of each function. 
a. f(x) = In@ — 2) b. g(x) = In(2 — x) c. h(x) = In x? 
Solution 
a. Because In(x — 2) is defined only when 
x-2>0 
it follows that the domain of f is (2, 00), as shown in Figure 5.10. 
b. Because In(2 — x) is defined only when 
2—-x>0 
it follows that the domain of g is (— 90, 2), as shown in Figure 5.11. 
c. Because In x? is defined only when 
r>O0 


it follows that the domain of h is all real numbers except x = 0, as shown in 
Figure 5.12. 


Figure 5.10 Figure 5.11 Figure 5.12 
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GO DIGITAL Find the domain of f(x) = In(x + 3). | 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Application 


ON R Sa )§=6Human Memory Model 


Students participating in a psychology experiment attended several lectures on a subject 
and took an exam. Every month for a year after the exam, the students took a retest to 
see how much of the material they remembered. The average scores for the group are 


given by the human memory model f(t) = 75 — 6In(t+ 1),0 sts 


the time in months. 


a. What was the average score on the original exam (t = 0)? 


b. What was the average score at the end of ¢ = 2 months? 


c. What was the average score at the end of t = 6 months? 


Algebraic Solution 


a. The original average score was 
f(0) = 75 — 61n(0 + 1) 
= 75 — 6ln1 
= 75 — 6(0) 


= 75, 


b. After 2 months, the average score was 
f2) = 75 — 61In(2 + 1) 
= 75 — 61n3 
= 75 — 6(1.0986) 


=~ 68.41. 


c. After 6 months, the average score was 
f(6) = 75 — 61n(6 + 1) 
= 75 — 61n7 
= 75 — 6(1.9459) 


=~ 63.32. 


Substitute 0 for f. 
Simplify. 
Property of natural logarithms 


Solution 


Substitute 2 for t. 
Simplify. 
Use a calculator. 


Solution 


Substitute 6 for f. 
Simplify. 
Use a calculator. 


Solution 
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12, where f is 


Graphical Solution 


a =75-6Ln(X+1) 
When t= 0, y= 75. 
So, the original 
average score was 75. 
0 a aes 


b. 100 
Y1=75-6Ln(X+1) 


a. 


J 12 


When t¢ = 2, y = 68.41. 
So, the average score 
after 2 months was 
about 68.41. 

0 X=2 Y=68 .408326,} 40 
0 


c. 100 
Y1=75-6Ln(X+1) 


When t = 6, y = 63.32. 
So, the average score 
after 6 months was 
about 63.32. 


0 X=6 Y=63 .324539,} 40 
0 
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In Example 10, find the average score at the end of (a) t = | month, (b) t = 9 months, 


and (c) t = 12 months. 


GO DIGITAL 


Summarize (Section 5.2) 


1. State the definition of the logarithmic function with base a (page 369) and make 


a list of the properties of logarithms (page 370). For examples of evaluating 
logarithmic functions and using the properties of logarithms, see Examples 1-3. 


. Explain how to graph a logarithmic function (pages 371 and 372). For 


examples of graphing logarithmic functions, see Examples 4-6. 


. State the definition of the natural logarithmic function and make a list of 


the properties of natural logarithms (page 373). For examples of evaluating 
natural logarithmic functions and using the properties of natural logarithms, 


see Examples 7 and 8. 


. Describe a real-life application that uses a logarithmic function to model and 


solve a problem (page 375, Example 10). 
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5.2 Exercises 


Exponential and Logarithmic Functions 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-3, fill in the blanks. 


1. The inverse function of the exponential function f(x) = a’ is the 


. The common logarithmic function has base 


. The logarithmic function f(x) = In x is the 


function with base a. 


logarithmic function and has base 


. Use the Inverse Properties of logarithms to simplify (a) log, a* and (b) b!°%»”. 


2. 
3 
4. What exponential equation is equivalent to the logarithmic equation log, b = c? 
5 
6 


. State the domain of the natural logarithmic function. 


Skills and Applications 


Writing an Exponential Equation In Exercises 7-10, 
write the logarithmic equation in exponential form. For 
example, the exponential form of log, 25 = 2 is 5? = 25. 
7. log, 16 = 2 8. log 1000 = 3 
9. logyay = —2 10. log;,4 = 2 
Writing a Logarithmic Equation In Exercises 11-14, 
write the exponential equation in logarithmic form. For 
example, the logarithmic form of 2? = 8 is log, 8 = 3. 
11. 5? = 125 12. 93/2 = 27 
13.43=% 14, 249 = 1 
Evaluating aLogarithm In Exercises 15-20, evaluate 


the logarithm at the given value of x without using a 
calculator. 


Function Value 
15. f(x) = log, x x = 64 
16. f(x) = log,,x x=5 
17. f(x) = logx x= 10 
18. f(x) = loggx x= 1 
19. g(x) = log,x x= ~/b 
20. g(x) = log, x x=a? 


Evaluating a Common Logarithm on a Calculator 
In Exercises 21-24, use a calculator to evaluate 
f(x) = log x at the given value of x. Round your result 
to three decimal places. 


21. x = 12.5 
2.5 


22. x = 96.75 

2A. x = 3 

Using Properties of Logarithms In Exercises 
25-28, use the properties of logarithms to simplify the 
expression. 
25. logs 8 
27. log, 1? 


26. log, ; 1 
28, 5853 


Using the One-to-One Property In Exercises 29-32, 
use the One-to-One Property to solve the equation for x. 
29. log.(x + 1) = log;6 30. log,(x — 3) = log, 9 

31. log 11 = log(x? + 7) 32. log(x? + 6x) = log 27 


Graphing Exponential and Logarithmic 
Functions In Exercises 33-36, sketch the graphs of f 
and g in the same coordinate plane. 


33. f(t) = 7, g(t) = log,t 34. f(t) = 5%, g(t) = logst 
35. f(t) = 6, g(t) = loggt 
36. f(t) = 10, g(t) = logt 


Matching a Logarithmic Function with Its Graph 
In Exercises 37-40, use the graph of g(x) = log,x to 
match the given function with its graph. Then describe 
the relationship between the graphs of f and g. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) 3 (b) 
5+ 
4+ 
3-4 
a+ 
1-4 
t tt 
jb 1 23-45 
(©) @  » 
3+ 
a+ 
1+ 
t t +—+-> x 
=] 1f/2 3 4 
-il|+ 
—2-+ 


37. f(x) = log;x + 2 
39. f(x) = log,(1 — x) 


38. f(x) = log3(x — 1) 
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Sketching the Graph of a Logarithmic Function In 
Exercises 41-48, find the domain, x-intercept, and vertical 
asymptote of the logarithmic function and sketch its 
graph. 

41. f(x) = log,x 

43. y = log,x + 1 

45. f(x) = —log,(x + 2) 
47. y = log(x/7) 


42. 9(x) = log. x 

44. h(x) = log,(x — 3) 

46. y = log.(x — 1) + 4 

48. y = log(—2x) 

Writing a Natural Exponential Equation In 
Exercises 49-52, write the logarithmic equation in 
exponential form. 

49. Iny = —0.693... 
51. In 250 = 5.521... 


50. In7 = 1.945... 
52. Inl = 0 


Writing a Natural Logarithmic Equation In 
Exercises 53-56, write the exponential equation in 
logarithmic form. 


53. e2 = 7.3890... 54, e~3/4 = 0.4723... 
55. e* = 3 56. e = 


Evaluating a Logarithmic Function In Exercises 
57-60, use a calculator to evaluate f(x) = 8 Inx at the 
given value of x. Round your result to three decimal 
places. 


57. x = 18 58. x = 0.74 
9, 4=>./5 60. x = 2/3 - 1 
Using Properties of Natural Logarithms 


In Exercises 61-66, use the properties of natural 
logarithms to simplify the expression. 


61. e'4 62. In(1/e?) 
63. 2.5 In 1 64. (In e)/x 
65. Ine 66. en"/e) 


Graphing a Natural Logarithmic Function In 
Exercises 67-70, find the domain, x-intercept, and 
vertical asymptote of the logarithmic function and 
sketch its graph. 


67. f(x) = Ine — 4) 
69. g(x) = In(—x) 


68. h(x) = In(x + 5) 
70. f(x) = In — x) 


AB Graphing a Natural Logarithmic Function In 


Exercises 71 and 72, use a graphing utility to graph the 
function. Use an appropriate viewing window. 


71. f(x) = In — 1) 72. f(x) =3Inx-1 
Using the One-to-One Property In Exercises 73-76, 
use the One-to-One Property to solve the equation for x. 


73. In(x + 4) = In 12 74, In(x — 7) = 1n7 
75. In(2 — x) = In6 76. In(x2 — 2) = 1n23 
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77. Monthly Payment The model 


x 
t = 16.708 In a 
approximates the term of a home mortgage of $150,000 
at a 6% interest rate, where f is the term of the mortgage 
in years and x is the monthly payment in dollars. 

(a) Approximate the terms of a $150,000 mortgage 
at 6% when the monthly payment is $897.72 and 
when the monthly payment is $1659.24. 

(b) Approximate the total amounts paid over the term 
of the mortgage with a monthly payment of $897.72 
and with a monthly payment of $1659.24. What 
amount of the total is interest costs in each case? 

(c) What is the vertical asymptote for the model? 
Interpret its meaning in the context of the problem. 

78. Aeronautics Thetimet(in minutes) foracommercial 
jet to climb to an altitude of h feet is given by 


35,000 ) 
35,000 — h 


t= 10 n( 


where 35,000 feet is the cruising altitude. 


(a) Determine the domain of the function appropriate 
for the context of the problem. 

(b) Use a graphing utility to graph the function and 
identify any asymptotes. 

(c) Find the amount of time it will take for the jet to 
reach an altitude of 10,000 feet. 

(d) Find the altitude of the jet after 10 minutes. 

79. Population The time ¢ (in years) for the world 
population to double when it is increasing at a continuous 
rate r (in decimal form) is given by 

_in2 
= 

(a) Complete the table and interpret your results. 


t 


r | 0.005 | 0.010 | 0.015 | 0.020 | 0.025 | 0.030 


ip 


AL (b) Use a graphing utility to graph the function. 
80. Compound Interest A principal P, invested at 53% 
and compounded continuously, increases to an amount 


K times the original principal after t years, where 
t = (In K)/0.055. 


(a) Complete the table and interpret your results. 


K}\}1/}/2)}4)6) 8) 10; 12 


t 


(b) Sketch a graph of the function. 
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81. Human Memory Model 
Students in a mathematics class took an exam and 
then took a retest monthly with an equivalent exam. 
The average scores for the class are given by the 
human memory model 

f(t) = 80 — 17 log(t + 1), 


where ¢ is the time in months. 


Osrt<sil12 


(a) Use a graphing 
utility to graph 
the model over 
the specified 

domain. 
What was the 
average score 
on the original 
exam (t = 0)? 


(c) What was the average score after 4 months? 


(d) What was the average score after 10 months? 


Exploring the Concepts 


True or False? In Exercises 82 and 83, determine 
whether the statement is true or false. Justify your answer. 


82. You can determine the graph of f(x) = log.x by 


graphing g(x) = 6* and reflecting it about the x-axis. 


83. The graph of f(x) = In(—x) is a reflection of the graph 


of h(x) = e~* in the line y = —x. 


OH HOW DO YOU SEE IT? The figure shows ) 


the graphs of f(x) = 3* and g(x) = log, x. 
[The graphs are labeled m and n.] 


(a) Match each function with its graph. 
(b) Given that f(a) = b, what is g(b)? Explain. | 


85. Think About It Find the value of the base b so that 
the graph of f(x) = log, x contains the point (x, 2). 

86. Writing Explain why log,x is defined only for 
O<a<landa>1l. 


© YAKOBCHUK VASYL/Shutterstock.com 


Exponential and Logarithmic Functions 


Error Analysis In Exercises 87 and 88, describe the 
error. 


87. (1, 0), (2, 1), (8, 3) 


From the ordered pairs (x, y), you can 
conclude that y is an exponential function of x. 


x 


83. 1/2) 5 


32 


y|2|4 


From the table, you can conclude 
that y is a logarithmic function of x. 


x 


Exploration Let f(x) = Inx and g(x) = x!” 


(a) Use a graphing utility to graph g (for n = 2) and f 
in the same viewing window. 


89. 


(b) Determine which function is increasing at a 
greater rate as x approaches infinity. 

(c) Repeat parts (a) and (b) for n = 3, 4, and 5. What 
do you notice? 


90. Numerical Analysis 
(a) Complete the table for the function f(x) = (In x)/x. 
x 1 | 5 | 10 | 107 | 10% | 10° 
f(x) 


(b) Use the table in part (a) to determine what value 
f(x) approaches as x increases without bound. 

(c) Use a graphing utility to confirm the result of 
part (b). 


Video solutions at 


Review & Refresh » LarsonPrecalculus.com 


Using Properties of Exponents In Exercises 91-94, 
simplify each expression. 


91. (x 'y’)(x4y?) 


mn? 


3 


92. (a2b-5) 
94, (Sy 


Dividing Polynomials In Exercises 95-98, use long 
division or synthetic division to divide. 

95. (5x2 — 17x — 12) + (x — 4) 

96. (6x? — 16x? + 17x — 6) + (3x — 2) 

97. (180x — x*) + (x — 6) 

98. (5 — 3x + 2x? — x3) + (x + 1) 


93. 


m~>n3 


Finding Compositions of Functions In Exercises 
99-102, find (a) f° g, (b) g of, and (c) g -g. 
99. f(x) =x — 3, a(x) = 4x 4+ 1 
100. f(x) =x + 2, 9(x) =x - 4 
101. f(x) = J? — 9, g(x) = -1/x 
102. f(x) = 4x +2, g(x) =x*-2 
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5.3 Properties of Logarithms 


© Use the change-of-base formula to rewrite and evaluate logarithmic expressions. 
© Use properties of logarithms to evaluate or rewrite logarithmic expressions. 

© Use properties of logarithms to expand or condense logarithmic expressions. 
© Use logarithmic functions to model and solve real-life problems. 


Change of Base 


Most calculators have only two types of log keys, for common logarithms 
(base 10) and for natural logarithms (base e). Although common logarithms and 
natural logarithms are the most frequently used, you may occasionally need to evaluate 
logarithms with other bases. To do this, use the change-of-base formula. 


Logarithmic functions have 
many real-life applications. 


For example, in Exercise 79 Change-of-Base Formula | 
on page 384, you will find a ™ 
logarithmic equation that relates Let a, b, and x be positive real numbers such that a # 1 and b ¥ 1. To convert 
an animal's weight and its lowest log, x to a different base, use one of the formulas listed below. 
stride frequency while galloping. 
Base b Base 10 Base e 
log, x log x In x 
log, x = 2 log, x = ee log, x = ——_ 
log, a loga Ina 


One way to look at the change-of-base formula is that logarithms with base a are 
constant multiples of logarithms with base b. The constant multiplier is 


1 
log, a 


EXAMPLE 1 Changing Bases Using Common Logarithms 


log, 25 = oe 18 = og 
= 1.39794 Use a calculator. 
0.60206 
=~ 2.3219 Simplify. 


VY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Evaluate log, 12 using the change-of-base formula and common logarithms. 


EXAMPLE 2 Changing Bases Using Natural Logarithms 


_ In 25 _ Inx 
log, 25 = ina log, x = aa 
= 3.21888 1 het 
1.38629 se a Calculator. 
= 2.3219 Simplify. 


Yi Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Evaluate log, 12 using the change-of-base formula and natural logarithms. a 


GO DIGITAL 
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Properties of Logarithms 


You know from the preceding section that the logarithmic function with base a is 
the inverse function of the exponential function with base a. So, it makes sense that 
the properties of exponents have corresponding properties involving logarithms. For 
example, the exponential property aa” = a”*" has the corresponding logarithmic 
property log (uv) = log, u + log, v. 


Properties of Logarithms ) 


There is no property that can 


be used to rewrite log (w = v). Let a bea positive number such that a # 1, let n be a real number, and let u and 
Specifically, log,(u + v) is not v be positive real numbers. 
equal to log ,u + log, v. Logarithm with Base a Natural Logarithm 
; 1. Product Property: log (uv) = log, u + log,v In(uv) = Inu + Inv 
2. Quotient Property: log, ~ = log, u — log, v In~ =Inu-—Inv 
3. Power Property: log, u" =nlog,u Inu” =ninu 


For proofs of the properties listed above, see Proofs in Mathematics on page 414. 


EXAMPLE 3 Using Properties of Logarithms 


HISTORICAL NOTE Write each logarithm in terms of In 2 and In 3. 


2 
a. In 6 b. In 
27 
Solution 
a. In6 = In(2 : 3) Rewrite 6 as 2 + 3. 
=In2+1n3 Product Property 
2 
b. In Oy = In2 — In27 Quotient Property 
= In2 — In3? Rewrite 27 as 33. 
John Napier, a Scottish 
mathematician, developed = In2—-31n3 Power Property 
logarithms as a way 
to simplify tedious mi Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
calculations. Napier worked 
about 20 years on the Write each logarithm in terms of log 3 and log 5S. 


development of logarithms 
before publishing his 
work is 1614. Napier only 
partially succeeded in his 
quest to simplify tedious 
calculations. Nonetheless, the Using Properties of Logarithms 
development of logarithms 
was a step forward and 
received immediate 


recognition. Solution 
logs ¢/5 = logs 5"? = j logs 5 = 3(1) = 5 


yA Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


a. log 75 b. log 7 


Find the exact value of log, 3/5 without using a calculator. 


Find the exact value of In e® — In e? without using a calculator. o 


GO DIGI 
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>>>» SKILLS REFRESHER 


For a refresher on rewriting 
expressions with rational 
exponents, watch the video 
at LarsonPrecalculus.com. 


| 
Paes 
cans 


Pais 


GO DIGITAL 


5.3 Properties of Logarithms 381 


Rewriting Logarithmic Expressions 


The properties of logarithms are useful for rewriting logarithmic expressions in forms 
that simplify the operations of algebra. This is true because these properties convert 
complicated products, quotients, and exponential forms into simpler sums, differences, 
and products, respectively. 


EXAMPLE 5 Expanding Logarithmic Expressions 


Expand each logarithmic expression. 


é J/3x — 5 
7 


a. log, 5x*y b. 


Solution 


a. log, 5x°y = log, 5 + log, x? + log, y 
= log, 5 + 3 log, x + log, y 
J3x-5 | (3x — 5)'/? 
b. In 7 In 7 
= In(3x — 5)!/2 — In7 


Product Property 


Power Property 


Rewrite using rational exponent. 


Quotient Property 


1 
= 5 In(Bx _ 5) —|n7 Power Property 


SY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Axt 
Jy 


Example 5 uses the properties of logarithms to expand logarithmic expressions. 
Example 6 reverses this procedure and uses the properties of logarithms to condense 
logarithmic expressions. 


EXAMPLE 6 Condensing Logarithmic Expressions 


p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Expand the expression log, 


Condense each logarithmic expression. 


b. 2 In(x + 2) — Inx c. t[log, x + log,(x + 1)] 


a. +logx + 3 log(x + 1) 

Solution 

a. +logx + 3 log(x + 1) = log x!/? + log(x + 1)3 Power Property 
= log| Vx (x + 1) 

b. 2 In(x + 2) — Inx = In(x + 2)? — Inx 


(x + 2)? : 
= In ——— Quotient Property 
Xx 


Cc. t[log, x + log,(x + 1)] = + logs[x(x + 1)] 
= log,[x(x + 1)]' 
= log, /x(x + 1) 


VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Product Property 


Power Property 


Product Property 
Power Property 


Rewrite with a radical. 


Condense the expression 2[log(x + 3) — 2 log(x — 2)]. | 
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382 Chapter 5 


Planets Near the Sun 


Exponential and Logarithmic Functions 


Application 


One way to determine a possible relationship between the x- and y-values of a set 
of nonlinear data is to take the natural logarithm of each x-value and each y-value. 
If the plotted points (In x, In y) lie on a line, then x and y are related by the equation 
In y = m In x, where m is the slope of the line. 


EXAMPLE 7 Finding a Mathematical Model 


The table shows the mean distance x from the sun and the period y (the time it takes a 
planet to orbit the sun, in years) for each of the six planets that are closest to the sun. 
In the table, the mean distance is given in astronomical units (where one astronomical 
unit is defined as Earth’s mean distance from the sun). The points from the table are 
plotted in Figure 5.13. Find an equation that relates y and x. 


Planet Mean Distance, x Period, y 
=| Mercury 0.387 0.241 
Z Venus 0.723 0.615 
aé Earth 1.000 1.000 
22) Mars 1.524 1.881 
22| Jupiter 5.203 11.857 
°"! Saturn 9.537 29.424 


y 
A 
30 2 Safer g 
a 25 8 
a 
2 20 Eee eae eee eee 
| Mercury 
Ses 
= 1) a 
a pe 
5 Se 
_——— Mars 
a 
2 4 6 8 10 
Mean distance 
(in astronomical units) 
Figure 5.13 
Planet In x Iny 
Mercury | —0.949 | — 1.423 
Venus — 0.324 | —0.486 
Earth 0.000 0.000 
Mars 0.421 0.632 
Jupiter 1.649 2.473 
Saturn 2.255 3.382 
Saturn 
Jupiter 
+——> In x 
3 


Solution From Figure 5.13, it is not clear how to find an equation that relates 

y and x. To solve this problem, make a table of values giving the natural logarithms 

of all x- and y-values of the data (see the table at the left). Plot each point (In x, In y). 

These points appear to lie on a line (see Figure 5.14). Choose two points to determine 

the slope of the line. Using the points (0.421, 0.632) and (0, 0), the slope of the line is 
_ 0.632 — 0 3 


(=6° 9 


m 


By the point-slope form, the equation of the line is Y = 2X, where Y = Iny and 
X = Inx. So, an equation that relates y and x is Iny = >In x. 


VY Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find a logarithmic equation that relates y and x for the following ordered pairs. 


(0.37, 0.51), (1.00, 1.00), (2.72, 1.95), (7.39, 3.79), (20.09, 7.39) a 


Summarize (Section 5.3) 


1. State the change-of-base formula (page 379). For examples of using the 
change-of-base formula to rewrite and evaluate logarithmic expressions, 
see Examples 1 and 2. 


2. Make a list of the properties of logarithms (page 380). For examples of using 
the properties of logarithms to evaluate or rewrite logarithmic expressions, 
see Examples 3 and 4. 

3. Explain how to use the properties of logarithms to expand or condense 
logarithmic expressions (page 381). For examples of expanding and 
condensing logarithmic expressions, see Examples 5 and 6. 

4. Describe an example of how to use a logarithmic function to model and solve 
a real-life problem (page 382, Example 7). 
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5.3 Exercises 


5.3. Properties of Logarithms 383 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


| 
GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. To evaluate a logarithm to any base, use the 


2. When you consider log,,x to be a constant multiple of log, x, 


the constant multiplier is 


In 3 In 24 
3. Is log, 24 = —— or log, 24 = —— correct? 
In 24 . In 3 


formula. 


4. Name the property of logarithms illustrated by each statement. 


(a) In(uv) = Inu + Inv (b) log, uv” = nlog, u 


Skills and Applications 


Changing Bases In Exercises 5-8, rewrite the 
logarithm as a ratio of (a) common logarithms and 
(b) natural logarithms. 


5. log; 16 
de log, 


6. logis 4 


8. log, 6x 


Using the Change-of-Base Formula In Exercises 
9-12, evaluate the logarithm using the change-of-base 
formula. Round your result to three decimal places. 
9. log, 17 
10. logy, 12 
11. log, 0.5 
12. log,/3 0.125 
Using Properties of Logarithms In Exercises 13-18, 


use the properties of logarithms to write the logarithm in 
terms of log, 5 and log, 7. 


13. log, 35 
15. log; 5 
17. log, 2 


14. log, 

16. log, 175 
45 

18. log, 45 


Using Properties of Logarithms In Exercises 19-32, 
find the exact value of the logarithmic expression 
without using a calculator. (If this is not possible, state 
the reason.) 


19. log, 9 20. log, os 

21. log, 3/1 22. log, 4/8 

23. log,(—2) 24. log,(— 27) 

25. In 4/e3 26. In(1//e) 

27. Ine? + Ine? 28. 2 In e® — Ine 
29. log, 75 — log, 3 30. log, 2 + log, 32 
31. log, 8 32. log, 16 


(c) n= = Inu — Inv 
v 


Using Properties of Logarithms In Exercises 33-40, 
approximate the logarithm using the properties of 
logarithms, given log, 2 ~ 0.3562, log, 3 = 0.5646, and 
log, 5 = 0.8271. 


33. log, 10 34, log, 3 
35. log, 0.04 36. log, /2 
37. log, 45 38. log,(3b7) 


39. log,(2b)~? 40. log, 3/3b 


Expanding a Logarithmic Expression In Exercises 
41-62, use the properties of logarithms to expand the 
expression as a sum, difference, and/or constant multiple 
of logarithms. (Assume all variables are positive.) 


41. In 7x 42. log, 13z 
43. log, x+ 44. In(xy)3 
5 w? 
45. log; : 46. log, an 
47. In \/z 48. In 3/1 
49. In xyz? 50. log, 11b?c 
Di oe 
51. Inez—1)2, 2>1 52. In = b ge4 
| pe im 
53. log, at a>2 
54. In Sa 
Jeti 
x? xy 
55. logs y3 56. logio ee 
2 
57. ii 58. In 3/2 
y x 
59. In x? - 60. log, x* = 
61. In o/3(x? + 3) 62. In /x2(x + 2) 
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Chapter 5 


Condensing a Logarithmic Expression In Exercises 
63-76, condense the expression to the logarithm of a 
single quantity. 


63. 
65. 
67. 
69. 
71. 
72. 
73. 
74. 
75. 
76. 


In3 + Inx 64. log; 8 — logst 
+ log,(z — 2) 66. —4 In 3x 
log, 5x — 4 log, x 68. 2 log, x + 4 log, y 


logx + 2log(x +1) 70. 


log x — 2logy + 3 logz 


2In8 — 5 In(z — 4) 


3 log, x + i log, y — 4 log, z 

In x — [In(x + 1) + In@ — 1)] 

4[In z + In(z + 5)] — 2 In(z — 5) 

5[2 In(x + 3) + Inx — In(? — 1)] 
S[log,(x + 1) + 2 log,(x — 1)] + 6 log, x 


Curve Fitting InExercises77 and 78, find a logarithmic 
equation that relates y and x. 


is 


78. 


79. Stride Frequency of Animals 


x 1 2 3 4 ) 6 
y | 2.5 | 2.102 | 1.9 | 1.768 | 1.672 | 1.597 
x | 1 2 3 4 5 6 
y | 1 | 1.189 | 1.316 | 1.414 | 1.495 | 1.565 


Four-legged animals run with 
two different types 
of motion: trotting 
and galloping. An 
animal that is trotting 
has at least one foot 
on the ground at all 
times, whereas an 
animal that is galloping 
has all four feet off the ground at some point in its 
stride. The number of strides per minute at which 
an animal breaks from a trot to a gallop depends 
on the weight of the animal. Use the table to find a 
logarithmic equation that relates an animal’s weight 
x (in pounds) and its lowest stride frequency while 
galloping y (in strides per minute). 


Weight, x Stride Frequency, y 


LarsonPrecalculus.com 


Spreadsheet at 


© Anup Shah/Getty Images 


Exponential and Logarithmic Functions 


80. Nail Length The approximate lengths and diameters 


A 381. 


(in inches) of bright common wire nails are shown in 
the table. Find a logarithmic equation that relates the 
diameter y of a bright common wire nail to its length x. 


Length, x | Diameter, y 
2 0.113 
3 0.148 
4 0.192 
5 0.225 
6 0.262 


Comparing Models A cup of water at an initial 
temperature of 78°C is placed in a room at a constant 
temperature of 21°C. The temperature of the water is 
measured every 5 minutes during a half-hour period. 
The results are recorded as ordered pairs of the form 
(t, T), where f is the time (in minutes) and T is the 
temperature (in degrees Celsius). 


(0, 78.0°), (5, 66.0°), (10, 57.5°), (15, 51.2°), 
(20, 46.3°), (25, 42.4°), (30, 39.6°) 


(a) Subtract the room temperature from each of the 
temperatures in the ordered pairs. Use a graphing 
utility to plot the data points (t, T) and (t, T — 21). 
An exponential model for the data (t, T — 21) is 
T — 21 = 54.4(0.964)". Solve for T and graph 
the model. Compare the result with the plot of the 
original data. 


(b) 


(c 


Nee 


Use the graphing utility to plot the points 
(t, In(T — 21)) and observe that the points appear to 
be linear. Use the regression feature of the graphing 
utility to fit a line to these data. This resulting 
line has the form In(T — 21) = at + b, which is 
equivalent to e!™7—2!) = e+, Solve for T, and 
verify that the result is equivalent to the model in 
part (b). 

Fit a rational model to the data. Take the reciprocals 
of the y-coordinates of the revised data points to 
generate the points 


(pai) 
"T— 21) 


Use the graphing utility to graph these points and 
observe that they appear to be linear. Use the 
regression feature of the graphing utility to fit a line 
to these data. The resulting line has the form 


(d 


wm 


=at+b. 
TO] at +b 


Solve for T, and use the graphing utility to graph the 
rational function and the original data points. 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


82. Writing Write a short paragraph explaining why 
the transformations of the data in Exercise 81 were 
necessary to obtain the models. Why did taking the 
logarithms of the temperatures lead to a linear scatter 
plot? Why did taking the reciprocals of the temperatures 
lead to a linear scatter plot? 


Exploring the Concepts 


True or False? In Exercises 83-88, determine whether 
the statement is true or false given that f(x) = Inx. 
Justify your answer. 


83. (0) = 0 
84. flax) = f(a) +f), a>0, x>0 
85. f(x — 2) = f(x) — f(2), x >2 


86. /f(x) = 5f(x) 
87. If f(u) = 2f(v), then v = w?. 
88. If f(x) < 0, thenO0 <x < 1. 


Error Analysis In Exercises 89 and 90, describe the 
error. 

89. (In e)? = 2(In e) 

= 2(1) 

= x 

= log,(4 + 4) 

= log, 4 + log, 4 

= log, 2? + log, 2? 

=2+2 


= x 


90. log, 8 


Ab 91. Graphical Reasoning Use a graphing utility 


to graph the functions y, = Inx — In(x — 3) and 


x, ats i 
3 in the same viewing window. Does the 
graphing utility show the functions with the same 
domain? If not, explain why some numbers are in the 


domain of one function but not the other. 


92. HOW DO YOU SEE IT? The figure shows 
the graphs of y = In x, y = In x’, y = In 2x, 
and y = In 2. Match each function with its 
graph. (The graphs are labeled A through D.) 
Explain. 
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Comparing Logarithmic Quantities In Exercises 
93 and 94, determine which (if any) of the logarithmic 
expressions are equal. Justify your answer. 

log, 32 i 32 
jog 4 °° Pg 
94. log,./70, log, 35, 


93. 


log, 32 — 


5 + log, /10 


log, 4 


AB Using the Change-of-Base Formula In Exercises 


95-98, use the change-of-base formula to rewrite the 
logarithm as a ratio of logarithms. Then use a graphing 
utility to graph the ratio. 


95. f(x) = log, x 


96. f(x) = log, /. x 
97. f(x) = log, 4x 
98. f(x) = logy, 3x 


99. Think About It For which integers between 1 
and 20 can you approximate natural logarithms, 
given the values In 2 ~ 0.6931, In3 ~ 1.0986, and 
In 5 ~ 1.6094? Approximate these logarithms. (Do 
not use a calculator.) 

log, x 


100. Proof Prove that 
log, /oX 


1 
= 1 + log. 7 


Video solutions at 


Review & Refresh LarsonPrecalculus.com 


Solving an Equation In Exercises 101-108, solve the 
equation. Check your answers. 

101. x(x + 5) = 24 102. x(x — 4) = 12 
103.x-4/x+3=0 104 2x-3/x-2=0 
105. 5* = 625 106. (7) =8 

107. et? = 108. e* =e 

Solving a Quadratic Equation by Factoring In 
Exercises 109-114, solve the quadratic equation by 
factoring. 

109. x7 — 5x =0 

111. x? = 3x +4 

113. x7 + 8x + 16=0 


110. 4x27 + x=0 
112. x? — 5x = 50 
114. 4x2 + 9 = 12x 


Determining Solution Points In Exercises 115-120, 
determine whether each point lies on the graph of the 
equation. 


Equation Points 
115. y= /5—x (a) (1, ‘ (b) (5, 0) 
116. y = 3 — 2x2 (a) (-1,1) (b) (—2, 11) 
117. y=|x-1,/+2 @ QQ, : (b) (—1, 0) 
118. x2 + y? = 20 (a) (3, —2) (b) (—4, 2) 
119. y = 3/2 +2 (a) (4, 10) (b) (—4, —6) 
(a 


120. y = In(x + 5) (a) (e-5,1) (b) (@ — 5,3) 
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5.4 Exponential and Logarithmic Equations 


Exponential and logarithmic 
equations have many life science 
applications. For example, 
Exercise 79 on page 394 uses an 
exponential function to model 
the beaver population in a given 
area. 


| » 

| ALGEBRA HELP 
Remember that the natural 
logarithmic function has a 
base of e. 


Eley] 
hea 


mee 
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© Solve simple exponential and logarithmic equations. 

© Solve more complicated exponential equations. 

© Solve more complicated logarithmic equations. 

© Use exponential and logarithmic equations to model and solve real-life problems. 


Introduction 


So far in this chapter, you have studied the definitions, graphs, and properties of 
exponential and logarithmic functions. In this section, you will study procedures for 
solving equations involving exponential and logarithmic expressions. 

There are two basic strategies for solving exponential or logarithmic equations. 
The first is based on the One-to-One Properties and was used to solve simple exponential 
and logarithmic equations in Sections 5.1 and 5.2. The second is based on the Inverse 
Properties. Fora > 0 anda # 1, the properties below are true for all x and y for which 
log, x and log, y are defined. 


One-to-One Properties Inverse Properties 
a* = a if and only if x = y. 8a = x 
log, x = log, y if and only if x = y. log, a =x 
EXAMPLE 1 Solving Simple Equations 
Original Rewritten 
Equation Equation Solution Property 
a. 2* = 32 2=2 x=5 One-to-One 
b. Inx —In3 =0 Inx = In3 x=3 One-to-One 
1 x 
c. (5) =9 3% = 3? x=-2 One-to-One 
d. eX =7 Ine* = In7 x =I1n7 Inverse 
e. Inx = —3 enx = e73 x=e3 Inverse 
f. logx = —1 10%*= 10"! = =x=107'= 75 Inverse 
g. log,x =4 gloss ¥ = 34 x= 81 Inverse 


SY Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve each equation for x. 


a. 2*=512 b.loyx=3 ca 5-er= d. 9 = a 


Strategies for Solving Exponential and Logarithmic Equations | 


1. Rewrite the original equation in a form that allows the use of the One-to-One 
Properties of exponential or logarithmic functions. 

2. Rewrite an exponential equation in logarithmic form and apply the 
Inverse Property of logarithmic functions. 

3. Rewrite a logarithmic equation in exponential form and apply the 
Inverse Property of exponential functions. 
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Another way to solve 
Example 3(a) is by taking the 
natural log of each side and 


then applying the Power 
Property. 
3(2*) = 42 
2* = 14 
In 2* = In 14 
xIn2 = In 14 
_Inl4 
In 2 
x =~ 3.807 
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Solving Exponential Equations 


EXAMPLE 2 Solving an Exponential Equation 


ee = e354 Original equation. 
—x? = —-3x-4 One-to-One Property 
x? -— 3x-4=0 Write in general form. 
(x + 1) - 4) =0 Factor. 


x+1=0 @D x=-l1 
x-4=0 DD x=4 


Set Ist factor equal to 0. 


Set 2nd factor equal to 0. 


The solutions are x = — 1 and x = 4. Check these in the original equation. 
sf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve e2% = ev 8, 


EXAMPLE 3 Solving Exponential Equations 


Solve each equation and approximate the result to three decimal places. 


a. 3(2)=42 bet+5=60 

Solution 

a. 3(2*) = 42 Write original equation. 
= 14 Divide each side by 3. 


log, 2* = log, 14 Take log (base 2) of each side. 


x= log, 14 Inverse Property 
In 14 
= Change-of-base formula 
In 2 
x = 3.807 Use a calculator. 


The solution is x = log, 14 ~ 3.807. Check this in the original equation. 
b. eX + 5 = 60 


Write original equation. 


e*=55 Subtract 5 from each side. 

In e* = In 55 Take natural log of each side. 
x = In55 Inverse Property 
x =~ 4.007 Use a calculator. 


The solution is x = In 55 ~ 4.007. Check this in the original equation. 
ry Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve each equation and approximate the result to three decimal places. 


a. 2(5) = 32 -b. e&§ —-7 = 23 a 


In Example 3(a), the exact solution is x = log, 14, and the approximate solution 
is x ~ 3.807. An exact solution is preferred when it is an intermediate step in a larger 
problem. For a final answer, an approximate solution is more practical. 
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EXAMPLE 4 Solving an Exponential Equation 


2(3-5) 4 =8 
2(32'-5) = 12 
321-5 6 


log, 37-> = log, 6 


Original equation. 
Add 4 to each side. 


Divide each side by 2. 


Take log (base 3) of each side. 


2t-5= log, 6 Inverse Property 
2t = 5 + log, 6 Add 5 to each side. 
5. ol . 
t= oy 7 > log, 6 Divide each side by 2. 
t= a oF - (2S) Ch f-base f ] 
27 3\in3 ange-of-base formula 
t ~ 3.315 Use a calculator. 


1 
The solution is t = 2 + > log, 6 ~ 3.315. Check this in the original equation. 


Ye Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Solve 6(2'+°) + 4 = 22 and approximate the result to three decimal places. a 
When an equation involves two or more exponential expressions, you can still 


use a procedure similar to that demonstrated in Examples 2, 3, and 4. However, it may 
include additional algebraic techniques. 


Solving an Exponential Equation of Quadratic Type 


Solve e* — 3e* + 2= 0. 
Algebraic Solution 

e* — 3e*+2=0 

(e*)? — 3e° + 2=0 

(e* — 2)(e*-— 1) =0 


e-—-2=0 
e= 
x =1n2 
e*~-—1=0 
e=1 
x=Inl 
x=0 


Graphical Solution 


Use a graphing utility to graph y = e?* — 3e* + 2 and 
then find the zeros. 


Write original equation. 
Write in quadratic form. 


Factor. 


Set Ist factor equal to 0. 
Add 2 to each side. 


Inverse Property 


Set 2nd factor equal to 0. 


Add | to each side. 
Inverse Property So, the solutions are x = 0 and x ~ 0.693. 


Property of natural logarithms 


The solutions are x = In2 ~ 0.693 and x = 0. Check these in the 


original equation. 


VY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve e7* — Je* + 12 = 0. 
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When solving equations, 
remember to check your 
solutions in the original 
equation to verify that the 
answer is correct and to make 
sure that the answer is in the 


domain of the original equation. 


5.4 Exponential and Logarithmic Equations 


389 


Solving Logarithmic Equations 


To solve a logarithmic equation, write it in exponential form. This procedure is called 


exponentiating each side of an equation. 


Inx = 3 
elnx = oe 
x=eé 


Logarithmic form 
Exponentiate each side. 


Exponential form 


EXAMPLE 6 Solving Logarithmic Equations 


a. Inx = 2 
ea 2 
x=e 
b. log,(5x — 1) = log,(x + 7) 
5Sx-1l=x+7 
x=2 


c. log.(3x + 14) — log. 5 = log, 2x 


+ 14 
toa" = "4) = log, 2x 


+ 14 
aan 
3x + 14 = 10x 

x=2 


Original equation 
Exponentiate each side. 
Inverse Property 
Original equation 
One-to-One Property 
Solve for x. 


Original equation 


Quotient Property of Logarithms 


One-to-One Property 


Multiply each side by 5. 


Solve for x. 


Sf Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve each equation. 


2 
.Inx=< 
a. Inx 3 


EXAMPLE 7 Solving a Logarithmic Equation 


Solve 5 + 2 In x = 4 and approximate the result to three decimal places. 


Algebraic Solution 


Graphical Solution 


b. log,(2x — 3) = log,(x + 4) 


c. log 4x — log(12 + x) = log2 


The intersection point is 
about (0.607, 4). 


1 


54+ 2Inx=4 Write original equation. 6 
2Inx = -1 Subtract 5 from each side. 
_ 1 i . 
Inx = 5 Divide each side by 2. y,=5+2In x] 
Intersection 
elnx = eA 1/2 Exponentiate each side. 0 a 
x=e! Inverse Property a 
So, the solution is x ~ 0.607. 
x = 0.607 Use a calculator. 


of Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Solve 7 + 3 Inx = 5 and approximate the result to three decimal places. 
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EXAMPLE 8 Solving a Logarithmic Equation 


Solve 2 log; 3x = 4. 


Solution 
2 log, 3x = 4 Write original equation. 
log, 3x = 2 Divide each side by 2. 
Slogs 3x = 52 Exponentiate each side (base 5). 
3x = 25 Inverse Property 
25 as ’ 
x= 3 Divide each side by 3. 


The solution is x = 25/3. Check this in the original equation. 

Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 

Solve 3 log, 6x = 9. a 
The domain of a logarithmic function generally does not include all real numbers, 


so you should be sure to check for extraneous solutions of logarithmic equations, as 
shown in the next example. 


EXAMPLE 9 Checking for Extraneous Solutions 


Solve log 5x + log(x — 1) = 2. 


Algebraic Solution Graphical Solution 
log 5x + log(x — 1) = 2 Write original equation. First, rewrite the original equation as 
log[Sx(x — 1)] = 2 Product Property of Logarithms log 5x + log(x — 1) -2=0. 
[Qes6Y 54) = 167 Exponentiate each side (base 10). Then use a graphing utility to graph the equation 
5x? — 5x = 100 Inverse Property y = log 5x + log(x — 1) — 2 
x—x-20=0 Write in general form. and find the zero(s). 
(x — 5)\(x + 4) =0 Factor. 


[_y = log 5x + log(x- 1)-2] 


x-5=0 Set Ist factor equal to 0. 3 


x=5 Solve for x. \ 
x+4=0 Set 2nd factor equal to 0. 0 | : F ; 9 A zero occurs at 
x=-4 Solve for x. x= 5. 


Zero 
: X=5 Y=0 
The solutions appear to be x = 5 and x = —4. However, when you 3 
check these in the original equation, you can see that x = 5 is the only 
solution. So, the solution is x = 5. 


i Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Solve log x + log(x — 9) = 1. | 
In Example 9, the domain of log 5x is x > 0 and the domain of log(x — 1) is 


x > 1, so the domain of the original equation is x > 1. This means that the solution 
x = —4 is extraneous. The graphical solution supports this conclusion. 
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Applications 


> O\ Ee §=Doubling an Investment 


p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


You invest $500 at an annual interest rate of 6.75%, compounded continuously. How 
long will it take your money to double? 


Solution Using the formula for continuous compounding, the balance is 
A = Pe” 
A= 500e9-9675¢, 


To find the time required for the balance to double, let A = 1000 and solve the resulting 
equation for f. 


500e°°°75 = 1000 Let A = 1000. 
9.06751 — 2 Divide each side by 500. 
In €%°675! = Jn 2 Take natural log of each side. 
0.0675t = In 2 Inverse Property 
t= ine Divide each side by 0.0675. 
0.0675 


t ~ 10.27 Use a calculator. 


The balance in the account will double after approximately 10.27 years. This result is 
demonstrated graphically below. 


A Doubling an Investment 


(10.27, 1000) 


Balance (in dollars) 


Time (in years) 


OY Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


You invest $500 at an annual interest rate of 5.25%, compounded continuously. 
How long will it take your money to double? Compare your result with that of 
Example 10. a 


In Example 10, an approximate answer of 10.27 years is given. Within the context 
of the problem, the exact solution 


— In 2 
0.0675 
Bas does not make sense as an answer. 
GO DIGITAL 
Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


392 Chapter 5 Exponential and Logarithmic Functions 


EXAMPLE 11 Movie Ticket Sales 


The total ticket sales y (in millions of dollars) of a movie ¢ days after its release can be 
modeled by 


y = 36.54 141.14Int, t> 1. 


After how many days will the total sales reach $330 million? Estimate the answer 
(a) numerically, (b) graphically, and (c) algebraically. 


Solution 


a. To estimate the number of days numerically, construct a table. 


600 t 1 2 3 4 5 6 7 8 
y | 37 | 134 | 192 | 232 | 264 | 289 | 311 | 330 


fy Sa ee 42 From the table, the total sales will reach $330 million after 8 days. 
fob D0uKs2. ¥=330 b. Use a graphing utility to graph y, = 36.5 + 141.14 Int and y, = 330 in the same 
~200 viewing window, as shown in Figure 5.15. Using the intersect feature, the point of 
Figure 5.15 intersection is about (8, 330). So, the total sales will reach $330 million after 8 days. 


c. Let y = 330 in the original equation and solve for tf. 


36.5 + 141.14Int=y Write original equation. 
36.5 + 141.14 Int = 330 Substitute 330 for y. 
141.14 Int = 293.5 Subtract 36.5 from each side. 
293.5 
Int = Divide each side by 141.14. 
141.14 
t = €293.5/141.14 Inverse Property 


t~ 8 Use a calculator. 


The solution is t ~ 8. So, the total sales will reach $330 million after 8 days. 
SY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The total ticket sales y (in millions of dollars) of a movie ¢ days after its release can 
be modeled by y = 17 + 46.1 Int, where t 2 1. After how many days will the total 
sales reach $100 million? Estimate the answer (a) numerically, (b) graphically, and 
(c) algebraically. 


Summarize (Section 5.4) 


1. State the One-to-One Properties and the Inverse Properties that are used 
to solve simple exponential and logarithmic equations (page 386). For 
an example of solving simple exponential and logarithmic equations, see 
Example 1. 

2. Describe strategies for solving exponential equations (pages 387 and 388). 
For examples of solving exponential equations, see Examples 2-5. 

3. Describe strategies for solving logarithmic equations (pages 389 and 390). 
For examples of solving logarithmic equations, see Examples 6-9. 

4. Describe examples of how to use exponential and logarithmic equations 


to model and solve real-life problems (pages 391 and 392, Examples 10 
and 11). 
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5.4 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


5.4 Exponential and Logarithmic Equations 393 
oye | 
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Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. To solve exponential and logarithmic equations, you can use the One-to-One and 


Inverse Properties below. 
(a) a* = a if and only if 
(c) q'©Sa* = 


2. An 


(b) log, x = log, y if and only if 
(d) log ,a* = 
solution does not satisfy the original equation. 


3. Describe how a One-to-One Property can be used to solve 5* = 125. 


4. Do you solve log, x = 2 by using a One-to-One Property or an Inverse Property? 


Skills and Applications 


Determining Solutions In Exercises 5-8, determine 
whether each x-value is a solution (or an approximate 
solution) of the equation. 


5. 42*-7 = 64 6. 4e*-! = 60 
(a) x =2 (a) x=1+1n15 
(b) x = 5(log, 64 + 7) (b) x = In 16 


7. log,(x + 3) = 10 
(a) x = 1021 
(b) x = 102 — 3 
8. In(2x + 3) = 5.8 
(a) x = 5(-3 + 1n5.8) 
(b) x = 5(-3 + e558) 


Solving a Simple Equation In Exercises 9-18, solve 
for x. 


9, 4° = 16 10. (5)" = 32 

11. Inx —In2=0 12. log x — log 10 = 0 
13. e =2 14, e* = 5 

15. Inx = —-1 16. log x = —2 

17. log,x = 3 


18. log,x = 5 


Approximating a Point of Intersection In Exercises 
19 and 20, approximate the point of intersection of the 
graphs of f and g. Then solve the equation f(x) = g(x) 
algebraically to verify your approximation. 


19. f(x) = 2%, g(x) = 8 20. f(x) = log; x, g(x) = 2 
y y 
A 


Solving an Exponential Equation In Exercises 
21-44, solve the exponential equation algebraically. 
Approximate the result to three decimal places, if 
necessary. 


21. eX = ev? 22, e—3 = er-2 

23. 4(3*) = 20 24. 4e* = 91 

25. ee — 8 = 31 26. 5* + 8 = 26 

27. 3°-* = 400 28. 7~3-* = 242 

29. 8(10%) = 12 30. 8(3°-*) = 40 

31. e* = 12 32. 500e~?* = 125 

33. 7 — 2e* = 5 34. —14 + 3e*= 11 

35, 6(222-1) -7 =9 36. 8(45-2*) + 13 = 41 

37. 4° = 5° 38. 3% = 76-* 

39. e* — 4e*-5 =0 40. e — 5e°+6=0 

1 100 

41.5 =5 42. a= 1 
0.065 \36> 0.10)! 

43. (1 + 906°) =4 44, (1+ 20) =2 


Solving a Logarithmic Equation In Exercises 45-58, 
solve the logarithmic equation algebraically, if possible. 
Approximate the result to three decimal places, if 
necessary. 

45. Inx = —3 
47, 2.1 = In 6x 
49.3 —4Inx= 11 50.3 + 8Inx =7 
51. 6 log, 0.5x = 11 52. 4 log(x — 6) = 11 
53. In(x + 5) = In(x — 1) — In(x + 1) 

54, In(x + 1) — Inf — 2) = Inx 

55. log(3x + 4) = log(x — 10) 

56. log, x + log,(x + 2) = log,(x + 6) 

57. log, x — log,(x — 1) = 4 
58. log 8x — log(1 + /x) = 2 


46. Inx -7=0 
48. log 3z = 2 
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aad Solving an Exponential or Logarithmic Equation 
In Exercises 59-66, use a graphing utility to graphically 
solve the equation. Approximate the result to three 
decimal places. Verify your result algebraically. 


59. 5* = 212 60. 6e!~* = 25 
61. 8e72/3 = 11 62. @9.°% = 3 
63. 3 —Inx=0 64. 10 — 4In(x — 2) =0 


65. 2In(x + 3) =3 66. In(x + 1) = 2 —-Inx 


Compound Interest In Exercises 67 and 68, you 
invest $2500 in an account at interest rate r, compounded 
continuously. Find the time required for the amount to 
(a) double and (b) triple. 


67. r = 0.025 68. r = 0.0375 


f Algebra of Calculus In Exercises 69-76, solve the 
equation algebraically. Round your result to three 
decimal places, if necessary. Verify your answer using a 
graphing utility. 

69. 2x2e?* + 2xe* = 0 
71. —xe*+e%*=0 


1+ Inx 
———— = 74. 
2 : x? 


70. —x2e-* + 2xe-* = 0 
72. e~** — 2xe™* = 0 


1—Inx | 


73. =0 


75. 2xInx+x=0 76. 2xin(4) —x=0 


77. Average Heights The percent m of American 
males between the ages of 20 and 29 who are under 
x inches tall is modeled by 


100 


~ 4+ e0-5536(x— 69.51) 


nits) 


and the percent f of American females between the ages 
of 20 and 29 who are under x inches tall is modeled by 


100 
f(x) = 1 + e70:5834(x— 64.49)" 


(Source: U.S. National Center for Health Statistics) 


(a) Use the graph to determine any horizontal 
asymptotes of the graphs of the functions. Interpret 
the meaning in the context of the problem. 


A 


‘s 5 80-¢ 
es 60- 
a 
ag 
20-4 


| > xX 


55 60 65 70 75 


Height (in inches) 


(b) What is the average height of each sex? 
© Shujaa_777/Shutterstock.com 


Exponential and Logarithmic Functions 


78. Effective Yield The effective yield of an investment 
plan is the percent increase in the balance after 1 year. 
Find the effective yield for each investment plan. Which 
investment plan has the greatest effective yield? Which 
investment plan will have the highest balance after 
5 years? 

(a) The annual interest rate is 7% and is compounded 
annually. 


(b) The annual interest rate is 7% and is compounded 
continuously. 


(c) The annual interest rate is 7% and is compounded 
quarterly. 


(d) The annual interest rate is 7.25% and is compounded 
quarterly. 
79. Ecology 


The number N of beavers in a given area 
after x years can be approximated by 


N = 5.5(10°2%), 


O<rs9. 


Use the model to 
approximate how 
many years it will 
take for the beaver 
population to 
reach 78. 


80. Ecology The number N of trees of a given species 
per acre is approximated by the model 


N = 3500(10-°!2"), 


3 <x 30 


where x is the average diameter of the trees (in 
inches) 4.5 feet above the ground. Use the model to 
approximate the average diameter of the trees in a test 
plot when N = 22. 


81. Population The population P (in thousands) of the 


District of Columbia in the years 2009 through 2019 
can be modeled by 


P= 16lInt+ 236, 9st 19 


where f¢ represents the year, with t = 9 corresponding 
to 2009. During which year did the population of 
the District of Columbia exceed 660 thousand? 
(Source: U.S. Census Bureau) 


82. Population The population P (in thousands) of 


Montana in the years 2009 through 2019 can be 
modeled by 


P= 116Int+ 720, 9s rs 19 


where ¢ represents the year, with t = 9 corresponding to 
2009. During which year did the population of Montana 
exceed 995 thousand? (Source: U.S. Census Bureau) 
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83. Finance You are investing P dollars at an annual 
interest rate of r, compounded continuously, for ¢ years. 
Which change below results in the highest value of the 
investment? Explain. 


(a) Double the amount you invest. 
(b) Double your interest rate. 
(c) Double the number of years. 


84. Temperature An object at a temperature of 160°C 
was removed from a furnace and placed in a room at 
20°C. The temperature T of the object was measured 
each hour A and recorded in the table. A model for the 
data is 


T = 20 + 140e~ 9-68", 


Hour, h Temperature, T 
g 0 160° 
3 1 90° 
Zs 2 56° 
z F 3 38° 
BA 4 29° 
5 24° 


(a) The figure below shows the graph of the model. 
Use the graph to identify the horizontal asymptote 
of the model and interpret the asymptote in the 
context of the problem. 


Temperature 
(in degrees Celsius) 


(b) Use the model to approximate the time it took for 
the object to reach a temperature of 100°C. 


Exploring the Concepts 


True or False? In Exercises 85-88, rewrite each 
verbal statement as an equation. Then decide whether 
the statement is true or false. Justify your answer. 


85. The logarithm of the product of two numbers is equal to 
the sum of the logarithms of the numbers. 


86. The logarithm of the sum of two numbers is equal to the 
product of the logarithms of the numbers. 


5.4 Exponential and Logarithmic Equations 395 


87. The logarithm of the difference of two numbers is equal 
to the difference of the logarithms of the numbers. 


88. The logarithm of the quotient of two numbers is equal 
to the difference of the logarithms of the numbers. 


89. Think About It Is it possible for a logarithmic 
equation to have more than one extraneous solution? 
Explain. 


90. 4 HOW DO YOU SEEIT? Solving 

log,x + log,(x — 8) = 2 algebraically, the 
solutions appear to be x = 9 andx = —1. 
Use the graph of 


y = log, x + log,(x — 8) — 2 


to determine whether each value is an actual 
solution of the equation. Explain. 


y Video solutions at 
Review & Refresh \» LarsonPrecalculus.com 


Graphical Reasoning In Exercises 91 and 92, find 
and approximate any vertical and horizontal asymptotes. 


91. Y 92. y 
A A 
10 =- 6+ 
8+ 4+ 
6+ Bick: 
47 bp 
2+ == lI aa 
yt 
ee oe “47 
-6+ 


Solving for a Variable In Exercises 93-96, solve the 
equation for the given variable. 


93. (2e73)? = 4° 94. (3x°)° = (9x)? 
95. (2k)* = k2(8 + In 3) 96. 5(1 — 3/2) =2 


Rewriting with Positive Exponents In Exercises 97 
and 98, rewrite the expression with positive exponents. 
Simplify, if possible. 


97. a 98. (5) 
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5.5 Exponential and Logarithmic Models 


© Recognize the five most common types of models involving exponential and 
logarithmic functions. 

© Use exponential growth and decay functions to model and solve real-life problems. 

© Use Gaussian functions to model and solve real-life problems. 

© Use logistic growth functions to model and solve real-life problems. 

© Use logarithmic functions to model and solve real-life problems. 


Introduction 


The five most common types of mathematical models involving exponential functions 
and logarithmic functions are listed below. 


1. Exponential growth model: y = ae’*, b> 0 


2. Exponential decay model: y = ae~’*, b> O 


3. Gaussian model: y = ae~ b/c 
ae a 
Exponential growth and decay 4. Logistic growth model: y T+ ben 
models can often represent 
populations. For example, in 5. Logarithmic models: y=at+binx, y=atblogx 
Exercise 27 on page 404, you ; ; 
will use exponential growth and The basic shapes of the graphs of these functions are shown below. 


decay models to compare the 
populations of several countries. 


Logistic growth model Natural logarithmic model Common logarithmic model 


You often gain insight into a situation modeled by an exponential or logarithmic 
function by identifying and interpreting the asymptotes of the graph of the function. 
Identify any asymptotes of the graph of each function shown above. 


3 ry 
GO DIGITAL 
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Exponential Growth and Decay 


EXAMPLE 1 Retail Sales 


The U.S. retail e-commerce sales (in billions of dollars) from 2012 through 2018 are U.S. Retail e-Commerce 
shown in the table. A scatter plot of the data is shown at the right. (Source: U.S. s 
Cc B > 
ensus Bureau) g 600 + 
S soot , 
Year | 2012 | 2013 | 2014 | 2015 | 2016 | 2017 | 2018 3 oot . Z 
= 
Sales | 232 | 264 | 303 347 397 | 461 524 = 300 + oe ‘A 
= 2004.8 
An exponential growth model for the data is S = 44.73¢°-!368", where S is the amount % 100+ 
of sales (in billions of dollars) and ft represents the year, with t = 12 corresponding to & 7 ae, 
2012. Compare the values found using the model with the amounts shown in the 12 13 14 15 16 17 18 
table. According to the model, in what year were the sales approximately $690 billion? Year (12 © 2012) 
Algebraic Solution Graphical Solution 
The table below compares the actual amounts with the values found 800 
using the model, rounded to the nearest billion. 5 TRE Thedhadel Appesnets 
if fit the data closely. 
Year 2012 | 2013 | 2014 | 2015 | 2016 | 2017 | 2018 [ 
Sales 232 | 264 | 303 347 | 397 | 461 524 1, eee 
Model | 231 265 | 304 | 348 399 | 458 | 525 : 
To find when the sales are about $690 billion, let S = 690 in the | “= pactipeineiane aie 
del aad olvetocs of the model and the 
= , S = 44,73¢0-1368+ line y = 690 is about 
44.73¢9: 1368! = § Write original model. (20, 690). So, according 
to the model, the sales were 
44.73¢0.1368" = 690 Substitute 690 for S. TYAN TANG Jr $690 billion in 2020. 
690 41 (X=20.000345 ._Y=690 20 
90-1368! — ——_ Divide each side by 44.73. . 
44.73 
690 
In e9-1368" = Jy —— Take natural log of each side. 
44.73 
0.1368¢ = In 44.73 Inverse Property 
t ~ 20 Divide each side by 0.1368. 
According to the model, the sales were about $690 billion in 2020. 


A Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


In Example 1, in what year were the sales approximately $795 billion? | 


Some graphing utilities have an exponential regression feature that can help you 
find exponential models to represent data. If you have such a graphing utility, use 
it to find an exponential model for the data given in Example |. How does your 
model compare with the model given in Example 1? 


[ela 
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In Example 1, the exponential growth model is given. Sometimes you must find 
such a model. One technique for doing this is shown in Example 2. 


EXAMPLE 2 Modeling Population Growth 


In a research experiment, a population of fruit flies is increasing according to the law of 
exponential growth. After 2 days there are 100 flies, and after 4 days there are 300 flies. 
How many flies will there be after 5 days? 


Solution Let y be the number of flies at time ¢ (in days). From the given information, 
you know that y = 100 when t = 2 and y = 300 when ¢ = 4. Substituting this 
information into the model y = ae’ produces 


100 = ae?’ and 300 = ae“. 


To solve for b, solve for a in the first equation. 


100 = ae?’ Write first equation. 
100 
gab =a Solve for a. 


Then substitute the result into the second equation. 


300 = ae*’ Write second equation. 
300 = ( Pe Substitute a for a. 
300 = 100e”” Simplify. 
3 =e Divide each side by 100. 
In3 = Ine”? Take natural log of each side. 
In3 = 2b Inverse Property 
1 
2 In3 =b Solve for b. 


Now substitute 5 In 3 for b in the expression you found for a. 


100 ee 
a= eal) In] Substitute 5 In 3 for b. 
Fruit Flies 
: 100 ae 
4 = ind Simplify. 
600 of 
5, 520 
500 ++ ‘ ae 100 
= 33133203498 = 37 Inverse Property 
400 ee, TE fo! 
oe ty ~ 33.33 Divide. 


Population 
ie) 
lo) 
oO 
| 


So, with a ~ 33.33 and b = + In 3 ~ 0.5493, the exponential growth model is 
y= 33.33 0054931 


—— a: as shown in Figure 5.16. After 5 days, the population will be 
y = 33.33¢954930) = 520 flies. 


1 2 3 4 5 
Time (in days) 
Figure 5.16 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The number of bacteria in a culture is increasing according to the law of exponential 
growth. After 1 hour there are 100 bacteria, and after 2 hours there are 200 bacteria. 
How many bacteria will there be after 3 hours? | 


d, or duplic 
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In living organic material, the ratio of i Carbon Dating 
the number of radioactive carbon isotopes 
(carbon-14) to the number of nonradioactive 
carbon isotopes (carbon-12) is about 1 to 10!7. 
When organic material dies, its carbon-12 
content remains fixed, whereas its radioactive 
carbon-14 begins to decay with a half-life of 
about 5700 years. To estimate the age (the 
number of years since death) of organic 
material, scientists use the carbon dating model 


i 

T 
15,000 
Carbon dating model Time (in years) 


T 
1 5000 
—_~1/8223 


R= jor 


where R represents the ratio of carbon-14 to carbon-12 of organic material t years after 
death. The graph of R is shown above. Note that R decreases as f¢ increases. 


EXAMPLE 3 Carbon Dating 


The ratio of carbon-14 to carbon-12 in a newly discovered fossil is 


1 


R= oo 


Estimate the age of the fossil. 


Algebraic Solution Graphical Solution 


Substitute the given value of R in the carbon dating model. Then | Use a graphing utility to graph 
solve for f. 


1 1 
= —— e~ +/8223 and iy ge 
Loe see 10? 72 108 
{02° =R Write original model. 
in the same viewing window. 
e7 1/8223 | 1 
“102 = 1033 Substitute Tos for R. 
40-12 =! ,-1/8223 
2 
=1/8223 — A ; ; ia 10/2 
e 10 Multiply each side by 107. 
1 Use the intersect feature 
In e7#/8223 = Jp — Take natural log of each side. to estimate that x ~ 18,934 
10 when y = 1/1013. 
t l 1 0 |tntersection 25,000 
=nAG SA Inverse Propert X=18934.157 Y=1E-13 
8223 10 iia —2(10-18) 
1 
t = — 8223 In— Multiply each side by — 8223. ee 
10 erm oer ee So, to the nearest thousand years, the age of the fossil is 
t ~ 18,934 Use a calculator. about 19,000 Years: 


So, to the nearest thousand years, the age of the fossil is about 
19,000 years. 


A Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Estimate the age of a newly discovered fossil for which the ratio of carbon-14 to 
carbon-12 is R = 1/10!*. |_| 


The carbon dating model in Example 3 assumed that the carbon-14 to carbon-12 
ratio of the fossil was one part in 10,000,000,000,000. Suppose an error in measurement 
occurred and the actual ratio was only one part in 8,000,000,000,000. The fossil age 
: corresponding to the actual ratio would then be approximately 17,000 years. Try 
on Saal checking this result. 


- 
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0.5 -- 


0.4 


t 
3 2 =a Lb 2 2 
The standard normal curve, like all 
Gaussian models, is bell shaped. 
Figure 5.17 


Ok Bee 
GO DIGITAL 


Gaussian Models 
As mentioned at the beginning of this section, Gaussian models are of the form 
y = ae~&- le, 


This type of model is commonly used in probability and statistics to represent 
populations that are normally distributed. For the standard normal distribution, the 
model takes the form 


—x?/2 


1 

y Jin 
The graph of a Gaussian model is called a bell-shaped curve. For example, the graph 
of the standard normal curve is shown in Figure 5.17. Can you see why it is called a 
bell-shaped curve? 

The average value of a population can be found from the bell-shaped curve 
by observing where the maximum y-value of the function occurs. The x-value 
corresponding to the maximum y-value of the function represents the average value of 
the independent variable—in this case, x. 


EXAMPLE 4 Test Scores 


p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


The Scholastic Aptitude Test (SAT) mathematics scores for U.S. high school graduates 
in 2019 roughly followed the normal distribution. 


y = 0.0034e- &—528/27,378 200 < x < 800 


where x is the SAT score for mathematics. Use a graphing utility to graph this function 
and estimate the average SAT mathematics score. (Source: The College Board) 


Solution The graph of the function is shown in Figure 5.18(a). On this bell-shaped 
curve, the average score is the x-value corresponding to the maximum y-value of the 
function. Using the maximum feature of the graphing utility, you can see that the 
average mathematics score for high school graduates in 2019 was about 528. Note that 
50% of the graduates who took the test earned scores greater than 528, as shown in 
Figure 5.18(b). 


SAT Mathematics Scores 


4 y = 0.0034e- 0 - 528)7/27,378 


A 
[y = 0.0034e-@- 528)2/27,378) 0.004 -—L \ 50% of 
0.004 =| 
V £3 propane 
5 = 
et SVs) 
" 0.002+ 
Be 
A 0.001 4 
800 


Y=.0034 200 400 600 800 


(b) 
Figure 5.18 


i Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


The SAT reading and writing scores for high school graduates in 2019 roughly 
followed the normal distribution 


y = 0.0038e~&—531/21.632, 200 < x < 800 


where x is the SAT score for reading and writing. Use a graphing utility to graph this 
function and estimate the average SAT reading and writing score. (Source: The 
College Board) a 
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: Logistic Growth Models 


Some populations initially have rapid growth, followed by a declining rate of growth, 
as illustrated by the graph in Figure 5.19. One model for describing this type of growth 
pattern is the logistic curve given by the function 


Decreasing 
rate of 
growth 


oe a 
y+ be 

en where y is the population size and x is the time. An example is a bacteria culture 

growth that is initially allowed to grow under ideal conditions and then under less 


favorable conditions that inhibit growth. A logistic growth curve is also called a 
>~x sigmoidal curve. 


Figure 5.19 


EXAMPLE 5 Spread of a Virus 


On a college campus of 5000 students, one student returns from vacation with a 
contagious and long-lasting flu virus. The spread of the virus is modeled by 


5000 


SS = 
Y= TH agg9e-08 1 = 


where y is the total number of students infected after t days. The college will cancel 
classes when 40% or more of the students are infected. 


a. How many students are infected after 5 days? 


b. After how many days will the college cancel classes? 


Algebraic Solution Graphical Solution 
a. After 5 days, the number of students infected is a. 6000 
Y1=5000/(144999e%(=.8X)) 
= 5000 = 5000 ao 54 Use the value feature 
» ~ T+ 4999e-98) 1 + 4990e-4 , to estimate that y ~ 54 ___ 5000 
: when x = 5. So, after 5 y= 1 + 4999e-0-8x 
b. The college will cancel classes when the number of days, about 54 students 
infected students is (0.40)(5000) = 2000. are infected. a aca meiner Serre mal — 
-1000 
2000 = ee. ‘ : 
1 + 4999e~ 9-8 b. The college will cancel classes when the number of infected 
1 + 4999¢-98 = 2.5 students is (0.40)(5000) = 2000. Use a graphing utility to graph 
1.5 5000 
—0.8t — = = 
. 4999 Y1~ 7 4 4999e-08 and y, = 2000 
ingot = lh L5 in the same viewing window. Use the intersect feature of the 
4999 graphing utility to find the point of intersection of the graphs. 
1.5 
—0.8¢ = In-— 
4999 y, = 5000 
t : In = The point of intersection “gm a ls 
aan ORET aT. € point of intersecniion 
0.8 4999 occurs near x = 10.14. \ 
t =~ 10.14 So, after about 10 days, Yq = 2000 


at least 40% of the 


So, after about 10 days, at least 40% of the students shudenis will bemiecied, 


will be infected, and the college will cancel classes. : 0} Int tion+++++++1+5) 90 
g and the college will ra one a eet 
cancel classes. ~1000 
Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com | 
oat 
In Example 5, after how many days are 250 students infected? |_| ree 
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The symbol f is the lowercase 
Greek letter beta. 


Logarithmic Models 


The level of sound f (in decibels) with an intensity of J (in watts per square meter) is 
I 
B = 10 log — 
Ig 


where /) represents the faintest sound that can be heard by the human ear and is 
approximately equal to 107!” watt per square meter. 


EXAMPLE 6 Sound Intensity 


You and your roommate are playing music on your soundbars at the same time and at 
the same intensity. How much louder is the music when both soundbars are playing 
than when just one soundbar is playing? 


Solution Let £, represent the level of sound when one soundbar is playing and let 
§, represent the level of sound when both soundbars are playing. Using the formula for 
level of sound, you can express f, as 


I 
By = 10 log 10-12" 


Because f, represents the level of sound when two soundbars are playing at the same 
intensity, multiply J by 2 in the formula for level of sound and write f, as 


21 
B, = 10 log 10-12 


Next, to determine the increase in loudness, subtract $8, from f,. 


21 I 
B, — B, = 10 log 10-2 10 log 10-2 
7 2I I 
10 log 9-12 — log 10-2 


I I 
= 10{t0e 2 + log 0-2 log —— 
= 10 log 2 


= 3 decibels 


So, the music is about 3 decibels louder when both soundbars are playing than when 
just one soundbar is playing. Notice that the variable J “drops out” of the equation when 
it is simplified. This means that the loudness increases by about 3 decibels when both 
soundbars are playing at the same intensity, regardless of their individual intensities. 


A Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Two sounds have intensities of J, = 10~° watt per square meter and J, = 10~° watt per 
square meter. Use the formula for the level of sound to find the difference in loudness 
between the two sounds. Hi 


Summarize (Section 5.5) 


1. State the five most common types of models involving exponential and 
logarithmic functions (page 396). 


2. Describe examples of real-life applications that use exponential growth 
and decay functions (pages 397-399, Examples 1-3), a Gaussian function 
(page 400, Example 4), a logistic growth function (page 401, Example 5), 
and a logarithmic function (page 402, Example 6). 
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5.5 Exercises 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


5.5 Exponential and Logarithmic Models 403 
ahs 
oe 
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Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. A logarithmic model has the form or 


2. In probability and statistics, Gaussian models commonly represent populations that are 


3. What is the difference between an exponential growth model and an exponential decay model? 


4. Describe the shape of the graph of a logistic growth model. 


Skills and Applications 


Solving for a Variable In Exercises 5 and 6, solve 
for P and solve for ¢ in the compound interest formula 
(discussed in Section 5.1). 


Compound Interest In Exercises 7-12, find the 
missing values assuming continuously compounded 
interest. 


Initial Annual Time to Amount After 
Investment % Rate Double 10 Years 
7. $1000 3.5% 
8. $750 105% 
9. $750 Tyr 
10. $500 $1505.00 
11. 4.5% $10,000.00 
12. 12 yr $2000.00 


Compound|Interest InExercises 13 and 14, determine 
the time necessary for P dollars to double when it is 
invested at interest rate , compounded (a) annually, 
(b) monthly, (c) daily, and (d) continuously. 


13. r = 10% 
14. r = 6.5% 


15. Compound Interest Complete the table for the 
time f (in years) necessary for P dollars to triple 
when it is invested at an interest rate r compounded 
(a) continuously and (b) annually. 


r | 2% | 4% | 6% | 8% | 10% | 12% 


fe 16. Modeling Data Draw scatter plots of the data in 


Exercise 15. Use the regression feature of a graphing 
utility to find models for the data. 


17. Website Growth The number of hits a website 
receives in its first five months of operation are shown 
in the table. 


Month | April | May | June July 
Hits 5611 | 7402 | 9978 | 13,454 


August 
18,105 


An exponential growth model for the data is 
y = 4147e°94", where y represents the number of hits 
and f represents the month, with t = | corresponding to 
April. Compare the values found using the model with 
the amounts shown in the table. Predict the first month 
in which the website will receive over 50,000 hits. 

18. Population The populations P (in thousands) of 
Horry County, South Carolina, from 1971 through 
2018 can be modeled by P = 75.9e°°3!6 where t 
represents the year, with t = 1 corresponding to 1971. 
(Source: U.S. Census Bureau) 

(a) Use the model to find the population in 1980, 1990, 
2000, and 2010. 

(b) According to the model, when will the population 
of Horry County reach 380,000? 

(c) Do you think the model is valid for long-term 
predictions of the population? Explain. 


Finding an Exponential Model In Exercises 19-22, 
find the exponential model that fits the points shown in 
the graph or table. 


19. 20. y 


(3, 10) 


21. 22. 
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Radioactive Decay In Exercises 23-26, find the 
missing value for the radioactive isotope. 


Half-life Initial Amount After 
Isotope (years) Quantity 1000 Years 
23. ??6Ra 1599 10g 
24. '4C 5715 6.5 g 
25. 4C 5715 2g 
26. 7°°Pu 24,100 0.4 g 


27. Population 
The table shows the mid-year estimated populations 
(in millions) of five countries in 2019 and the 
projected populations (in millions) for the year 
2029. (Source: U.S. Census Bureau) 


Country 2019 2029 
Bulgaria 7.0 6.5 
Canada 37.4 40.0 
China 1389.6 | 1405.7 
United Kingdom 65.4 68.2 
330.3 353.0 


United States 


(a) Find the exponential growth or decay model 
y = ae” or y = ae” for the population of each 
country by letting t = 19 correspond to 2019. 
Use the model to predict the population of each 
country in 2039. 


(b) You can see that 
the populations 
of the United 
States and the 
United Kingdom 
are growing at 
different rates. 
What constant in 

the equation y = ae” gives the growth rate? 

Discuss the relationship between the different 

growth rates and the magnitude of the constant. 


28. Population The population P (in thousands) of 
Tallahassee, Florida, from 2000 through 2018 can 
be modeled by P = 152.7e', where ft represents the 
year, with t=O corresponding to 2000. In 2008, 
the population of Tallahassee was about 171,847. 
(Source: U.S. Census Bureau) 


(a) Estimate the value of k. Is the population increasing 
or decreasing? Explain. 


(b) Use the model to predict the populations of 
Tallahassee in 2025 and 2030. Are the results 
reasonable? Explain. 


© Beautiful landscape/Shutterstock.com 
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29. Bacteria Growth The number of bacteria in a 
culture is increasing according to the law of exponential 
growth. After 3 hours there are 100 bacteria, and after 
5 hours there are 400 bacteria. How many bacteria will 
there be after 6 hours? 


30. Bacteria Growth The number of bacteria in a 
culture is increasing according to the law of exponential 
growth. The initial population is 250 bacteria, and the 
population after 10 hours is double the population after 
1 hour. How many bacteria will there be after 6 hours? 


31. Depreciation A laptop computer that costs $575 
new has a book value of $275 after 2 years. 


(a) Find the linear model V = mt + b. 
(b) Find the exponential model V = ae™. 
ac (c) Use a graphing utility to graph the two models in the 


same viewing window. Which model depreciates 
faster in the first 2 years? 


(d) Find the book values of the computer after 1 year 
and after 3 years using each model. 


(e) Explain the advantages and disadvantages of using 
each model to a buyer and a seller. 


32. Learning Curve The management at a plastics 
factory has found that the maximum number of units 
a worker can produce in a day is 30. The learning 
curve for the number N of units produced per day 
after a new employee has worked ¢ days is modeled 
by N = 30(1 — e*). After 20 days on the job, a new 
employee produces 19 units. 
(a) Find the learning curve for this employee. 
(b) How many days does the model predict will pass 
before this employee is producing 25 units per day? 

33. Carbon Dating The ratio of carbon-14 to carbon-12 

in a piece of wood discovered in a cave is R = 1/84. 
Estimate the age of the piece of wood. 

34. Carbon Dating The ratio of carbon-14 to carbon-12 
in a piece of paper buried in a tomb is R = 1/13". 
Estimate the age of the piece of paper. 

. 1Q Scores The IQ scores for a sample of students at 
a small college roughly follow the normal distribution 


y = 0.0266e—&— 100/450. 79 < x < 115 


where x is the IQ score. Use a graphing utility to graph 
the function and estimate the average IQ score of a 
student. 


a4 36. Education The amount of time (in hours per week) a 


student utilizes a math-tutoring center roughly follows 
the normal distribution 


y= 0,7979e 4S. Aa ye a7 


where x is the number of hours. Use a graphing utility 
to graph the function and estimate the average number 
of hours per week a student uses the tutoring center. 
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Be 37. Cell Sites A cell site is a site where electronic 


Pb 38. 


39. 


communications equipment is placed in a cellular 
network for the use of mobile phones. The numbers y 
of cell sites from 1985 through 2018 can be modeled by 


336,011 
1s 293e 0h 


y 


where ¢ represents the year, with t = 5 corresponding to 
1985. (Source: CTIA-The Wireless Association) 


(a) Use the model to find the numbers of cell sites in 
the years 1998, 2008, and 2015. 


(b) Use a graphing utility to graph the function. 

(c) Use the graph to determine the year in which the 
number of cell sites reached 240,000. 

(d) Confirm your answer to part (c) algebraically. 

Population The population P (in thousands) of a 

city from 2000 through 2020 can be modeled by 


= 2632 
1 + 0.083e%5% 


where ¢ represents the year, with t = 0 corresponding to 
2000. 


(a) Use the model to find the populations of the city in 
the years 2000, 2005, 2010, 2015, and 2020. 

(b) Use a graphing utility to graph the function. 

(c) Use the graph to determine the year in which the 
population reached 2.2 million. 

(d) Confirm your answer to part (c) algebraically. 

Population Growth A conservation organization 

released 100 animals of an endangered species into a 

game preserve. The preserve has a carrying capacity of 

1000 animals. The growth of the pack is modeled by 

the logistic curve p(t) = 1000/(1 + 9e~°-195°) where t 

is measured in months (see figure). 


Endangered 
species population 


>t 


a 
6 8 10 12 14 16 18 

Time (in months) 

(a) Estimate the population after 5 months. 


(b) After how many months is the population 500? 


fe (c) Use a graphing utility to graph the function. Use 


the graph to determine the horizontal asymptotes, 
and interpret the meaning of the asymptotes in the 
context of the problem. 


5.5 Exponential and Logarithmic Models 405 


40. Sales After discontinuing all advertising for a tool 


kit in 2010, the manufacturer noted that sales began to 
drop according to the model 


_ 500,000 
1 + O.1e# 


where S represents the number of units sold and ¢ 
represents the year, with t = O corresponding to 2010 
(see figure). In 2014, 300,000 units were sold. 


Number of units sold 
v4 
LS 
So 
ow] 
Co 
| 


wot 
a 
oO 
i 
an 
=a 
N 


12345678 
Year (0 © 2010) 

(a) Use the graph to estimate sales in 2020. 

(b) Complete the model by solving for k. 


(c) Use the model to estimate sales in 2020. Compare 
your results with that of part (a). 


Intensity of Sound In Exercises 41-44, use the 
following information for determining sound intensity. 
The number of decibels £ of a sound with an intensity of 
I watts per square meter is given by 


B = 10 log(I/I,) 

where [, is an intensity of 10~'* watt per square meter. 
In Exercises 41 and 42, find the number of decibels £ of 
the sound. 


41. 


42. 


43. 


44. 


(a) I = 107! watt per m? (quiet room) 

(b) J = 1075 watt per m? (busy street corner) 
(c) I = 10-8 watt per m? (quiet radio) 

(d) J = 10-3 watt per m? (loud car horn) 

(a) I = 107!! watt per m? (rustle of leaves) 

(b) J = 10? watt per m? (jet at 30 meters) 

(c) I = 10-4 watt per m? (door slamming) 

(d) I = 10~° watt per m? (normal conversation) 


Due to the installation of noise-suppression materials, 
the noise level in an auditorium decreased from 93 to 
80 decibels. Find the percent decrease in the intensity 
of the noise as a result of the installation of these 
materials. 


Due to the installation of a muffler, the noise level of 
an engine decreased from 88 to 72 decibels. Find the 
percent decrease in the intensity of the noise as a result 
of the installation of the muffler. 
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Geology In Exercises 45 and 46, use the Richter scale fe 54. Home Mortgage A $120,000 home mortgage for 


R = log 
0 


where J, is the minimum intensity used for comparison, 
for measuring the magnitude R of an earthquake. 


45. Find the intensity / of an earthquake measuring R on the 
Richter scale (let J) = 1). 
(a) Peru in 2015: R = 7.6 
(b) Pakistan in 2015: R = 5.6 
(c) Indonesia in 2015: R = 6.6 
46. Find the magnitude R of each earthquake of intensity J 
(let Jy = 1). 
(a) I = 199,500,000 
(b) I = 48,275,000 
(c) J = 17,000 


pH Levels In Exercises 47-52, use the acidity model 
pH = — log|H*], where acidity (pH) is a measure 
of the hydrogen ion concentration [H+] (measured in 
moles of hydrogen per liter) of a solution. 


47. Find the pH when [H*] = 2.3 x 107°. 

48. Find the pH when [Ht] = 1.13 x 107°. 

49. Compute [H~] for a solution in which pH = 5.8. 
50. Compute [H*] for a solution in which pH = 3.2. 


51. Apple juice has a pH of 2.9 and drinking water has a 
pH of 8.0. The hydrogen ion concentration of the apple 
juice is how many times the concentration of drinking 
water? 


52. The pH of a solution decreases by one unit. By what 
factor does the hydrogen ion concentration increase? 


53. Forensics At 8:30 A.M., a coroner went to the 
home of a person who had died during the night. To 
estimate the time of death, the coroner took the person’s 
temperature twice. At 9:00 a.m. the temperature was 
85.7°F, and at 11:00 a.m. the temperature was 82.8°F. 
From these two temperatures, the coroner was able to 
determine that the time elapsed since death and the 
body temperature were related by the formula 


T—70 
PO oe = 70 


where ¢ is the time in hours elapsed since the person 
died and T is the temperature (in degrees Fahrenheit) of 
the person’s body. (This formula comes from a general 
cooling principle called Newton’s Law of Cooling. 
It uses the assumptions that the person had a normal 
body temperature of 98.6°F at death and that the room 
temperature was a constant 70°F.) Use the formula to 
estimate the time of death of the person. 


| Rights Reserved 


Ae 55. 


30 years at 15% has a monthly payment of $839.06. Part 
of the monthly payment covers the interest charge on 
the unpaid balance, and the remainder of the payment 
reduces the principal. The amount paid toward the 
interest is 


Pr r \! 
= + 
u=m—(m— "(14 2) 
and the amount paid toward the reduction of the 
principal is 


Pr r \'4t 
v (m Pe\(1 + 4) ; 


In these formulas, P is the amount of the mortgage, r 
is the interest rate (in decimal form), M is the monthly 
payment, and f is the time in years. 


(a) Use a graphing utility to graph each function in 
the same viewing window. (The viewing window 
should show all 30 years of mortgage payments.) 


(b 


wm 


In the early years of the mortgage, is the greater part 
of the monthly payment paid toward the interest 
or the principal? Approximate the time when 
the monthly payment is evenly divided between 
interest and principal reduction. 


(c 


Nee 


Repeat parts (a) and (b) for a repayment period of 
20 years (M = $966.71). What can you conclude? 


Car Speed The table shows the time ¢ (in seconds) 
required for a car to attain a speed of s miles per 
hour from a standing start. Two models for these 
data are t, = 40.757 + 0.556s — 15.8171Ins_ and 
ty = 1.2259 + 0.0023s?. 


5 30 3.4 

2 40 5.0 
a3 50 7.0 
ge 60 93 
BE 70 12.0 
ica 80 15.8 
90 20.0 


(a) Use the regression feature of a graphing utility to 
find a linear model ¢, and an exponential model t, 
for the data. Use the graphing utility to graph the 
data and each model in the same viewing window. 


(b 


we 


Create a table comparing the data with estimates 
obtained from each model. 


(c) Use the results of part (c) to find the sum of the 
absolute values of the differences between the data 
and the estimated values found using each model. 
Based on the four sums, which model do you think 
best fits the data? Explain. 
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56. Home Mortgage _ The total interest u paid on a home 
mortgage of P dollars at interest rate r for ¢ years is 


rt 


1 12t 
al (; + =) 


Consider a $120,000 home mortgage at 73%(r = 0.075). 
mad (a) Use a graphing utility to graph u(t). 


u=P a bt 


(b) Approximate the length of the mortgage for which 
the total interest paid is the same as the size of the 
mortgage. Is it possible to pay twice as much in 
interest charges as the size of the mortgage? 


Exploring the Concepts 


True or False? In Exercises 57-59, determine whether 
the statement is true or false. Justify your answer. 


57. The domain of a logistic growth function cannot be the 
set of real numbers. 
58. A logistic growth function will always have a zero. 


59. A Gaussian model will never have a zero. 


HOW DO YOU SEE IT? Identify each ~) 


model as exponential growth, exponential 
decay, Gaussian, logarithmic, logistic 
growth, quadratic, or none of the above. 
Explain your reasoning. 
y y 
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Identifying Models In Exercises 61-64, identify the 
type of mathematical model you studied in this section 
that has the given characteristic. 


61. The maximum value of the function occurs at the 
average value of the independent variable. 


62. A horizontal asymptote of its graph represents the 
limiting value of a population. 


63. Its graph shows a steadily increasing rate of growth. 
64. The only asymptote of its graph is a vertical asymptote. 
Video solutions at 
LarsonPrecalculus.com 


Operations with Rational Expressions In Exercises 
65-68, perform the operation. 


Review & Refresh » 


x 3 x+2 5 
65. + 66. _ 
x-3 xt+1 x x= 2. 
67 ertxe x-l ere . £3 
“2x x41 re-16 44x 


Determining the Quadrant In Exercises 69-72, 
determine the quadrant in which (x, y) could be located. 
69. x < Oandy < 0 70. x = 2andy > 0 
71.x+y=Oandx—5>0 

72. xy > Oandx + y <0 

Sketching the Graph of a Quadratic Function In 


Exercises 73-76, sketch the graph of each quadratic 
function and compare it with the graph of y = x?. 


73. h(x) = —3x2 74. f(x) =» -6 

75. g(x) = (2x)? — 1 76. p(x) = Hx +3)? +4 
Finding the Domain of a Function In Exercises 
77-80, find the domain of the function. 

77. f(x) =14+ 2% 78. f(x) = /x —5 

79. f(x) = 1/(2x2 + 6x) 80. f(x) = /x/(3/x — 3) 
Using Symmetry as a Sketching Aid In Exercises 


81 and 82, assume that the graph has the given type of 
symmetry. Complete the graph of the equation. 


81. 


y-axis symmetry origin symmetry 


Project: Sales per Share To work an extended 
application analyzing the sales per share for Kohl’s 
Corporation from 2001 through 2018, visit this text’s website 
at LarsonPrecalculus.com. (Source: Kohl’s Corporation) 
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oye | 
Summary and Study Strategies 


| 
GO DIGITAL 


What Did You Learn? 


The list below reviews the skills covered in the chapter and correlates each one to 
the Review Exercises (see page 410) that practice the skill. 


Section 5.1 Review Exercises 


@ Recognize and evaluate exponential functions with base a (p. 358). 1-6 


The exponential function f with base a is denoted by f(x) = a*, where a > 0, 
a # 1, and x is any real number. 


@ Graph exponential functions and use the One-to-One Property (p. 359). 7-20 
One-to-One Property: For a > 0 anda # 1, a* = @ if and only if x = y. 


® Recognize, evaluate, and graph exponential functions with base e (p. 362). 21-28 
The function f(x) = e* is called the natural exponential function. 


H@ Use exponential functions to model and solve real-life problems (p. 363). 29-32 
Section 5.2 


@ Recognize and evaluate logarithmic functions with base a (p. 369). 33-44 


For x > 0,a > 0, anda # 1, y = log, x if and only if x = a’. The function 
f(x) = log, x is the logarithmic function with base a. The logarithmic function with 
base 10, the common logarithmic function, is denoted by log, or log. 


@ Graph logarithmic functions (p. 371). 45-48 


m@ Recognize, evaluate, and graph natural logarithmic functions (p. 373). 77-0) 


The function f(x) = In x is called the natural logarithmic function. 


™ Use logarithmic functions to model and solve real-life problems (p. 375). 57, 58 


Section 5.3 


™@ Use the change-of-base formula to rewrite and evaluate logarithmic 59-62 
expressions (p. 379). 
Base b Base 10 Base e 
log, x log x Inx 
log, x =—__ log, x = log, x =—_ 
log, a log a Ina 
™@ Use properties of logarithms to evaluate or rewrite logarithmic 63-66 
expressions (p. 380). 
Logarithm with Base a Natural Logarithm 
Product Property: log,(uv) = log, u + log, v In(uv) = Inu + Inv 
Quotient Property: log,(u/v) = log, u — log, v In(u/v) = Inu — Inv 
Power Property: log, u” =n log, u Inu” = ninu 
™@ Use properties of logarithms to expand or condense logarithmic expressions (p. 38/). 67-78 
™@ Use logarithmic functions to model and solve real-life problems (p. 382). 79, 80 
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Section 5.4 Review Exercises 


® Solve simple exponential and logarithmic equations (p. 386). 81-86 
@ Solve more complicated exponential equations (p. 387). 87-90, 99, 100 
| Mi Solve more complicated logarithmic equations (p. 389). 91-98, 101, 102 
@ Use exponential and logarithmic equations to model and solve real-life 103, 104 
problems (p. 39/). 
Section 5.5 
@ Recognize the five most common types of models involving exponential 105-110 


and logarithmic functions (p. 396). 

™@ Use exponential growth and decay functions to model and solve real-life 111, 112 
problems (p. 397). 
Exponential growth model: y = ae’*, b > 0 


Exponential decay model: y = ae~*, b > 0 


™@ Use Gaussian functions to model and solve real-life problems (p. 400). Hs 


Gaussian model: y = ae~&—4)/« 


H Use logistic growth functions to model and solve real-life problems (p. 401). 114 
Logisti th model: y = ————_— 
ogistic growth model: y = -—— 

™@ Use logarithmic functions to model and solve real-life problems (p. 402). 115 


Logarithmic models: y= a+blinx, y=a+blogx 


Study Strategies 


Build a Support System 


1. Surround yourself with positive classmates. Find another student in class with whom to 
study. Make sure this person is not anxious about math because you do not want another 
student’s anxiety to increase your own. Arrange to meet on campus and compare notes, 
homework, and so on at least two times per week. 


2. Find a place on campus to study where other students are also studying. Libraries, 
learning centers, and tutoring centers are great places to study. While studying in such places, 
you will be able to ask for assistance when you have questions. You do not want to study alone 
if you typically get down on yourself with lots of negative self-talk. 


3. Establish a relationship with a learning assistant. Get to know someone who can help you 
find assistance for any type of academic issue. Learning assistants, tutors, and instructors are 
excellent resources. 


4. Seek out assistance before you are overwhelmed. Visit your instructor when you need help. 
Instructors are more than willing to help their students, particularly during office hours. Go with 
a friend if you are nervous about visiting your instructor. Also, during the hours posted at the 
website CalcChat.com, you can chat with a tutor about any odd-numbered exercise in the text. 


5. Be your own support. Listen to what you tell yourself when frustrated with studying math. 
Replace any negative self-talk dialogue with more positive statements. 
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Review Exercises 


Exponential and Logarithmic Functions 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


= 


GO DIGITAL 


ES] Evaluating an Exponential Function In 
Exercises 1-6, evaluate the function at the given value 
of x. Round your result to three decimal places. 


1. f(x) = 0.3, x=15 2 f(x) =30, x= V3 


3. fx) =2, x=} 4. fix) = (4), xan 
5. f(x) = 710.2), x=—-JSI11 
6. f(x) = -14(5), x= -0.8 


Graphing an Exponential Function In Exercises 
7-12, construct a table of values for the function. Then 
sketch the graph of the function. 

7. f(y) =47*4+4 8. f(x) = 2.657! 

9. f(x) = 5*-2+4 10. f(x) = 2*-°-—5 
11. f(x) = 3) * +3 12. f(x) = (3)""* - 
Using the One-to-One Property In Exercises 13-16, 
use a One-to-One Property to solve the equation for x. 
13. (G)" *=9 14, 3°43 = 5 

. 


15. e 5 = e! 16. e&~* = 


5 


3 


Transformations of the Graph of f(x) = a* In 
Exercises 17-20, describe any transformations of the graph 
of f that yield the graph of g. 


17. f~) =S, ga) =S*4+1 

18. f(x) = 6, g(x) = 6*7! 

19. f(x) = 3%, g(x) =1-3* 

20. f(x) = (3), g@) = -()°* 

Evaluating the Natural Exponential Function 
In Exercises 21-24, evaluate f(x) = e* at the given value 
of x. Round your result to three decimal places. 

21. x = 3.4 22. x = —2.5 

3.42 24. x= 3 


Graphing a Natural Exponential Function In 
Exercises 25-28, construct a table of values for the 
function. Then sketch the graph of the function. 


25. h(x) = e-/2 26. h(x) = 2 — ex? 
27. f(x) = ext? 28. s(t) = 4e'~! 


29. Waiting Times The average time between new 
posts on a message board is 3 minutes. The probability 
F of waiting less than ¢ minutes until the next post 
is approximated by the model F(t) = 1 — e7”?. A 
message has just been posted. Find the probability that 
the next post will be within (a) 1 minute, (b) 2 minutes, 
and (c) 5 minutes. 


30. Depreciation After ¢ years, the value V of a car that 
originally cost $23,970 is given by V(t) = 23,970(3)'. 
aad (a) Use a graphing utility to graph the function. 
(b) Find the value of the car 2 years after it was 
purchased. 


(c) According to the model, when does the car 
depreciate most rapidly? Is this realistic? Explain. 


(d) According to the model, when will the car have no 
value? 


Compound Interest In Exercises 31 and 32, complete 
the table by finding the balance A when P dollars is 
invested at rate r for ¢ years and compounded n times 
per year. 


n}|1}2 1] 4 | 12 | 365 
A 


Continuous 


31. P = $5000, r= 3%, t= 10 years 

32. P = $4500, r= 2.5%, t = 30 years 

EX] Writing a Logarithmic Equation In Exercises 
33-36, write the exponential equation in logarithmic 
form. For example, the logarithmic form of 2? = 8 is 
log, 8 = 3. 

33. 33 = 27 

35. 68 = 2.2255... 


34, 253/2 = 125 
36. e&& = 1 
Evaluating aLogarithm In Exercises 37—40, evaluate 
the logarithm at the given value of x without using a 
calculator. 

37. f(x) = logx, x= 1000 38. g(x) = log, x, 


39. g(x) = log, x, x=} 40. f(x) = log; x, 


Using the One-to-One Property In Exercises 41—44, 
use a One-to-One Property to solve the equation for x. 
41. log,(x + 7) = log, 14 42. log.(3x — 10) = log, 5 
43. In(x + 9) = In4 44, log(3x — 2) = log7 
Sketching the Graph of a Logarithmic Function 
In Exercises 45-48, find the domain, x-intercept, and 


vertical asymptote of the logarithmic function and 
sketch its graph. 


45. 9(x) = log, x 


46. f(x) = log 3 
47. f(x) = 4 — log(x + 5) 


48. f(x) = log(x — 3) + 1 
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Evaluating a Logarithmic Function In Exercises 
49-52, use a calculator to evaluate the function at the 
given value of x. Round your result to three decimal 
places, if necessary. 

49, f(x) = Inx, x = 22.6 

50. f(x) = Inx, x =e” 
51. f(x) = SInx, x= sje 
52. f(x) = 5Inx, x = 0.98 


Graphing a Natural Logarithmic Function In 
Exercises 53-56, find the domain, x-intercept, and 
vertical asymptote of the logarithmic function and 
sketch its graph. 


53. f(x) =Inx + 6 
55. h(x) = In(x — 6) 


54. f(x) = Inx — 5 
56. f(x) = Ine + 4) 


57. Astronomy The formula M = m — 5 log(d/10) 
gives the distance d (in parsecs) from Earth to a star 
with apparent magnitude m and absolute magnitude M. 
The star Rasalhague has an apparent magnitude of 2.08 
and an absolute magnitude of 1.3. Find the distance 
from Earth to Rasalhague. 


58. Snow Removal The number of miles s of roads 
cleared of snow is approximated by the model 

— 13 In(h/12) 

In3 ” 


= 25 2<shs 15 
where h is the depth (in inches) of the snow. Use this 
model to find s when h = 10 inches. 


EE] Using the Change-of-Base Formula In 
Exercises 59-62, evaluate the logarithm using the 
change-of-base formula (a) with common logarithms 
and (b) with natural logarithms. Round your results to 
three decimal places. 


59. log, 6 
61. log, /.5 


60. log,, 200 
62. log, 0.75 
Using Properties of Logarithms In Exercises 63-66, 


use the properties of logarithms to write the logarithm in 
terms of log, 3 and log, 5. 


63. log, 3 
65. log, 2 


64. log, 45 
66. log, a 
Expanding a Logarithmic Expression In Exercises 
67-72, use the properties of logarithms to expand the 


expression as a sum, difference, and/or constant multiple 
of logarithms. (Assume all variables are positive.) 


67. log 7x? 68. log 11x? 


3 
69. log, 70. log, 2 


= 2 
72. n(2+), y>1 


ae 
sh 


71. In x*y’z 


| Rights Reserved 
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Condensing a Logarithmic Expression In Exercises 
73-78, condense the expression to the logarithm of a 
single quantity. 

73. In7 + Inx 

74. log, y — log, 3 

75. log x — Slog y 

76. 3Inx + 2In(x + 1) 

77. 5 log, x — 2 log,(y + 8) 

78. 5 In(x — 2) — In(x + 2) — 3Inx 


79. Climb Rate The time ¢ (in minutes) for a small plane 
to climb to an altitude of h feet is modeled by 


t = 50 log[18,000/(18,000 — h)] 


where 18,000 feet is the plane’s absolute ceiling. 


(a) Determine the domain of the function in the context 
of the problem. 
aad (b) Use a graphing utility to graph the function and 
identify any asymptotes. 
(c) As the plane approaches its absolute ceiling, what 
can be said about the time required to increase its 
altitude? 


(d) Find the time it takes for the plane to climb to an 
altitude of 4000 feet. 


80. Human Memory Model Students in a learning 
theory study took an exam and then retested monthly for 
6 months with an equivalent exam. The data obtained 
in the study are given by the ordered pairs (t, s), where 
t is the time (in months) after the initial exam and s is 
the average score for the class. Use the data to find a 
logarithmic equation that relates f and s. 


(1, 84.2), (2, 78.4), (3, 72.1), 
(4, 68.5), (5, 67.1), (6, 65.3) 


EX] Solving a Simple Equation In Exercises 81-86, 
solve for x. 


81. 5* = 125 

82. 6* = 5g 

83. e* = 3 

84. log x — log 5 = 0 
85. Inx = 4 

86. Inx = —1.6 


Solving an Exponential Equation In Exercises 
87-90, solve the exponential equation algebraically. 
Approximate the result to three decimal places, if 
necessary. 

87. e = er +3 

88. e* = 25 

89. 2* — 3 = 29 

90. e* — 6e° +8 =0 
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Solving a Logarithmic Equation In Exercises 91-98, 
solve the logarithmic equation algebraically, if possible. 
Approximate the result to three decimal places, if 
necessary. 

91. In3x = 8.2 

93. Inx + In(x — 3) = 1 

94, In(x + 2) — Inx = 2 

95. logs(x — 1) = log,(x — 2) — logg(x + 2) 

96. log.(x + 2) — log, x = log,(x + 5) 

97. log(1 — x) = -1 

98. log(—x — 4) = 2 


92. 41n 3x = 15 


PB solving an Exponential or Logarithmic Equation 


In Exercises 99-102, use a graphing utility to graphically 
solve the equation. Approximate the result to three 
decimal places. Verify your result algebraically. 


99, 25e-93* = 12 

100. 2 =5 — e*t? 

101. 2In(x + 3) -5=0 
102. 2 Inx — In(3x — 1) = 0 


103. Compound Interest A business deposits $8500 
in an account that pays 1.5% interest, compounded 
continuously. How long will it take for the money to 
triple? 

104. Meteorology The speed of the wind S (in miles 
per hour) near the center of a tornado and the distance 
d (in miles) the tornado travels are related by the 
model S = 93 logd + 65. On March 18, 1925, a 
large tornado struck portions of Missouri, Illinois, 
and Indiana with a wind speed at the center of about 
283 miles per hour. Approximate the distance traveled 
by this tornado. 


EJ Matching a Function with Its Graph In 
Exercises 105-110, match the function with its graph. 
[The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) y (b) 


“$642, | 2 -8 -6 -4 -2 2 


(a) , 
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(e) y 


-l+123456 


eal, 
105. y = 3e°23 106. y = 4e2 
107. y = In(x + 3) 108. y = 7 — log(x + 3) 
6 
= Jon («+ 4)2/3 = — 
109. y = 2e 110. y 14 2e72 


111. Finding an Exponential Model Find the 
exponential model y = ae>* that fits the points (0, 2) 
and (4, 3). 

112. Wildlife Population A species of bat is in danger of 
becoming extinct. Five years ago, the total population 
of the species was 2000. Two years ago, the total 
population of the species was 1400. What was the total 
population of the species one year ago? 


ad 113. Test Scores The test scores for a biology test 


follow the normal distribution 

y = 0.0499e-@-7°/128, 40 < x < 100 

where x is the test score. Use a graphing utility to 
graph the equation and estimate the average test score. 


114. Typing Speed In a typing class, the average 
number N of words per minute typed after t weeks of 
lessons is 


N = 157/(1 + 5.4e7°:!4), 
Find the time necessary to type (a) 50 words per 
minute and (b) 75 words per minute. 


115. Sound Intensity The relationship between the 
number of decibels $ and the intensity of a sound J (in 
watts per square meter) is B = 10 log(//10~!*). Find 
the intensity 7 for each decibel level f. 


(a) B=60 (b) B=135 (c) B=1 
Exploring the Concepts 


116. Graph of an Exponential Function Consider 
the graph of y = e*. Describe the characteristics of 
the graph when k is positive and when k is negative. 


True or False? In Exercises 117 and 118, determine 
whether the equation is true or false. Justify your 
answer. 

117. log, b> = 2x 

118. In@x + y) =Inx+Iny 


119. Writing Explain why log,x is defined only for 
O0<a<landa>l. 
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Chapter Test 


Chapter Test 413 


Pipe 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


Ez: ry 
GO DIGITAL 


Exponential Growth 


A 

12,000 +- 
10,000 4 
8,000 5 
6,000 4 


(9, 11,277) 


2,000 +.(0, 2745) 


Figure for 27 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, evaluate the expression. Round your result to three decimal 


places. (Section 5.1) 

1. 0.775 2.30% 3. e 7/10 4, 2! 
In Exercises 5-7, construct a table of values for the function. Then sketch the 
graph of the function. (Section 5.1) 

5. f(x) = 10~* 6. f(x) = -6*~? 7. fy) =1-—& 


8. Evaluate (a) log, 7~°°° and (b) 4.6 In e?. (Section 5.2) 


In Exercises 9-11, find the domain, x-intercept, and vertical asymptote of the 
logarithmic function and sketch its graph. (Section 5.2) 


9. f(x) = 4 + logx 10. f(x) = In(x — 5) 11. f(x) = 1 + In@ + 6) 


In Exercises 12-14, evaluate the logarithm using the change-of-base formula. 
Round your result to three decimal places. (Section 5.3) 


12. log, 35 13. log, 0.63 14. log, /424 


In Exercises 15-17, use the properties of logarithms to expand the expression as 
a sum, difference, and/or constant multiple of logarithms. (Assume all variables 
are positive.) (Section 5.3) 


Sx 10x? 


15. log, 3a* 16. In ae 17. log ys 


In Exercises 18-20, condense the expression to the logarithm of a single 
quantity. (Section 5.3) 

18. log, 13 + log, y 

20. 3 Inx — In(x + 3) + 2Iny 


19. 4Inx — 4Iny 


In Exercises 21-26, solve the equation algebraically. Approximate the result to 
three decimal places, if necessary. (Section 5.4) 
21,3 =5 22, 3¢°* = 132 
1025 1 
23. S468? 24, Inx — Inx* = 5 
lo 


25. log x + log(x — 15) = 2 26. log(2x — 1) = log(4x — 3) 


27. Find the exponential growth model that fits the points shown in the graph. 
(Section 5.5) 


28. The half-life of radioactive actinium (?7’Ac) is 21.77 years. What percent of a 
present amount of radioactive actinium will remain after 19 years? (Section 5.1) 


29. A model that can predict a child’s height H (in centimeters) based on the child’s 
age is H = 70.228 + 5.104x + 9.222 In on < x < 6, where x is the child’s age 
in years. (Source: Snapshots of Applications in Mathematics) (Section 5.2) 
(a) Construct a table of values for the model. Then sketch the graph of the model. 


(b) Use the graph from part (a) to predict the height of a four-year-old child. Then 
confirm your prediction algebraically. 
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Proofs in Mathematics TTI Tit (| i I ; | 


Each of the three properties of logarithms listed below can be proved by using 
properties of exponential functions. 


HISTORICAL NOTE 


William Oughtred 
(1574-1660) is credited with 
inventing the slide rule. The 
slide rule is a computational 
device with a sliding portion 

and a fixed portion. A 
slide rule enables you to 
perform multiplication by 

using the Product Property 
of Logarithms. There are 
other slide rules that allow 
for the calculation of roots 
and trigonometric functions. 

Mathematicians and 

engineers used slide rules 
until the handheld calculator 

came into widespread use 
in the 1970s. 


Properties of Logarithms (p. 380) ) 


Let a be a positive number such that a # 1, let n be a real number, and let u 
and v be positive real numbers. 


Logarithm with Base a Natural Logarithm 


1. Product Property: log,(uv) = log, u + log,v — In(uv) = Inu + Inv 
2. Quotient Property: log, — = log, u — log,v In“ = Inu— Inv 
v v 


3. Power Property: log, u” = nlog,u Inu” = ninu 


Proof 

Let 
x=log,u and y= log,v. 

The corresponding exponential forms of these two equations are 
a =u and a’ =v. 

To prove the Product Property, multiply u and v to obtain 


xX, 


uv = aa’ 


GPO, 


The corresponding logarithmic form of uv = a**? is log,(uv) = x + y. So, 
log, (uv) = log, u + log, v. 


To prove the Quotient Property, divide u by v to obtain 


Uu 
v a” 


=a’. 
The corresponding logarithmic form of 4 = avis log, a y. So, 
v v 
u 
log, = log, u — log, v. 


To prove the Power Property, substitute a* for u in the expression log, uv”. 


log, uv” = log ra)? Substitute a* for u. 
= log, a™* Property of exponents 
= be Inverse Property 
= nlog,u Substitute log, u for x. 
So, log, u” = n log, u. | 
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PS. Problem Solving 


See CalcChat.com for tutorial help and worked-out 
solutions to odd-numbered exercises. 


1. 


Graphical Reasoning Graph the exponential 
function y = a* fora = 0.5, 1.2, and 2.0. Which of these 
curves intersects the line y = x? Determine all positive 
numbers a for which the curve y = a’ intersects the line 
y=x. 

Graphical Reasoning Use a graphing utility to 
graph each of the functions y, = e*, y) = x*, y; = »°, 
y, = \/x, and y, = |x|. Which function increases at the 
greatest rate as x approaches 00? 

Conjecture Use the result of Exercise 2 to make 
a conjecture about the rate of growth of y, = e* and 
y = x", where n is a natural number and x approaches ©. 


Implication of “Growing Exponentially” Use the 
results of Exercises 2 and 3 to describe what is implied 
when it is stated that a quantity is growing exponentially. 


Exponential 
function 


faa 
show that 
(a) flu + v) = flu) + flv) and (b) f(2x) = Lf@)P. 


Difference of Squares of Two Functions Given 
that 


f@) = 


show that 


[f@)P — [g@)P = 1. 


Graphical Reasoning Use a graphing utility to 
compare the graph of the function y = e* with the graph 
of each function. [m! (read “n factorial”) is defined as 
ni=1+2+3---(n-1)-n] 


Function Given the exponential 


x 


e~—e- 


and g(x) = 


Xx 
Bye De oy 
x2 
®) walt ta 
x 
ye Eo 3 


Identifying a Pattern Identify the pattern of 
successive polynomials given in Exercise 7. Extend the 
pattern one more term and compare the graph of the 
resulting polynomial function with the graph of y = e*. 
What do you think this pattern implies? 


Finding an Inverse Function Graph the function 
f(x) = e* — em. 


From the graph, the function appears to be one-to-one. 
Assume that f has an inverse function and find f~!(x). 


GO DIGITAL 


10. Finding a Pattern for an Inverse Function 


11 


12 


13 


Find a pattern for f~!(x) when 


atl 
fo) = 


where a > 0, a # 1. 


Determining the Equation of a Graph 
Determine whether the graph represents equation (a), 
(b), or (c). Explain your reasoning. 


(a) y = 6"? 


6 
OI Ty ee 


(e). y= 6-2") 
Simple and Compound Interest You have two 
options for investing $500. The first earns 7% interest 
compounded annually, and the second earns 7% simple 
interest. The figure shows the growth of each investment 
over a 30-year period. 


(a) Determine which graph represents each type of 
investment. Explain your reasoning. 


Investment (in dollars) 


(b) Verify your answer in part (a) by finding the 
equations that model the investment growth and by 
graphing the models. 

(c) Which option would you choose? Explain. 

Radioactive Decay Two different samples of 

radioactive isotopes are decaying. The isotopes have 

initial amounts of c, and c, and half-lives of k, and k,, 

respectively. Find an expression for the time f required 

for the samples to decay to equal amounts. 
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14. Bacteria Decay A lab culture initially contains 
500 bacteria. Two hours later, the number of bacteria 
decreases to 200. Find the exponential decay model of 
the form 


B= Boa" 
that approximates the number of bacteria B in the culture 
after t hours. 


. Colonial Population The table shows the colonial 
population estimates of the American colonies for 


each decade from 1700 through 1780. (Source: U.S. 

Census Bureau) 
r al Year Population 
=| 1700 250,900 
2| 1710 331,700 
=| 1720 466,200 
2| 1730 629,400 
2) 1740 905,600 
=| 1750 1,170,800 
2| 1760 1,593,600 
=| 1770 2,148,100 
#| 1780 2,780,400 


Let y represent the population in the year f, with t = 0 
corresponding to 1700. 


(a) Use the regression feature of a graphing utility to 
find an exponential model for the data. 


(b) Use the regression feature of the graphing utility to 
find a quadratic model for the data. 


(c) Use the graphing utility to plot the data and the 
models from parts (a) and (b) in the same viewing 
window. 

(d) Which model is a better fit for the data? Would 
you use this model to predict the population of the 
United States in 2025? Explain your reasoning. 


16. Ratio of Logarithms Show that 
log, x 
aaa 1 + log, = 
log. jp X b 


17. Solving a Logarithmic Equation Solve 


(In x)? = In x?. 


. Graphical Reasoning Use a graphing utility to 
compare the graph of each function with the graph of 
y = Inx. 


(a) y, =x- 1 

(b) y, = (x — 1) — 3x - 1) 

(c) y, = (x — 1) — 4x — 1)? + 4x — 1 
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19. Identifying a Pattern Identify the pattern of 
successive polynomials given in Exercise 18. Extend 
the pattern one more term and compare the graph of 
the resulting polynomial function with the graph of 
y = Inx. What do you think the pattern implies? 


20. Finding Slope and y-Intercept Take the natural 
log of each side of each equation below. 
y=ab*, y=ax? 


(a) What are the slope and y-intercept of the line 
relating x and In y for y = ab*? 


(b) What are the slope and y-intercept of the line 
relating In x and In y for y = ax”? 


Ventilation Rate In Exercises 21 and 22, use the 
model 


y = 80.4-11Inx, 100 < x < 1500 


which approximates the minimum required ventilation 
rate in terms of the air space per child in a public school 
classroom. In the model, x is the air space (in cubic feet) 
per child and y is the ventilation rate (in cubic feet per 
minute) per child. 


21. Use a graphing utility to graph the model and 
approximate the required ventilation rate when there 
are 300 cubic feet of air space per child. 


22. In a classroom designed for 30 students, the air 
conditioning system can move 450 cubic feet of air per 
minute. 


(a) Determine the ventilation rate per child in a full 
classroom. 


(b) Estimate the air space required per child. 


(c) Determine the minimum number of square feet of 
floor space required for the room when the ceiling 
height is 30 feet. 


Using Technology In Exercises 23-26, (a) use a 
graphing utility to create a scatter plot of the data, 
(b) decide whether the data could best be modeled by 
a linear model, an exponential model, or a logarithmic 
model, (c) explain why you chose the model you did in 
part (b), (d) use the regression feature of the graphing 
utility to find the model you chose in part (b) for the 
data and graph the model with the scatter plot, and 
(e) determine how well the model you chose fits the data. 


23. (1, 2.0), (1.5, 3.5), (2, 4.0), (4, 5.8), (6, 7.0), (8, 7.8) 
24. (1, 4.4), (1.5, 4.7), (2, 5.5), (4, 9.9), (6, 18.1), (8, 33.0) 
25. (1, 7.5), (1.5, 7.0), (2, 6.8), (4, 5.0), (6, 3.5), (8, 2.0) 
26. (1, 5.0), (1.5, 6.0), (2, 6.4), (4, 7.8), (6, 8.6), (8, 9.0) 
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418 Chapter 6 Topics in Analytic Geometry 


6.1 Lines 


One practical application of 

the inclination of a line is in 
measuring heights indirectly. 
For example, in Exercise 81 

on page 423, you will use the 
inclination of a line to determine 
the change in elevation from 
the base to the top of an incline 
railway. 


y 
A 


6 = 146.3° 


> X 


Figure 6.1 


© Find the inclination of a line. 
© Find the angle between two lines. 
© Find the distance between a point and a line. 


Inclination of a Line 


In Section P.4, you learned that the slope of a line is the ratio of the change in y to the 
change in x. In this section, you will look at the slope of a line in terms of the angle of 
inclination of the line. 

Every nonhorizontal line must intersect the x-axis. The angle formed by such an 
intersection determines the inclination of the line, as specified in the definition below. 


Definition of Inclination | 


The inclination of a nonhorizontal line is the positive angle 6 (less than 7) 
measured counterclockwise from the x-axis to the line. (See figures below.) 


g=2 6 
> xX le Mes | E > xX | \\ > xX 


Horizontal Line Vertical Line Acute Angle Obtuse Angle 
Inclination and Slope 
If a nonvertical line has inclination @ and slope m, then m = tan 0. i 


For a proof of this relation between inclination and slope, see Proofs in Mathematics 
on page 500. 

Note that if m = 0, then 6 = arctan m because 0 < @ < 7/2. On the other hand, 
ifm < 0, then 9 = 2 + arctan m because 1/2 < 6 < 7. 


EXAMPLE 1 Finding the Inclination of a Line 


Find the inclination of 2x + 3y = 6 in degrees. 


Solution The equation in slope-intercept form is y = —3x + 2. The slope of this 
line is m = —§, So, use tan @ = —3 to determine its inclination. Note that m < 0. This 
means that 


6=n+ arctan( 2) 


or 8 ~ 146.3°, as shown in Figure 6.1. 
VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the inclination of 4x — 5y = 7 in degrees. Oi 
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Figure 6.2 


fore 


GO DIGITAL 
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The Angle Between Two Lines 


When two distinct lines intersect and are nonperpendicular, their intersection forms two 
pairs of opposite angles. One pair is acute and the other pair is obtuse. The smaller of 
these angles is the angle between the two lines. If two lines have inclinations 6, and 
6,, where 
7 

6, < 6,and 6, — 0, < 3 
then the angle between the two lines is 0 = 6, — @,, as shown in Figure 6.2. Using the 
formula for the tangent of the difference of two angles 


tan 6, — tan 6, 
1+ tan 6, tan 6, 


tan 0 = tan(0, — 0,) 


you can obtain a formula for the tangent of the angle between two lines. 


Angle Between Two Lines ) 


If two nonperpendicular lines have slopes m, and m,, then the tangent of the 
angle between the two lines is 


Mz —~ My, 


tan 0 = | 


1+ mm, 


EXAMPLE 2 Finding the Angle Between Two Lines 


Find the angle (in degrees) between the two lines. 


Line 1:2x —y=4 Line 2: 3x + 4y = 12 
Solution First, rewrite the equations in slope-intercept form. 
Line 1: y = 2x — 4 Line 2: y = —ix+ 3 
The two lines have slopes of m, = 2 and m, = —} respectively. The tangent of the 
angle between the two lines is 
Ms : : 
tan 0 = |——_— Tangent of the angle between Line | and Line 2 
1+ mm, 
(—3/4) — 2 
= Substitute 2 for m, and —3/4 for m). 
1 + (2)(—3/4) 
—11/4 | 
=> =o Simplify numerator and denominator. 
—2/4 
z Simplif 
— = imphiry. 
2 pury: 
So, the angle between the two lines is 
11 : 
6 = arctan > > 06=7%.7. Find angle in degrees. 


The two lines and the angle @ are shown in Figure 6.3. 
Sf Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the angle (in degrees) between the two lines. 


Line 1: —4x + 5y = 10 Line 2: 3x + 2y = —5. | 
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The Distance Between a Point and a Line 


Finding the distance between a line and y 
a point not on the line is an application 
of perpendicular lines. This distance is the 
length of the perpendicular line segment 
joining the point and the line, shown as d 
at the right. 

Recall from Section P.3 that d is given by 


d= Ja 


This formula can be written in terms of the 
coordinates x, and y, and the coefficients A, 
B, and C in the general form of the equation 
of aline, Ax + By + C= 0. 


> xX 


Distance Between a Point and a Line | 


The distance between the point (x,, y,) and the line Ax + By + C = Ois 
|Ax, + By, + C| 
JA2 +B? 


For a proof of this formula for the distance between a point and a line, see Proofs in 
Mathematics on page 500. 


EXAMPLE 3 Finding the Distance Between a Point and a Line 


Find the distance between the point (4, 1) and the line y = 2x + 1. 


Solution To visualize the problem, plot the point and sketch the line (see 
Figure 6.4). The general form of the equation is —2x + y — 1 = 0. So, the distance 
Figure 6.4 between the point and the line is 


pO I 2 ast ane, 


Jee? J5 


i) i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the distance between the point (5, — 1) and the line y = —3x + 2. 


EXAMPLE 4 Finding the Distance Between a Point and a Line 


p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Find the distance between the point (2, — 1) and the line 7x + 5y = —13. 


Solution To visualize the problem, plot the point and sketch the line (see 
Figure 6.5). The general form of the equation is 7x + 5y + 13 = 0. So, the distance 
between the point and the line is 


Figure 6.5 gq (2) + S(=1) + 13] _ 22 
Jie J74 


VY Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


= 2.56 units. 


Find the distance between the point (3, 2) and the line —3x + 5y = —2. |_| 


oes 
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6+ 


C(4, 3) 


=2 a on 
Figure 6.6 
y 
A 
6 pe Oo 
5 B(O, 5) 
A(-2, 0) 1 
pte 
Figure 6.7 
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EXAMPLE 5 An Application of Two Distance Formulas 


Figure 6.6 shows a triangle with vertices A(—3, 0), B(O, 4), and C(5, 2). 
a. Find the altitude 4 from vertex B to side AC. 

b. Find the area of the triangle. 

Solution 


a. To find the altitude, use the formula for the distance between line AC and the point 
(0, 4). First, find the equation of line AC. 


2-0 2 1 


Slope: m= === 
pom’ 5—(-3) 8 4 
. 1 
Equation: y-O0= 4@ + 3) Point-slope form 
4y=x4+3 Multiply each side by 4. 
x-4y+3=0 General form 


Next, find the distance between this line and the point (0, 4). 
_ 10) + (—4)4) + 3] _ 13 
JT? + (—4P ahi 


b. Use the formula for the distance between two points to find the length of the base AC. 


Altitude = h units 


b= [5 — (-3)P + 2 — 0) Distance Formula 
= /8? + 2? Simplify. 
= /68 Simplify. 
= 2,/17 units Simplify. 


So, the area of the triangle is 


1 
A= eh Formula for the area of a triangle 


1 13 
= 5) ie w/ ry Fe) Substitute for b and h. 


= 13 square units. Simplify. 
VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Figure 6.7 shows a triangle with vertices A(—2, 0), B(O, 5), and C(4, 3). 


a. Find the altitude from vertex B to side AC. 
b. Find the area of the triangle. a 


Summarize (Section 6.1) 


1. Explain how to find the inclination of a line (page 418). For an example of 
finding the inclination of a line, see Example 1. 

2. Explain how to find the angle between two lines (page 419). For an example 
of finding the angle between two lines, see Example 2. 

3. Explain how to find the distance between a point and a line (page 420). 
For examples of finding the distances between points and lines, see 
Examples 3-5. 
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See CalcChat.com for tutorial help and worked-out solutions 


6 . 1 Exe rcises to odd-numbered exercises. uae 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blank. 


1. The of a nonhorizontal line is the positive angle @ (less than 7) measured counterclockwise 
from the x-axis to the line. 


2. If a nonvertical line has inclination @ and slope m, then m = 


3. What is the tangent of the angle between two nonperpendicular lines with slopes m, and m,? 
4. What is the distance d between the point (x,, y,) and the line Ax + By + C = 0? 


Skills and Applications 
Finding the Slope of a Line In Exercises 5-16, find 39. x+ /3y+2=0 


the slope of the line with inclination 0. 40, —2./3x - 2y =0 
5. 6 = = radian 6. 6 = = radian 41. 6x — 2y + 8= 0 
6 4 42. 2x — 6y — 12 =0 
7.0= = radians 8. 0 = = radians 43. 4x + 5y-—9=0 
44. 5x + 3y =0 
9.0 =" radi Ose adi 
oi as ee eee Finding the Angle Between Two Lines In Exercises 
11. 6 = 0.39 radian 12. 6 = 0.63 radian 45-54, find the angle 0 (in radians and degrees) between 
the lines. 
13. 6 = 1.27 radians 14. 6 = 1.35 radians 
15. 6 = 1.81 radians 16. 6 = 2.88 radians ie a a el a 
x-y=2 x-2y=- 
Finding the Inclination of aLine In Exercises 17-24, y 
find the inclination 0 (in radians and degrees) of the line 4 i 
with slope m. 
17. m=1 18. m= /3 
19, m =} 20. m = 4 
21. m=-1 22. m= —/3 als 
23. m= —3 24. m = -3 


48. 2x- y= 2 


Finding the Inclination of aLine In Exercises 25-34, 4x + 3y = 24 

find the inclination 0 (in radians and degrees) of the line y 

passing through the points. ; ‘i 

25. (3,2), ©, 1) 26. (1,2,/3), (0, V3) gull 

27. (-./3,-1),(0,-2) 28. (3, 73), (6, -2/3) sill 9 

29. (6, 1), (10, 8) 30. (12, 8), (—4, —3) I 

31. (—2, 20), (10, 0) 32. (0, 100), (50, 0) i wae 
13) (11 2 3 ui 

33. (4,5), G3) 4. =a) a) Si SeteS 1G 

Finding the Inclination of aLine In Exercises 35-44, 3x —S5y=—-1 

find the inclination 6 (in radians and degrees) of the line. 52. 3x — Sy = 3 

35. 2x + 2y-—-5=0 3x + 5y = 12 


36. x -— /3y + 1=0 53. 0.05x — 0.03y = 0.21 

37. 3x — 3y +1=0 0.07x + 0.02y = 0.16 

38. /3x -y+2=0 54. 0.02x — 0.05y = —0.19 
0.03x + 0.04y = 0.52 
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Angle Measurement In Exercises 55-58, find the 
slope of each side of the triangle, and use the slopes to 
find the measures of the interior angles. 


55. y 56. y 
A A 
10 (3, 8) 6+ 
87 7 (4, 4) 
67 \i4, 5) = 
‘ aE 
9 (1, 5) 2+(2, 1) 
f———-}-++ + * | oe 
-4-2 | 24 6 8 +++ +> * 
2 4 6 
57. y 58. y 
A A 
T (-3,4) + 
4+ 4+ 
+ @G,2) T 
a 
T (-2, > (2, 1) 
+A aha ae ae ea 
+(1,0) 4 422 42 A 
(-4, -1) —- 2+ 


Finding the Distance Between a Point and a 
Line In Exercises 59-70, find the distance between the 
point and the line. 


Point Line 
59. (1, 2) y=xt+2 
60. (3, 1) y=xt+3 
61. (2, 3) y=2x -—3 
62. (1,5) y=4x+5 
63. (—2, 4) y=-x+6 
64. (3, —3) y=-3x-4 
65. (2, 3) 3x +y=1 
66. (2, 1) —2x+ty=2 
67. (6, 2) —3x+4y=-5 
68. (1, —4) 2x — 3y = —-5 
69. (—2, 4) 4x + 3y =5 
70. (—3, —5) —3x—-4y=4 


An Application of Two Distance Formulas In 
Exercises 71-76, the points represent the vertices of a 
triangle. (a) Draw triangle ABC in the coordinate plane, 
(b) find the altitude from vertex B of the triangle to side 
AC, and (c) find the area of the triangle. 

71. A(—1, 0), B(O, 3), C(3, 1) 

72. A(—4, 0), B(O, 5), C(3, 3) 

73. A(—3, 0), B(O, —2), C(2, 3) 

74, A(—2, 0), B(O, —3), C(5, 1) 

75. A(1, 1), B(2, 4), C(3, 5) 

76. A(—3, —2), B(—1, —4), C(3, -1) 


© Kapi Ng/Shutterstock.com 
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Finding the Distance Between Parallel Lines In 
Exercises 77 and 78, find the distance between the 
parallel lines. 
7T7ix+y=1 

x+ty=5 


78. 3x —4y= 1 
3x — 4y = 10 


79. Road Grade _A straight road rises with an inclination 
of 0.1 radian from the horizontal (see figure). Find the 
slope of the road and the change in elevation over a 
two-mile section of the road. 


80. Road Grade _ A straight road rises with an inclination 
of 0.2 radian from the horizontal. Find the slope of the 
road and the change in elevation over a one-mile section 
of the road. 


81. Incline Railway 


An incline railway is approximately 170 feet long 
with a 36% uphill grade (see figure). 


(a) Find the 
inclination @ 
of the railway. 


(b) Find the change 
in elevation from 
the base to the top 
of the railway. 

(c) Using the origin 
of a rectangular coordinate system as the base 
of the inclined plane, find an equation of the line 
that models the railway track. 


(d) Sketch a graph of the equation you found in 
part (c). 
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82. Conveyor Design A moving conveyor rises | meter 
for every 3 meters of horizontal travel. 


(a) Find the inclination 6 of the conveyor. 


(b) The conveyor runs between two floors in a factory. 
The distance between the floors is 5 meters. Find 
the length of the conveyor. 


Exploring the Concepts 


True or False? In Exercises 83-86, determine whether 
the statement is true or false. Justify your answer. 


83. A line that has an inclination of 0 radians has a slope 
of 0. 


: ae ae 
84. A line that has an inclination greater than 7 radians has 
a negative slope. 


85. To find the angle between two lines whose angles of 
inclination 0, and 6, are known, substitute 0, and 0, for 
m, and m,, respectively, in the formula for the tangent 
of the angle between two lines. 

86. The inclination of a line is the angle between the line 
and the x-axis. 


87. Writing Explain why the inclination of a line can be 


. 7 
an angle that is greater than > but the angle between 


: 1 
two lines cannot be greater than 7 


88. HOW DO YOU SEE IT? Use the pentagon 


shown below. 


(a) Describe how to use the formula for the 
distance between a point and a line to find the 
area of the pentagon. 


(b) Describe how to use the formula for the angle 
between two lines to find the measures of the 
interior angles of the pentagon. 


y 
j (3, 6) 
mall 
Bae (4, 5) 
(3) 
| 
3+ 
2+ (5, 2) 
1+ 
(2, 1) 
t t t t t }—> x 
1 2 3) 4 5 6 


89. Think About It Consider a line with slope m and 
x-intercept (0, 4). 


(a) Write the distance d between the origin and the 
line as a function of m. 


(b) Graph the function in part (a). 


(c) Find the slope that yields the maximum distance 
between the origin and the line. 


(d) Find the asymptote of the graph in part (b) and 
interpret its meaning in the context of the problem. 
90. Think About It Consider a line with slope m and 
y-intercept (0, 4). 
(a) Write the distance d between the point (3, 1) and 
the line as a function of m. 
(b) Graph the function in part (a). 


(c) Find the slope that yields the maximum distance 
between the point and the line. 


(d) Is it possible for the distance to be 0? If so, what 
is the slope of the line that yields a distance of 0? 


(e) Find the asymptote of the graph in part (b) and 
interpret its meaning in the context of the problem. 


zi Video solutions at 
Review & Refresh \» LarsonPrecalculus.com 


Factoring a Quadratic Equation In Exercises 91-96, 
factor the quadratic equation. 
91. x2 + 12x + 35 
93. x2 — 20x + 96 
95. 11x? — 33x — 44 


92. x2 + 5x — 24 
94. x? — 3x — 54 
96. —3x? + 27x + 66 


Using Standard Form to Graph a Parabola In 
Exercises 97-102, write the quadratic function in 
standard form and sketch its graph. Identify the vertex, 
axis of symmetry, and x-intercepts. 

97. f(x) = x? — 13x + 40 

98. f(x) = x7 — 9x + 18 

99. f(x) = x2 + 29x + 208 
100. f(x) = x7 + 31x + 228 


7 98 
101. = 724+ —- — 
f(x) x 3 9 
18 324 
102. 2x? 
02. f(x) = 2x 57 55 


Distance and Midpoint In Exercises 103-108, 
(a) find the distance between the points and (b) find the 
midpoint of the line segment joining the points. 

103. (8, 19), (5, 14) 104. (3, — 15), (6, 3) 

105. (—17, 11),(—19,-—10) 106. (12, —4), (—9, 7) 


1 5\ (3 10 8 18\ (10 9 
107. (= -=), (= -— 108. (-=, —],(— -= 
: & ane 7) 08. ( oe: 5) 
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6.2 Introduction to Conics: Parabolas 


Parabolas have many real-life 
applications and are often used 
to model and solve engineering 
problems. For example, in 
Exercise 72 on page 432, you 

will use a parabola to model the 
cables of the Golden Gate Bridge. 


© Describe a conic section. 
© Write equations of parabolas in standard form. 
© Use the reflective property of parabolas to write equations of tangent lines. 


Conics 


Conic sections were discovered during the classical Greek period. The early Greek 
studies were largely concerned with the geometric properties of conics. It was not until 
the early seventeenth century that the broad applicability of conics became apparent and 
played a prominent role in the early development of calculus. 

A conic section (or simply conic) is the intersection of a plane and a double-napped 
cone. Notice in Figure 6.8(a) that in the formation of the four basic conics, the 
intersecting plane does not pass through the vertex of the cone. When the plane 
does pass through the vertex, the resulting figure is a degenerate conic, as shown in 
Figure 6.8(b). 


) nr 
] 7. no _N 


Circle Ellipse Parabola Hyperbola 
(a) Basic Conics 


W 
ae 
y oN 


Point Line Two Intersecting 
Lines 

(b) Degenerate Conics 

Figure 6.8 


There are several ways to approach the study of conics. You could begin by defining 
conics in terms of the intersections of planes and cones, as the Greeks did, or you could 
define them algebraically, in terms of the general second-degree equation 


Ax’ + Bxy + Cy? + Dx + Ey + F=0. 


However, you will study a third approach, in which each of the conics is defined as 
a locus (collection) of points satisfying a given geometric property. For example, in 
Section P.3, you saw how the definition of a circle as the collection of all points (x, y) that 
are equidistant from a fixed point (h, k) led to the standard form of the equation of a circle 


( ~ h)? an (y ca k)? =r, Equation of a circle 
Recall that the center of a circle is at (h, k) and that the radius of the circle is r. 


© Pung/Shutterstock.com 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


426 Chapter 6 Topics in Analytic Geometry 


Parabolas 
Recall that the graph of the quadratic function 
f(x) = ax? + bx +e 


is a parabola that opens upward or downward. The definition of a parabola below is 
more general in the sense that it is independent of the orientation of the parabola. 


Definition of a Parabola | 


A parabola is the set of all 

points (x, y) in a plane that are 
equidistant from a fixed line, the 
directrix, and a fixed point, the 
focus, not on the line. (See figure.) 
The vertex is the midpoint between 
the focus and the directrix. The axis 
of the parabola is the line passing 


Directrix 
through the focus and the vertex. 
b>>> SKILLS REFRESHER 
You may need to complete the 
sa anaes to write the standard Note in the figure above that a parabola is symmetric with respect to its axis. 
equation of a parabola (see The definition of a parabola can be used to derive the standard form of the equation 
Example 3). For a refresher on of a parabola with vertex at (h, k) and directrix parallel to the x-axis or to the y-axis. 


completing the square in an 
equation, watch the video at 
LarsonPrecalculus.com. 


Standard Equation of a Parabola | 


The standard form of the equation of a parabola with vertex at (h, k) is 


(x — h)? = 4p(y — k), p#O0 Vertical axis; directrix: y = k — p 
or 
(y — k= Ap(x — h), p#O0. Horizontal axis; directrix: x = h — p 


The focus lies on the axis p units (directed distance) from the vertex. If the 
vertex is at the origin, then the equation takes one of two forms. 


x? = Apy Vertical axis 


y = 4px Horizontal axis 


See the figures below. 


For a proof of the standard form of the equation of a parabola, see Proofs in Mathematics 
on page 501. 


Axis: x=h Axis: x =h 


\ Directrix: Directrix: x =h—p Directrix: x = h—p 


Axis: (Atp, ae 


yak 
(h + p, k) 


Vertex: (h, k) 


' 
It 
t 
It 
' 
It 
' 
It 
t 
ih Ss Gs See eS So ee 
! 
I! 
I 
I 
Il 
1 
1 
1 
Il 
1 


(x — hy = 4ply — k) (x — h)? = 4ply — k) (y — kK? = 4p(x — h) (y — kK)? = 4p(x — h) 
Vertical axis: p > 0 Vertical axis: p < 0 Horizontal axis: p > 0 Horizontal axis: p < 0 
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2 = 
Vertex (—1, 1) 


Focus (- 1, +) 


Figure 6.11 
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Finding the Standard Equation of a Parabola 


Find the standard form of the equation of the parabola with vertex at the origin and 
focus (2, 0). 


Solution The axis of the parabola is horizontal, passing through (0, 0) and (2, 0), 
as shown in Figure 6.9. The equation is of the form y* = 4px, where p = 2. So, 
the standard form of the equation is y* = 8x. You can use a graphing utility to 
confirm this equation. Let y, = ./8x to graph the upper portion of the parabola and let 
y= > ./8x to graph the lower portion of the parabola. 


i Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the standard form of the equation of the parabola with vertex at the origin and 
focus (0, 3). 


Finding the Standard Equation of a Parabola 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Find the standard form of the equation of the parabola with vertex (2, 1) and focus (2, 4). 


Solution The axis of the parabola is vertical, passing through (2, 1) and (2, 4). The 
equation is of the form 


(x — A)? = 4py — k) 

where h = 2,k = 1, and p = 4 — 1 = 3. So, the standard form of the equation is 
(x — 2)? = 12(y — 1). 

Figure 6.10 shows the graph of this parabola. 


fv Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the standard form of the equation of the parabola with vertex (2, —3) and focus 
(3): 


EXAMPLE 3 Finding the Focus of a Parabola 


Find the focus of the parabola y = —}x? =x + . 


Solution To find the focus, convert to standard form by completing the square. 


1 1 
Se Ses 


y= Write original equation. 
—2y=x+2x-1 Multiply each side by —2. 
1 — 2y = x? + 2x Add | to each side. 
1+1-2y=2x+2x+ 1 Complete the square. 
2-2y=x+2x+1 Combine like terms. 


—2(y — 1) =(x+ 1)? Write in standard form. 
Writing this equation as [x — (— 1)? = —2(y — 1) and comparing it with 
(x — h)? = 4p(y — k) 


shows that h = —1,k = 1, and p = —}. The parabola opens downward, as shown in 
Figure 6.11, because p is negative. So, the focus of the parabola is (h, k + p) = (- 1, 4), 


Sf Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the focus of the parabola x = fy? + dy + 8 a 
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The Reflective Property of Parabolas 


A line segment that passes through the focus of a parabola and has endpoints on the 
parabola is a focal chord. The focal chord perpendicular to the axis of the parabola is 
called the latus rectum. 

Parabolas occur in a wide variety of applications. For example, a parabolic 
reflector can be formed by revolving a parabola about its axis. The resulting surface 
has the property that all incoming rays parallel to the axis reflect through the focus 
of the parabola. This is the principle behind the construction of the parabolic mirrors 
used in reflecting telescopes. Conversely, the light rays emanating from the focus of a 
parabolic reflector used in a flashlight are all parallel to one another, as shown in the 
figure below. 


Light source 
atiocus UAAHRe=senes=sse=se5 > 


BSN ap  epealteeagespasetes = 
etek ta be ei Sic is 

ocus Axis 
One important application of 1:2 2 2 2 ee FR rrr pesreaoes = 
parabolas isin astronomy. Radio  — — )  Yeitw nnn nner ene e nnn nnn = 
telescopes use parabolic dishes  ——s—“—sSsSSSN ee ss 
tocollect radio waves from sss Qn nn rr rrr > 


space. 


Parabolic reflector: 
light reflects in 
parallel rays. 


A line is tangent to a parabola at a point on the parabola when the line intersects, 
but does not cross, the parabola at the point. Tangent lines to parabolas have special 
properties related to the use of parabolas in constructing reflective surfaces. 


Reflective Property of a Parabola ) 


The tangent line to a parabola at a point P makes equal angles with the 
following two lines (see figure below). 


1. The line passing through P and the focus 
2. The axis of the parabola 


a / Tangent 
line 


Example 4 on the next page shows how to find an equation of a tangent line to a 
parabola at a given point. Finding slopes and equations of tangent lines are important 
topics in calculus. If you take a calculus course, you will study techniques for finding 


ee slopes and equations of tangent lines to parabolas and other curves. 
GO DIGITAL 


© John A Davis/Shutterstock.com 
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EXAMPLE 4 Finding the Tangent Line at a Point on a Parabola 


Find an equation of the tangent line to the parabola y = x? at the point (1, 1). 


Solution For this parabola, the vertex is at the origin, the axis is vertical, and p = me 
So, the focus is (0, *, as shown in the figure below. 


To find the y-intercept (0, b) of the tangent line, equate the lengths of the two sides of 
the isosceles triangle shown in the figure: 


1 ; 1\2 5 
ar ee and d,= (1 — 0) + ae 7 


Note that d, = i — b rather than b — ie The order of subtraction for the distance is 
important because the distance must be positive. Setting d, = d, produces 


1 be 

a b = 

4 4 
Use a graphing utility to | 
confirm the result of Example 4. 
Graph So, the slope of the tangent line is 

y, =x? and y,=2x-1 Pee ad el) 
1-0 

in the same viewing window 
and verify that the line touches and the equation of the tangent line in slope-intercept form is 
the parabola at the point (1, 1). (=o 


vy Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find an equation of the tangent line to the parabola y = 3x? at the point (1, 3). a 


Summarize (Section 6.2) 


1. List the four basic conic sections and the degenerate conics. Use sketches to 
show how to form each basic conic section and degenerate conic from the 
intersection of a plane and a double-napped cone (page 425). 

2. State the definition of a parabola and the standard form of the equation of a 
parabola (page 426). For examples involving writing equations of parabolas 
in standard form, see Examples 1-3. 

3. State the reflective property of a parabola (page 428). For an example of 
using this property to write an equation of a tangent line, see Example 4. 


OF 
GO DIGITAL 
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See CalcChat.com for tutorial help and worked-out solutions 


6 2 Exe rcises to odd-numbered exercises. fo 1 


222 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-4, fill in the blanks. 


LA is the intersection of a plane and a double-napped cone. 

2. When a plane passes through the vertex of a double-napped cone, the intersection is a 

3. A is the set of all points (x, y) in a plane that are equidistant from a fixed line, called 
the , and a fixed point, called the , not on the line. 

4. A line is to a parabola when the line intersects, but does not cross, the parabola. 


5. What line segment passes through the focus of a parabola and has endpoints on the parabola? 


6. A parabola has vertex (a, c) and focus (b, c). Write an equation of the axis of the parabola. What 
direction(s) could the parabola open? 


7. How do you find the vertex of a parabola given its focus and directrix? 


8. The tangent line to a parabola at a point P makes equal angles with what two lines? 


Skills and Applications 


Matching In Exercises 9-12, match the equation with 15. Focus: (0, 5) 16. Focus 3 0) 

its graph. [The graphs are labeled (a), (b), (c), and (d).] 17. Focus: (—2, 0) 18. Focus: (0, —1) 

(a) (b) 19. Directrix: y = 2 20. Directrix: y = —4 
21. Directrix: x = —1 22. Directrix: x = 3 


23. Vertical axis; passes through the point (4, 6) 


24. Vertical axis; passes through the point (— 3, —3) 
25. Horizontal axis; passes through the point (—2, 5) 


26. Horizontal axis; passes through the point (3, — 2) 


(c) y (d) y Finding the Standard Equation of a Parabola In 
re 4 Exercises 27-36, find the standard form of the equation 
ai of the parabola with the given characteristics. 

+ y 
t+» x +++» x - 28. A Vertex 
i 6 2 CT a6) 
7 6+ 
4 t 4+  eFocus 
yy @,4) 
9. y2 = 4x 10. x2 = 2y iL 
= = tpt ft ttt 
11. x? = —8y 12. y = —12x T pl ee eee 
Finding the Standard Equation of a Parabola In 
29. tex: 5 f 7 (4 

Exercises 13-26, find the standard form of the equation pe Memes: (6,2) focus: (A) 

of the parabola with the given characteristic(s) and 30. Vertex: (1, —8); focus: (3, — 8) 

vertex at the origin. 31. Vertex: (0, 2); directrix: y = 4 

13. 14. 32. Vertex: (1, 2); directrix: y = —1 

33. Focus: (2, 2); directrix: x = —2 
34. Focus: (0, 0); directrix: y = 8 
psf og 35. Vertex: (3, —3); vertical axis; passes through the point 
‘ (0, 0) 
36. Vertex: 1,6); horizontal axis; passes through the 


(= 
point (— 9, 2) 
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AB Finding the Vertex, Focus, and Directrix of a 


Parabola In Exercises 37-50, find the vertex, focus, 
and directrix of the parabola. Then sketch the parabola. 


37. x* = 2y 38. x2 = —jy 
39. y? = —6x 40. y? = 3x 
41. x? + 12y=0 42. x+y? =0 


43. (x — 1)? + 8(y + 2) =0 

44. (x +5) + (y - 1? = 

45. (y + 7)? = (x — 3) 

46. (x + 4)? = 4(y — 1) 

AT. y = 402 - 2x + 5) 48. x = 4(y? + 2y + 33) 
49, y+ 6y+8x+25=0 50. x -4x-4y=0 


BB Finding the Vertex, Focus, and Directrix of a 


Parabola In Exercises 51-54, find the vertex, focus, 
and directrix of the parabola. Use a graphing utility to 
graph the parabola. 
51. x° + 4x — 6y = —10 
53. yr +x+y=0 


52. x* — 2x + 8y = -9 
54. y>—- 4x -4=0 
Finding the Tangent Line at a Point on a Parabola 


In Exercises 55-60, find an equation of the tangent line 
to the parabola at the given point. 


56. 


>< 


58. x2 = 2y, (-3, 3) 
60. y = —2x?, (2, -8) 


57. x? = 2y, (—4, 8) 

59, y = —2x, (-1, —2) 

61. Flashlight The light bulb in a flashlight is at the 
focus of the parabolic reflector, 1.5 centimeters from the 
vertex of the reflector (see figure). Write an equation for 


a cross section of the flashlight’s reflector with its focus 
on the positive x-axis and its vertex at the origin. 


y 

Receiver 

_ ©} — 3.5 ft 
Ss i / 


Figure for 62 


Figure for 61 


62. Satellite Dish The receiver of a parabolic satellite 
dish is at the focus of the parabola (see figure). Write 
an equation for a cross section of the satellite dish. 
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63. HighwayDesign Highway engineers use a parabolic 
curve to design an entrance ramp from a straight street 
to an interstate highway (see figure). Write an equation 
of the parabola. 


Interstate 
(1000, 800) 


}$—top ftp x 


T T T T 
400 800 1200 1600 


(1000, —800) 


Street 


64. Road Design Roads are often designed with 
parabolic surfaces to allow rain to drain off. A particular 
road is 32 feet wide and 0.4 foot higher in the center 
than it is on the sides (see figure). 


(a) Write an equation of the parabola with its vertex at 
the origin that models the road surface. 


(b) How far from the center of the road is the road 
surface 0.1 foot lower than the center? 


65. Beam Deflection A simply supported beam is 
64 feet long and has a load at the center (see figure). 
The deflection of the beam at its center is | inch. The 
shape of the deflected beam is parabolic. 


Not drawn to scale 


(a) Write an equation of the parabola with its vertex at 
the origin that models the shape of the beam. 
(b) How far from the center of the beam is the deflection 
5 inch? 
66. Beam Deflection Repeat Exercise 65 when the 


length of the beam is 36 feet and the deflection of the 
beam at its center is 2 inches. 
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67. Fluid Flow Water is flowing from a horizontal pipe 
48 feet above the ground. The falling stream of water 
has the shape of a parabola whose vertex (0, 48) is at 
the end of the pipe (see figure). The stream of water 
strikes the ocean at the point (1073, 0). Write an 
equation for the path of the water. 


Figure for 67 Figure for 68 


68. Window Design A stained glass window is bounded 
above by a parabola (see figure). Write an equation of 
the parabola. 


69. Archway A parabolic archway is 12 meters high at 
the vertex. At a height of 10 meters, the width of the 
archway is 8 meters (see figure). How wide is the 
archway at ground level? 


Figure for 69 Figure for 70 


70. Lattice Arch A parabolic lattice arch is 8 feet high at 
the vertex. At a height of 4 feet, the width of the lattice 
arch is 4 feet (see figure). How wide is the lattice arch 
at ground level? 


71. Suspension Bridge Each cable of a suspension 
bridge is suspended (in the shape of a parabola) between 
two towers (see figure). 


(60, 20) 


(a) Find the coordinates of the focus. 


(b) Write an equation that models the cables. 


© Pung/Shutterstock.com 


72. Suspension Bridge 
Each cable of the Golden Gate Bridge is suspended 
(in the shape of a parabola) between two towers 
that are 1280 meters apart. 
The top of each 
tower is 152 meters 
above the roadway. 
The cables touch 
the roadway at the 
midpoint between 
the towers. 


(a) Sketch the bridge 
on a rectangular coordinate system with the 
cables touching the roadway at the origin. Label 
the coordinates of the known points. 


(b) Write an equation that models the cables. 


(c) Complete the table by finding the height y of the 
cables over the roadway at a distance of x meters 
from the point where the cables touch the 

roadway. 


Distance, x | Height, y 


73. Satellite Orbit A_ satellite in a 100-mile-high 
circular orbit around Earth has a velocity of 
approximately 17,500 miles per hour. When this 
velocity is multiplied by ./2, the satellite has the 
minimum velocity necessary to escape Earth’s gravity 
and follow a parabolic path with the center of Earth as 
the focus (see figure). 


Circular 


Not drawn to scale 


(a) Find the escape velocity of the satellite. 


(b) Write an equation for the parabolic path of the 
satellite. (Assume that the radius of Earth is 
4000 miles.) 
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aid 74. Path of a Softball The path of a softball is modeled 


by —12.5(y — 7.125) = (x — 6.25)*, where x and y 

are measured in feet, with x = 0 corresponding to the 

position from which the ball was thrown. 

(a) Use a graphing utility to graph the trajectory of the 
softball. 

(b) Use the trace feature of the graphing utility to 
approximate the highest point and the range of the 
trajectory. 


Projectile Motion In Exercises 75 and 76, consider 
the path of an object projected horizontally with a 
velocity of v feet per second at a height of s feet, where 
the model for the path is x? = —v?/16(y — s). In this 
model (in which air resistance is disregarded), y is the 
height (in feet) of the projectile and x is the horizontal 
distance (in feet) the projectile travels. 


75. As part of a science experiment, an egg is thrown from 
the top of a 100-foot tower with a velocity of 28 feet per 
second. 

(a) Write an equation for the parabolic path. 
(b) How far does the egg travel horizontally before it 
strikes the ground? 


76. A cargo plane is flying at an altitude of 500 feet and a 
speed of 255 miles per hour. A supply crate is dropped 
from the plane. How many feet will the crate travel 
horizontally before it hits the ground? 


Exploring the Concepts 


True or False? In Exercises 77 and 78, determine 
whether the statement is true or false. Justify your 
answer. 

77. It is possible for a parabola to intersect its directrix. 


78. A tangent line to a parabola always intersects the directrix. 


79. Slope of a Tangent Line Let (x,,y,) be the 
coordinates of a point on the parabola x? = 4py. The 
equation of the line tangent to the parabola at the point is 


mal 
Be a ae ap ™ a x). 


Find the slope and the x- and y-intercepts of the tangent line. 


OD HOW DO YOU SEE IT? 


In parts (a)—(d), describe A 
how a plane could intersect é 
the double-napped cone to 
form each conic section ’ 
(see figure). 

(a) Circle (b) Ellipse 

(c) Parabola (d) Hyperbola 


NN 
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81. Think About It Explain what each equation 
represents, and how equations (a) and (b) are equivalent. 
(a) y=a(x-—h)? +k, a#0 
(b) @—hP = 4py—- hk), p#O 
(c) (y— k? = 4px — hb), p #0 
82. Graphical Reasoning Consider the parabola 
x? = Apy. 
PB (a) Use a graphing utility to graph the parabola for 
p=1, p=2, p=3, and p = 4. Describe the 
effect on the graph when p increases. 


(b) Find the focus for each parabola in part (a). 


(c) For each parabola in part (a), find the length of the 
latus rectum (see figure). How can the length of the 
latus rectum be determined directly from the standard 
form of the equation of the parabola? 


y 
A 


Latus 
rectum 


> xX 


(d) How can you use the result of part (c) as a sketching 
aid when graphing parabolas? 


Video solutions at 
LarsonPrecalculus.com 


Sketching a Circle In Exercises 83-86, find the center 
and radius of the circle with the given equation. Then 
sketch the circle. 
83. x2 + y? = 64 84. (x + 3)? + y = 
85. (x — 5)? + (y + 1)? = 50 
86. (x - 3) + (y- 7 =F 
Using Properties of Exponents In Exercises 87-90, 
simplify each expression. 
4 3c*d"} 
88, — 


2x73 c&d-3 


89. (a3/2b2)~4 90. (x*yz)~?(x?yz79) 


Review & Refresh » 


87 


Writing an Equation from a Description In 
Exercises 91-93, write an equation for the function 
whose graph is described. 


91. The shape of f(x) = x’, but shifted two units up and 
four units to the right 

92. The shape of f(x) = \/x, but shifted five units to the 
left and then reflected in the x-axis 


93. The shape of f(x) = |x|, but shifted three units to the 
left, one unit down, and then reflected in the y-axis 


02-200-2 
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© Write equations of ellipses in standard form and sketch ellipses. 
© Use properties of ellipses to model and solve real-life problems. 
© Find eccentricities of ellipses. 


Introduction 


Another type of conic is an ellipse. It is defined below. 


Definition of an Ellipse , 


An ellipse is the set of all points (x, y) in a plane, the sum of whose distances 
from two distinct fixed points, called foci, is constant. See Figure 6.12. 


Major axis 


Ellipses have many real-life 
applications. For example, 
Exercise 57 on page 441 shows 
how a lithotripter machine uses 
the focal properties of an ellipse 
to break up kidney stones. 


d, + d, is constant. 
Figure 6.12 Figure 6.13 


The line through the foci intersects the ellipse at two points called vertices. The 
chord joining the vertices is the major axis, and its midpoint is the center of the ellipse. 
The chord perpendicular to the major axis at the center is the minor axis of the ellipse. 
(See Figure 6.13.) 

To visualize the definition of an ellipse, imagine two thumbtacks placed at the foci, 
as shown in the figure below. When the ends of a fixed length of string are fastened to 
the thumbtacks and the string is drawn taut with a pencil, the path traced by the pencil 
is an ellipse. 


b 
2 To derive the standard form of the equation of an ellipse, consider the ellipse in 
Figure 6.14 with the points listed below. 
Figure 6.14 Center: (h, k) Vertices: (h = a, k) Foci: (h + c, k) 


Note that the center is also the midpoint of the segment joining the foci. 
The sum of the distances from any point on the ellipse to the two foci is constant. 
Using a vertex point, this constant sum is 


(a +c) + (a-c) = 2a Length of major axis 


which is the length of the major axis. 


© Dario Lo Presti/Shutterstock.com 
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b>>> SKILLS REFRESHER 


You may need to complete 

the square twice to write the 
standard equation of an ellipse 
(see Example 3). For a refresher 
on completing the square in an 
equation, watch the video at 
LarsonPrecalculus.com. 


Pleyel 


a 


GO DIGITAL 
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Now, if you let (x, y) be any point on the ellipse, then the sum of the distances 
between (x, y) and the two foci must also be 2a. That is, 


Vix - (2 - OP + (y — P+ Vix - (2 + OP + (y — KP = 20 
which, after expanding and regrouping, reduces to 
(a* — c?)(x — hh)? + Ay — bP? = Wa? — c?). 


From Figure 6.14, 


YP+e=a 
a 
which implies that the equation of the ellipse is 
D(x — h)? + ay — kK)? = a2b? Substitute b? for a? — c?. 
— py _— p2 
(=m? kL, 


ae b2 


Divide each side by a*b?. 


You would obtain a similar equation in the derivation by starting with a vertical 
major axis. A summary of these results is given below. 


Standard Equation of an Ellipse 


The standard form of the equation of an ellipse with center (h, k) and major 
and minor axes of lengths 2a and 2), respectively, where 0 < b < a, is 


(w= WP, (y= PL 


a b? 


1 Major axis is horizontal. 


or 
Ga? Sie 2 


eg es 1. Major axis is vertical. 


The foci lie on the major axis, c units from the center, with 
c=a — BP. 


If the center is at the origin, then the equation takes one of the forms below. 


x2 y? 

Z ab Pp = jl Major axis is horizontal. 
2 2 

Xx 

p dk os =| Major axis is vertical. 


y y 
A = : 
2 @-hy  O-k _ 
E —h) * a + rm =1 
2b 2a 
> xX > X 
Major axis is horizontal. Major axis is vertical. 
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Finding the Standard Equation of an Ellipse 


Find the standard form of the equation of the ellipse with foci (0, 1) and (4, 1) and 
y major axis of length 6. 


at Solution The center of the ellipse is the midpoint of the line segment joining the 

foci. So, by the Midpoint Formula, the center of the ellipse is (2, 1) and the distance 

from the center to one of the foci is c = 2. Because 2a = 6, you know that a = 3. Now, 
b=V/5 from c? = a? — b?, you have 

(2,1) (4,1) 

e 


sauna sa | b= JP -— C2 = /P? —-P= Js. 


=] ans The major axis is horizontal, so the standard form of the equation is 
_ 9)2 — 1) 
Se= & = 2) oE (y ) = 1. Standard form 
-2+ 2 3? ~)2 
a3 We 
Figure 6.15 The ellipse is shown in Figure 6.15. 


Sf Checkpoint |») Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the standard form of the equation of the ellipse with foci (2, 0) and (2, 6) and 
major axis of length 8. 


EXAMPLE 2 Sketching an Ellipse 


Sketch the ellipse 4x7 + y? = 36 and identify the center and vertices. 


Algebraic Solution Graphical Solution 
4x2 + y? = 36 Write original equation. Solve the equation of the ellipse for y. 
ac ¥ aa 28 Divide each side by 36. nal ” a 
36 «=636—s 36 y? = 36 — 4x2 


La ae y= +/36 — 42 


32 + ee = Write in standard form. 
Then, use a graphing utility to graph 
The center of the ellipse is (0, 0). Because the denominator of 
; — [26 — A = -- /86 — Ase 
the y’-term is greater than the denominator of the x’-term, you YI 36— 4x" and Ye 36 — 4x 
can conclude that the major axis is vertical. Moreover, because in the same viewing window, as shown in the figure 


a = 6, the vertices are (0, — 6) and (0, 6). Finally, because b = 3, | below. Be sure to use a square setting. 
the endpoints of the minor axis (the co-vertices) are (— 3, 0) and 
(3, 0), as shown in the figure. 


y 
A 
(0, 6) 


The center of the 
ellipse is (0, 0) and the 
112 major axis is vertical. 
The vertices are (0, 6) 
and (0, —6). 


12 | 


(0, -6) 


ov Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


os 
Sketch the ellipse x? + 9y* = 81 and identify the center and vertices. a GO DIGI aa 
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wea? 0-1) _ 


22 1 at 
(-3-V3, 1) //(-3 +3, 1) 37 
-1,1 
(-5, 1) \ hel 
1+ 
ae ee ee 
3,0 -17 
Figure 6.16 
@=1P , +2) 
| eo gS 
y 
A 
Vertex 
1, 2) 
(1,-2+2/3) 
t t t 
-4 -2 4 
Center 
Focus 
(1,-2-2V73) Ne“ (1, -6) 
Vertex 
Figure 6.17 


fe) Fta 
GO DIGITAL 
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EXAMPLE 3 Sketching an Ellipse 


Find the center, vertices, and foci of the ellipse x7 + 4y? + 6x — 8y + 9 = 0. Then 
sketch the ellipse. 


Solution Begin by writing the original equation in standard form. In the third step, 
note that you add 9 and 4 to both sides of the equation when completing the squares. 


x? + 4y? + 6x — BY +9 =0 

)+ 4(? -2y+ BB) =-9 

(x? + 6x + 9) + 4(y? — 2y + 1) = -9 +94 4(1) 
(x + 3? + 4(y -— 1)? =4 


+S. (y= 1P 
2. =i 


Write original equation. 


Group terms and 
2 
(x + 6x + factor 4 out of y-terms. 


Complete the squares. 


Write in completed 
square form. 


Write in standard form. 


From this standard form, it follows that the center is (h, k) = (—3, 1) and the major 
axis is horizontal. The denominator of the x-term is a” = 27, so the endpoints of the 
major axis lie two units to the right and left of the center and the vertices are (— 1, 1) 
and (—5, 1). Similarly, the denominator of the y-term is b? = 17, so the co-vertices lie 
one unit up and down from the center at (— 3, 2) and (—3, 0). Now, from c? = a? — b?, 
you have 


c= /P- P= /3. 


So, the foci of the ellipse are (—3 + /3, 1) and (—3 — /3, 1). Figure 6.16 shows 
the ellipse. 


f Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the center, vertices, and foci of the ellipse 9x7 + 4y? + 36x — 8y + 4 = 0. Then 
sketch the ellipse. 


EXAMPLE 4 Sketching an Ellipse 


>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Find the center, vertices, and foci of the ellipse 4x7 + y? — 8x + 4y — 8 = 0. Then 
sketch the ellipse. 


Solution Complete the square to write the original equation in standard form. 
4x? + y= — 8x + 4y-8 =0 
)=8 
AQ? — 2x + 1) + (y? + 4y + 4) = 84+ 401) +4 
A(x — 1)? + (y + 2)? = 16 


=I" ora 
92 42 


The major axis is vertical, h = 1,k = —2,a = 4,b 
c= J? -BP= /16-4= /12 = 2/3. 


So, the center is (h, k) = (1, —2), the vertices are (1, — 6) and (1, 2), and the foci are 
(1, -2 — 2/3) and (1, —2 + 2./3). Figure 6.17 shows the ellipse. 


Write original equation. 


Group terms and factor 4 
out of x-terms. 


A(x? — 2x + (ON) + (52 + 4y + 


Complete the squares. 


Write in completed 
square form. 


+ 


1 Write in standard form. 


2, and 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the center, vertices, and foci of the ellipse 5x? + 9y? + 10x — 54y + 41 = 0. 
Then sketch the ellipse. | 
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Application 


Ellipses have many practical and aesthetic uses. For example, machine gears, 
supporting arches, and acoustic designs often involve elliptical shapes. The orbits of 
satellites and planets are also ellipses. Example 5 investigates the elliptical orbit of the 
moon about Earth. 


EXAMPLE 5 An Application Involving an Elliptical Orbit 


The moon travels about Earth in an 
elliptical orbit with the center of Earth 

at one focus, as shown in the figure at the 
right. The major and minor axes of the 
orbit have lengths of 768,800 kilometers 


767,641 Ben 


: 768,800 
N ote in Example 5 that Earth and 767,641 kilometers, respectively. kei 
is not the center of the moon’s Find the greatest and least distances 
orbit. 


(the apogee and perigee, respectively) 

from Earth’s center to the moon’s center. 
Then use a graphing utility to graph the 1 
orbit of the moon. Perigee Apogee 


J 


Solution Because 2a = 768,800 and 2b = 767,641, you have a = 384,400 and 
b = 383,820.5, which implies that 


c= Ja — b? = ./384,400? — 383,820.52 ~ 21,099. 


So, the greatest distance between the center of Earth and the center of the moon is 
a+c = 384,400 + 21,099 = 405,499 kilometers 

and the least distance is 
a— c = 384,400 — 21,099 = 363,301 kilometers. 


To use a graphing utility to graph the orbit of the moon, first let a = 384,400 and 
b = 383,820.5 in the standard form of an equation of an ellipse centered at the origin, 
and then solve for y. 

x2 


x — 
" = eb 5038008. (1 = 
384,4002 ’ 383,820.52 a eb anet 384,4002 


Graph the upper and lower portions in the same viewing window, as shown below. 


400,000 


—600,000 |“ —— ‘—+—1 600,000 


—400,000 
Sf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Encke’s comet travels about the sun in an elliptical orbit with the center of the sun 
at one focus. The major and minor axes of the orbit have lengths of approximately 
4.420 astronomical units and 2.356 astronomical units, respectively. (An astronomical 
unit is about 93 million miles.) Find the greatest and least distances (the aphelion 
and perihelion, respectively) from the sun’s center to the comet’s center. Then use a 


[mls ‘1 raphing utility to graph the orbit of the comet. | 
GO DIGITAL erap & y erap 
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Eccentricity 


It was difficult for early astronomers to detect that the orbits of the planets are ellipses 
because the foci of the planetary orbits are relatively close to their centers, and so the 
orbits are nearly circular. You can measure the “ovalness” of an ellipse by using the 
concept of eccentricity. 


Definition of Eccentricity ‘' 


se eae ‘ c 
The eccentricity e of an ellipse is the ratio e = a 


Note that 0 < e < 1 for every ellipse. 

To see how this ratio describes the shape of an ellipse, note that because the foci 
of an ellipse are located along the major axis between the vertices and the center, it 
follows that 0 < c < a. For an ellipse that is nearly circular, the foci are close to the 
center and the ratio c/a is close to 0, as shown in Figure 6.18. On the other hand, for 
an elongated ellipse, the foci are close to the vertices and the ratio c/a is close to 1, as 
shown in Figure 6.19. 


> 


> X 


Cc 


. e is close to 1. 
e is close to 0. 


Figure 6.18 Figure 6.19 


The orbit of the moon has an eccentricity of e ~ 0.0549. The eccentricities of the 
eight planetary orbits are listed below. 


Mercury: e ~ 0.2056 Jupiter: e ~ 0.0489 
Venus: e ~ 0.0067 Saturn: e ~ 0.0565 
Earth: e ~ 0.0167 Uranus: e ~ 0.0457 
Mars: e ~ 0.0935 Neptune: e ~ 0.0113 


Summarize (Section 6.3) 


1. State the definition of an ellipse and the standard form of the equation of 
an ellipse (page 434). For examples involving the equations and graphs 
of ellipses, see Examples 1-4. 

2. Describe a real-life application of an ellipse (page 438, Example 5). 


3. State the definition of the eccentricity of an ellipse and explain how 
eccentricity describes the shape of an ellipse (page 439). 


ote 


GO DIGITAL 
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See CalcChat.com for tutorial help and worked-out solutions 


6 . 3 Exercises to odd-numbered exercises. 


Vocabulary and Concept Check 

In Exercises 1 and 2, fill in the blanks. 

1. An is the set of all points (x, y) in a plane, the sum of whose distances from two distinct fixed 
points, called , iS constant. 


2. You can measure the “ovalness” of an ellipse by using the concept of 


3. What are the names of the two axes of an ellipse? Which one passes through the vertices? 


4. How do you find the eccentricity of an ellipse, given the major and minor axes lengths? 


Skills and Applications 

Matching In Exercises 5-8, match the equation with 11. Vertices: (+7, 0); foci: (+2, 0) 

its graph. [The graphs are labeled (a), (b), (c), and (d).] 12. Vertices: (0, +8); foci: (0, 4) 

(a) y (b) Y 13. Foci: (+4, 0); major axis of length 10 

t 4+ 14. Foci: (0, +3); major axis of length 8 

15. Vertical major axis; passes through the points (0, 6) and 


= = x (3, 0) 
ct 24> — +> x 
_ -4 4 16. Horizontal major axis; passes through the points (5, 0) 


ar and (0, 2) 
+ -4-- 17. Vertices: (+6, 0); passes through the point (4, 1) 
18. Vertices: (0, +8); passes through the point (3, 4) 


(©) , (a) Y 
Finding the Standard Equation of an Ellipse In 
Exercises 19-30, find the standard form of the equation 


Citi) 6 Cad) 2 of the ellipse with the given characteristics. 
te x 
= : 19.» 20. 


a 6+ (2, 6) 
-4 =6-- 5+ 
2 2 2 2 +7 
x 5 ee x hae 3+ (3, 3) 
,2 4% = -x 4% = 
? 4 9 : 9 4 : 2+ ep 
i+ 2 
(x — 2)? ‘ Ve 
Pilar A = t +—+—_+—+}+>- 
a 6 +(y+1?=1 oe eee a 
2 2 
8. ( 5 2) + (y . 2)" § 1 21. Vertices: (2, 0), (10, 0); minor axis of length 4 


22. Vertices: (3, 1), (3, 11); minor axis of length 2 
An Ellipse Centered at the Origin In Exercises 9-18, 23. Foci: (0, 0), (0, 8); major axis of length 16 
find the standard form of the equation of the ellipse with 24. Foci: (0, 0), (4, 0); major axis of length 6 


the given characteristics and center at the origin. 
a oo = 25. Center: (1, 3); vertex: (— 2, 3); minor axis of length 4 


9 4 10. 26. Center: (2, — 1); vertex: (2, 5); minor axis of length 2 
8+ 27. Center: (1, 4); a = 2c; vertices: (1, 0), (1, 8) 
(-2, 0) a 28. Center: (3, 2); a = 3c; foci: (1, 2), (5, 2) 
i bh 29. Vertices: (0,2), (4,2); endpoints of the minor axis: 
-§ -4 4 8 (2, 3), (2,1) 
4 ae 30. Vertices: (5,0), (5, 12); endpoints of the minor axis: 


(1, 6), (9, 6) 
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Sketching an Ellipse In Exercises 31—46, find the 
center, vertices, foci, and eccentricity of the ellipse. Then 
sketch the ellipse. 
x2 y? x2 2, 

ata s= : 
a 25 16 : 16 «81 
33. 9x? + y* = 36 
34. x7 + 16y* = 64 


35, O44 
6 OHI OAD 
37. ear + IP=1 
38. G+ a4 OEE | 


39. 9x? + 4y? + 36x — 24y + 36 = 0 
40. 9x? + 4y? — 54x + 40y + 37 = 0 
41. x7 + 5y* — 8x — 30y — 39 = 0 
42. 3x7 + y? + 18x — 2yv -8 =0 

43. 6x? + 2y7 + 18x — 10y +2 =0 
44. x? + 4y° — 6x + 20y — 2 =0 

45. 12x? + 20y? — 12x + 40y — 37 =0 
46. 36x + Sy? + 48x — 36y + 43 = 0 


BB Graphing an Ellipse In Exercises 47-50, use a 


graphing utility to graph the ellipse. Find the center, 
foci, and vertices. 

47. 5x? + 3y? = 15 

48. 3x? + 4y? = 12 

49. x7 + 9y? — 10x + 36y + 52 =0 

50. 4x7 + 3y? — 8x + 18y + 19=0 


Using Eccentricity In Exercises 51-54, find an 
equation of the ellipse with the given characteristics. 

51. Vertices: (+5, 0); eccentricity: 2 

52. Vertices: (0, +8); eccentricity: 5 

53. Foci: (1, 1), (1, 13); eccentricity: $ 

54. Foci: (— 6, 5), (2, 5); eccentricity: ; 


55. Architecture Statuary Hall is an elliptical room 
in the U.S. Capitol in Washington, D.C. The room is 
also called the Whispering Gallery because a person 
standing at one focus of the room can hear even a 
whisper spoken by a person standing at the other focus. 
The dimensions of Statuary Hall are 46 feet wide by 97 
feet long. 


(a) Find an equation of the shape of the room. 


(b) Determine the distance between the foci. 


© Dario Lo Presti/Shutterstock.com 
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56. Architecture A mason is building a semielliptical 
fireplace arch that has a height of 2 feet at the center and 
a width of 6 feet along the base (see figure). The mason 
draws the semiellipse on the wall by the method shown 
on page 434. Find the positions of the thumbtacks and 
the length of the string. 


57. Lithotripter 
A lithotripter machine uses an elliptical reflector to 
break up kidney stones nonsurgically. A spark plug 
in the reflector generates energy waves at one focus 
of an ellipse. The reflector directs these waves toward 
the kidney stone, positioned at the other focus of the 
ellipse, with enough energy to break up the stone 
(see figure). The 
lengths of the major 
and minor axes 

of the ellipse are 

280 millimeters and 
160 millimeters, 
respectively. How 

far is the spark plug 
from the kidney stone? 


me 


Elliptical reflector ~ 


58. Astronomy Halley’s comet has an elliptical orbit 
with the center of the sun at one focus. The eccentricity 
of the orbit is approximately 0.967. The length of 
the major axis of the orbit is approximately 35.88 
astronomical units. (An astronomical unit is about 93 
million miles.) 


(a) Find an equation of the orbit. Place the center of the 
orbit at the origin and place the major axis on the 
X-axis. 

Ph (b) Use a graphing utility to graph the equation of the 

orbit. 

(c) Find the greatest and least distances (the aphelion 
and perihelion, respectively) from the sun’s center 
to the comet’s center. 
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59. Astronomy The first artificial satellite to orbit Earth 
was Sputnik I (launched by the former Soviet Union 
in 1957). Its highest point above Earth’s surface was 
939 kilometers, and its lowest point was 215 kilometers 
(see figure). The center of Earth was at one focus of 
the elliptical orbit. Find the eccentricity of the orbit. 
(Assume the radius of Earth is 6378 kilometers.) 


60. Geometry A line segment through a focus of an 
ellipse with endpoints on the ellipse and perpendicular 
to the major axis is called a latus rectum of the ellipse. 
An ellipse has two latera recta. Knowing the length of 
the latera recta is helpful in sketching an ellipse because 
it yields other points on the curve (see figure). Show 
that the length of each latus rectum is 2b?/a. 

y 


A 
Latera recta 


> XxX 


Using Latera Recta In Exercises 61-64, sketch the 
ellipse using the latera recta (see Exercise 60). 


x2 y? 
~o+55 
62 a? 1 


63. 5x2 + 3y? = 15 64. 9x2 + 4y? = 36 


Exploring the Concepts 


True or False? In Exercises 65 and 66, determine 
whether the statement is true or false. Justify your 
answer. 


65. The graph of x? + 4y* — 4 = 0 is an ellipse. 


66. It is easier to distinguish the graph of an ellipse from the 
graph of a circle when the eccentricity of the ellipse is 
close to 1. 


67. Think About It Find an equation of an ellipse such 
that for any point on the ellipse, the sum of the distances 
from the point to the points (2, 2) and (10, 2) is 36. 


68. Think About It Use two thumbtacks, a string of 
fixed length, and a pencil to draw an ellipse, as shown 
on page 434. (a) What is the length of the string in terms 
of a? (b) Explain why the path is an ellipse. 


Copyright 2022 C 


2arning. All Rights Reserved. May not be copied, scanned, or 


69. Proof Show that a? = b* + c? for the ellipse 


x2 y? 


a be 
where a > 0, b > O, and the distance from the center of 
the ellipse (0, 0) to a focus is c. 


= 1 


70. HOW DO YOU SEE IT? Without 
performing any calculations, order the 
eccentricities of the ellipses from least 
to greatest. 


iv 


-10-+ 


Video solutions at 


Review & Refresh » LarsonPrecalculus.com 


Writing an Equation from a Graph In Exercises 71 
and 72, use the graph of f(x) = x? to write an equation 
for the function represented by the graph. 


7A ‘ 


Solving a Triangle In Exercises 73-76, solve the 
triangle. Round your answers to two decimal places. 

73. A = 73°,C = 40°,a = 11.9 

74. A = 108°, a = 12.6,b = 5.2 

75. a=17.1,b = 13,c=94 

76. C = 50°, a = 10.8, b = 24 


Solving a System by Elimination In Exercises 
77-80, solve the system by the method of elimination and 
check any solutions algebraically. 


—-y=12 2x — 3y = — 
i y 8. | x — 3y 6 
x + 2y = —-10 —4x+ 6y= 12 
79. feos 80. | 5x — 3y = —-9 
3x —y= -21 —8x -—Sy= 34 
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6.4 Hyperbolas 


Hyperbolas have many types 
of real-life applications. For 
example, in Exercise 59 on 
page 451, you will investigate 
the use of hyperbolas in 
long-distance radio navigation 
for aircraft and ships. 


© Write equations of hyperbolas in standard form. 

© Find asymptotes of and sketch hyperbolas. 

© Use properties of hyperbolas to solve real-life problems. 
© Classify conics from their general equations. 


Introduction 


The definition of a hyperbola is similar to that of an ellipse. For an ellipse, the sum of 
the distances between the foci and a point on the ellipse is constant. For a hyperbola, 
the absolute value of the difference of the distances between the foci and a point on the 
hyperbola is constant. 


Definition of a Hyperbola } 


A hyperbola is the set of all points (x, y) in a plane for which the absolute value 
of the difference of the distances from two distinct fixed points, called foci, 
is constant. See Figure 6.20. 


Transverse axis 


|d,—d,| is constant. 


Figure 6.20 Figure 6.21 


The graph of a hyperbola has two disconnected parts called branches. The line 
through the foci intersects the hyperbola at two points called vertices. The line segment 
connecting the vertices is the transverse axis, and its midpoint is the center of the 
hyperbola. 

Consider the hyperbola in Figure 6.21 with the points listed below. 


Center: (h, k) Vertices: (h + a, k) Foci: (h + c, k) 


Note that the center is also the midpoint of the segment joining the foci. 
The absolute value of the difference of the distances from any point on the hyperbola 
to the two foci is constant. Using a vertex point, this constant value is 


|[2a + (c = a)| = (c = a)| = |2a| = 2a Length of transverse axis 


which is the length of the transverse axis. Now, if you let (x, y) be any point on the 
hyperbola, then 


Id, ~ d,| = 2a 


(see Figure 6.20). You would obtain the same result for a hyperbola with a vertical 
transverse axis. 

The development of the standard form of the equation of a hyperbola is similar 
to that of an ellipse. Note in the definition on the next page that a, b, and c are related 
differently for hyperbolas than for ellipses. For a hyperbola, the distance between the 
foci and the center is greater than the distance between the vertices and the center. 


© SUPHANAT KHUMSAP/Shutterstock.com 
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Standard Equation of a Hyperbola } 


The standard form of the equation of a hyperbola with center (h, k) is 


Gam? Wi sy = 
a b? 


1 Transverse axis is horizontal. 


or 
(yr: Gee ele 
2 BP 


= 1. Transverse axis is vertical. 


The vertices are a units from the center, and the foci are c units from the center. 
Moreover, c? = a? + b’. If the center is at the origin, then the equation takes 
one of the forms below. 


x My ae : 
amo al 1 Transverse axis is horizontal. 
a b 

we Beer 
aS 1 Transverse axis is vertical. 
a b 


The figures below show generalized horizontal and vertical orientations for 


hyperbolas. 
(@-hy O-k _, Q-k Gm _, 
az b2 a2 b2 
y 
(h—c,k) h,k) [(h+c,k) 
e ----- e----{-e 

> xX 

Transverse axis is horizontal. Transverse axis is vertical. 


Finding the Standard Equation of a Hyperbola 


Find the standard form of the equation of the hyperbola with vertices (0, 2) and (4, 2) 
and foci (— 1, 2) and (5, 2). 


Solution The foci occur at (—1, 2) and (5, 2). So, by the Midpoint Formula, the 
center of the hyperbola is (2,2). Furthermore, c = 5 — 2 = 3 anda =4—2=2, 
and it follows that 


b= JP -@ = JP —-P = J9-4= JS. 
The hyperbola has a horizontal transverse axis, so the standard form of the equation is 


G=2?_ Gao", 


B (VP 


The hyperbola is shown in Figure 6.22. 


JS Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the standard form of the equation of the hyperbola with vertices (2, — 4) and (2, 2) 
and foci (2, —5) and (2, 3). ia 


Cae 
GO DIGITAL 
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Asymptotes of a Hyperbola 


Cangivate Every hyperbola has two asymptotes that intersect at the center of the hyperbola, 


Me. aris as as shown in Figure 6.23. The asymptotes pass through the vertices of a rectangle of 
: So dimensions 2a by 2b, with its center at (h, k). The conjugate axis of a hyperbola is the 


line segment of length 2b joining (h, k + b) and (h, k — b) when the transverse axis is 
horizontal (as in Figure 6.23), and joining (h + b, k) and (h — b, k) when the transverse 
axis is vertical. 


Asymptotes of a Hyperbola | 


The equations of the asymptotes of a hyperbola are 
7 (h—-a,k) (h+a,k) % yHkr (x = h) Asymptotes for horizontal transverse axis 
a 
Figure 6.23 or 
a 
yHkt rcs = h). Asymptotes for vertical transverse axis 


Sketching a Hyperbola 


Sketch the hyperbola 4x? — y? = 16. 


Algebraic Solution Graphical Solution 
To write the equation in standard form, divide each side by 16. Solve the equation of the hyperbola for y. 
P08 
47° y= 16 ry - , cat, ie 
16 = 16 = 16 > 32 = rr = 1 Write in standard form. A = 16 = y? 
The center of the hyperbola is (0, 0). The x?-term is positive, so the +/47 — 16 = y 


transverse axis is horizontal. The vertices occur at (—2, 0) and (2, 0), 


Then use a graphing utility to graph 
and the endpoints of the conjugate axis occur at (0, —4) and (0, 4). 


Use the vertices and the endpoints of the conjugate axis to sketch the yi J 4x? — 16 
rectangle shown in Figure 6.24. Sketch the asymptotes y = 2x and | ang 

y = —2x through the opposite corners of the rectangle. Now, from 

c2 = a + Bb, you have c = /2?2 + 42 = \/20 = 2/5. So, the foci yy = —V4x? — 16 


of the hyperbola are (-2/ 5, 0) and (2/5, 0). Figure 6.25 shows a | in the same viewing window, as shown in the 


sketch of the hyperbola. figure below. Be sure to use a square setting. 


6 
: The center of the 


hyperbola is (0, 0) 
and the transverse 

_g |i nln 9 ne : 
| axis is horizontal. 


The vertices are 
(—2, 0) and (2, 0). 


jaa Oasee =F] 
PSSe2cgesoacs 


EE) 


aa 


Figure 6.24 Figure 6.25 Blkae 
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Sketch the hyperbola 4y? — 9x? = 36. a 
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Sketching a Hyperbola 


Sketch the hyperbola 4x? — 3y? + 8x + 16 = 0. 


Solution 
4x? — 3y? + 8x + 16=0 Write original equation. 
(4x2 + 8x) — 3y? = —16 Group terms. 
A(x? + 2x) — 3y? = —16 Factor 4 out of x-terms. 
A(x2 + 2x + 1) — 3y? = -16 + 4(1) Complete the square. 
A(x + 1)? — 3y? = -12 Write in completed square form. 
Gs - 1)? x = 1 Divide each side by — 12. 
yy (+ 1p a ; 
2 CBP =1 Write in standard form. 


The center of the hyperbola is (— 1, 0). The y?-term is positive, so the transverse axis 
is vertical. The vertices occur at (—1,2) and (—1, —2), and the endpoints of the 
conjugate axis occur at (-1 - /3, 0) and (-1 + /3, 0). Draw a rectangle through 
the vertices and the endpoints of the conjugate axes. Sketch the asymptotes by drawing 
lines through the opposite corners of the rectangle. Using a = 2 and b = /3, the 
equations of the asymptotes are 


y= e+ 1) and y= Fale 1). 


Finally, from c? = a* + b?, you have c = J2 + (/3)2 = ,/7. So, the foci of the 
hyperbola are (- Tes 7) and (- 1,-/ 7). Figure 6.26 shows a sketch of the hyperbola. 


Figure 6.26 


a Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the hyperbola 9x2 — 4y? + 8y — 40 = 0. a 


To use a graphing utility to graph a hyperbola, graph the upper and lower portions 
in the same viewing window. For instance, to graph the hyperbola in Example 3, 
first solve for y to get 


+ 2 + 2 
y,=2 fr oe and y, = —2 fr+ et 


Use a viewing window in which —9 = x <= 9 and —6 s y < 6. You should 
obtain the graph shown below. Notice that the graphing utility does not draw the 
asymptotes. However, by graphing the asymptotes in the same viewing window, 
you can see that the values of the hyperbola approach the asymptotes. 
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Figure 6.27 
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Using Asymptotes to Find the Standard Equation 


b> 


Find the standard form of the equation of the hyperbola with vertices (3, — 5) and (3, 1) 
and asymptotes 


See LarsonPrecalculus.com for an interactive version of this type of example. 


y=2x-—8 and y=-2x+4 
as shown in Figure 6.27. 


Solution The center of the hyperbola is (3, — 2). Furthermore, the hyperbola has a 
vertical transverse axis with a = 3. The slopes of the asymptotes are 


3 
II 
) 
II 
| 


and m, = —-2= 


Because a = 3, it follows that the value of b is 


a 3 3 
b = aa ==> b= >. 


The standard form of the equation of the hyperbola is 


GV+2? @-3? _ 
32 (3/2) 


VY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find the standard form of the equation of the hyperbola with vertices (3, 2) and (9, 2) 
and asymptotes 


aX. 


ya 24S and sda 


As with ellipses, the eccentricity of a hyperbola is 


Cc 
eer 
a 


Eccentricity 


You know that c > a for a hyperbola, so it follows that e > 1. When the eccentricity 
is large, the branches of the hyperbola are nearly flat, as shown in Figure 6.28. When 
the eccentricity is close to 1, the branches of the hyperbola are more narrow, as shown 
in Figure 6.29. 


y 
A 
‘ e is close to 1. 
e is large. 
Focus 
Seas Vertex [us 
° ae Penn > x 
eee Ol 
: —S— 
c @ i 
e== e="4 ; 
=5 : 
Figure 6.28 Figure 6.29 
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Figure 6.30 


fe) .aatt 
GO DIGITAL 


Applications 


The next example shows how the properties of hyperbolas are used in radar and other 
detection systems. The United States and Great Britain developed this application 
during World War II. 


EXAMPLE 5 An Application Involving Hyperbolas 


Two microphones, | mile apart, record an explosion. Microphone A receives the sound 
2 seconds before microphone B. Where did the explosion occur? 


Solution Note that 1 mile = 5280 feet. y 


So, place A at (2640, 0) and B at (— 2640, 0), angel 
as shown in the figure. Because A received the 
sound 2 seconds before B and assuming sound 3000 =- 
travels at 1100 feet per second, you know that sie e 
the explosion took place 2200 feet farther from ra, ‘ di 
B than from A. The locus of all points that are ae ‘ 
2200 feet closer to A than to B is one branch of Bae \A 
the hyperbola with the form ers ane ne * 
2 2 — 1000 -- 
~-5=1. 
a b ~2000 + 


Because the explosion took place 2200 feet farther 
from B than from A, d, — d, = 2a = 2200, which implies 


The distance from the center of the hyperbola to the focus at A is 2640, so c = 2640. 
The value of b? is 


b? = c? — a? = 2640? — 1100? = 5,759,600. 


So, the explosion occurred somewhere on the right branch of the hyperbola 


2 2 


x sy = 
1,210,000 5,759,600 


mY Checkpoint ® ) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Repeat Example 5 when microphone A receives the sound 4 seconds before 
microphone B. a 


Another interesting application of conic sections involves the orbits of comets in 
our solar system. Comets can have elliptical, parabolic, or hyperbolic orbits. The center 
of the sun is a focus of each of these orbits, and each orbit has a vertex at the point where 
the comet is closest to the sun, as shown in Figure 6.30. Undoubtedly, many comets 
with parabolic or hyperbolic orbits have not been identified. You get to see such comets 
only once. Comets with elliptical orbits, such as Halley’s comet, are the only ones that 
remain in our solar system. 

If p is the distance between the vertex and the focus (in meters), and v is the 
speed of the comet at the vertex (in meters per second), then the type of orbit is 
determined as follows, where M = 1.989 x 10°° kilograms (the mass of the sun) 
and G ~ 6.67 x 107'! cubic meter per kilogram-second squared (the universal 
gravitational constant). 


1. Elliptical: v < /2GM/p 2. Parabolic: v = 2GM/p 
3. Hyperbolic: v > /2GM/p 
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General Equations of Conics 


Classifying a Conic from Its General Equation | 


The graph of Ax? + Cy? + Dx + Ey + F = Ois one of the following. 


1. Circle: A=€ A#0 

2. Parabola: AC =0 A = 0or C = 0, but not both. 
3. Ellipse: AC > 0 A and C have like signs, A # C. 
4. Hyperbola: AC < 0 A and C have unlike signs. 


The test above is valid when the graph is a conic. The test does not apply to 
equations such as x” + y? = —1, whose graph is not a conic. 


EXAMPLE 6 Classifying Conics from General Equations 


a. For the equation 4x7 — 9x + y — 5 = 0, you have 
AC = 4(0) = 0. Parabola 
So, the graph is a parabola. 
b. For the equation 4x? — y* + 8x — 6y + 4 = 0, you have 
AC = 4(-1) < 0. Hyperbola 
So, the graph is a hyperbola. 
HISTORICAL NOTE c. For the equation 2x? + 4y* — 4x + 12y = 0, you have 


AC = 2(4) > 0. Ellipse 


So, the graph is an ellipse. 
d. For the equation 2x? + 2y? — 8x + 12y + 2 = 0, you have 
A=C=2. Circle 
So, the graph is a circle. 


Sf Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Classify the graph of each equation. 
Caroline Herschel 


(1750-1848) was the first a. 3x2 + 3y? — 6x + 6y +5 =0 b. 2x2 — 4y2 + 4x + 8y -3 = 0 


woman to be credited with 5 5 4 
discovering a comet. During c. 3x + yy + 6x — 2yv+3=0 d. 2x° + 4x + y—2=0 a 


her long life, this German 
astronomer discovered a 5 
total of eight comets. Summarize _ (Section 6.4) 
1. State the definition of a hyperbola and the standard form of the equation of 


a hyperbola (page 443). For an example of finding the standard form of the 
equation of a hyperbola, see Example 1. 


2. Explain how to find asymptotes of and sketch a hyperbola (page 445). For 
examples involving asymptotes and graphs of hyperbolas, see Examples 2—4. 


3. Describe a real-life application of a hyperbola (page 448, Example 5). 


4. Explain how to classify a conic from its general equation (page 449). For an 
example of classifying conics from their general equations, see Example 6. 


and 
GO DIGITAL 
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Pehla) 
fe 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


6.4 Exercises 


Est: 
GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1-3, fill in the blanks. 


1A is the set of all points (x, y) in a plane for which the absolute value of the 


difference of the distances from two distinct fixed points, called 
2. The graph of a hyperbola has two disconnected parts called 
3. The line segment connecting the vertices of a hyperbola is the 


midpoint is the of the hyperbola. 


4. How many asymptotes does a hyperbola have? 

5. Where do the asymptotes of a hyperbola intersect? 

QY- kh? @—AP 
eo bP 


6. The form 


Skills and Applications 


Matching In Exercises 7-10, match the equation with 
its graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) y (b) y 
A A 
6 8-+- 
tt+++-+-++++-++> * —- 
-6 -2472 6 10 ar 
aE t+—+++4—-++++ > * 
2057 -8§ -4 4+ 4 8 
-107 es 
4 -8+ 
©) ) (@) y 
6 6 
5 4 
ty t+t+}$- H+} fA 27 
-10 -6)-27-2 (6 10 t—+—HH t+—+—}> x 
-6 pot2\ 6 
=6 AG 
~10 = 
2 2 2 2 
ee ey a a 
te 9 25 I 9 25 d 
x _ ro? (pray @=2) 
9. 75 9 1 10. 75 9 1 


Finding the Standard Equation of a Hyperbola In 
Exercises 11-18, find the standard form of the equation 
of the hyperbola with the given characteristics. 

11. Vertices: (0, +2); foci: (0, +4) 

12. Vertices: (+4, 0); foci: (+6, 0) 

13. Vertices: (4, 1), (4, 9); foci: (4, 0), (4, 10) 

14. Vertices: (—1, 1), (3, 1); foci: (—2, 1), (4, 1) 

15. Vertices: (2, 3), (2, — 

16. Vertices: (—2, 1), (2, 1); passes through the point (5, 4) 


3); passes through the point (0, 5) 


, IS constant. 


, and its 


= | represents a hyperbola with center at what point? 


17. Vertices: (0, —3), (4 
(—4, 5) 

18. Vertices: (1, —3), (1 
(5, -11) 


, —3); passes through the point 


, —7); passes through the point 


Sketching a Hyperbola In Exercises 19-30, find the 
center, vertices, foci, and the equations of the asymptotes 
of the hyperbola. Then sketch the hyperbola using the 
asymptotes as an aid. 


POF ear SAG, x = pie = 
19. x7 -— y 1 20. 97 4 1 
1 1 1 1 
21. —y 2=] 22 1 
36> -:100" 144~ 169 
2 2 
23 aye - = 2 24, X — 32 =3 
(y+ 6? Ge= 2)? 
7G ve 
le 3) 2)? 
zeae 25 ; 


27. 9x? — y? — 36x — 6y + 18 = 0 
28. x? — 9y? + 36y — 72 = 0 

29, 4x7 — y? + 8x + 2yv-1=0 
30. 16y* — x? + 2x + 64y + 64=0 


BB Graphing a Hyperbola In Exercises 31-36, use 


a graphing utility to graph the hyperbola and its 
asymptotes. Find the center, vertices, and foci. 

31. 2x? — 3y? = 6 32. 6y? — 3x7 = 18 

33. 25y* — 9x? = 225 34. 25x — 4y* = 100 

35. 9y* — x? + 2x + 54y + 62 =0 

36. 9x7 — y+ 54x + 10y + 55 =0 
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Finding the Standard Equation of a Hyperbola In 
Exercises 37—46, find the standard form of the equation 
of the hyperbola with the given characteristics. 
37. Vertices: (+1, 0); asymptotes: y = +5x 
38. Vertices: (0, +3); asymptotes: y = +3x 
39. Foci: (0, +8); asymptotes: y = +4x 
40. Foci: (+10, 0); asymptotes: y = +3x 
41. Vertices: (1, 2), (3, 2); 
asymptotes: y=x,y=4-x 
42. Vertices: (3, 0), (3, 6); 
asymptotes: y=6—-—x,y=x 
43. Vertices: (3, 0), (3, 4); 
asymptotes: y = oy, y=4- by 
44. Vertices: (—4, 1), (0, 1); 
asymptotes: y=x+3,y=-x-1 
45. Foci: (—1, —1), (9, — 1); 
asymptotes: y = ax =—4,y = —-4gx +2 
46. Foci: (9, +2,/10); 
asymptotes: y = 3x — 27, y = —3x + 27 


Classifying a Conic from a General Equation In 
Exercises 47—56, classify the graph of the equation as a 
circle, a parabola, an ellipse, or a hyperbola. 

47. 9x2 + 4y? — 18x + loy — 119 =0 

48. x7 + y* — 4x — 6y — 23 = 0 

49, y? — 4° + 4x — 2y —-4=0 

50. y? + 12x + 4y + 28 =0 

51. 4x? + 25y? + 16x + 250y + 541 = 0 

52. 4y? — 2x? — 4y — 8x —- 15 =0 

53. 25x? — 10x — 200y — 119 =0 

54, 4y* + 4x? — 24x + 35 =0 

55. 100x? + 100y? — 100x + 400y + 409 = 0 

56. 9x2 + 4y? — 90x + 8y + 228 = 0 


57. Sound Location You and a friend live 4 miles apart. 
You hear a clap of thunder from lightning 18 seconds 
before your friend hears it. Where did the lightning 
occur? (Assume sound travels at 1100 feet per second.) 

58. Sound Location Listening station A and listening 
station B are located at (3300,0) and (—3300, 0), 
respectively. Station A detects an explosion 4 seconds 
before station B. (Assume the coordinate system is 
measured in feet and sound travels at 1100 feet per 
second.) 

(a) Where did the explosion occur? 

(b) Station C is located at (3300, 1100) and detects 
the explosion 1 second after station A. Find the 
coordinates of the explosion. 


© SUPHANAT KHUMSAP/Shutterstock.com 
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59. Navigation 
Long-distance radio navigation for aircraft and ships 
uses synchronized pulses transmitted by widely 
separated transmitting stations. These pulses travel 

at the speed of light (186,000 miles per second). 

The difference in the times of arrival of these pulses 
at an aircraft or ship is constant on a hyperbola having 
the transmitting stations as foci. 


Assume that two stations 300 miles apart are 
positioned on a rectangular 
coordinate system 
with coordinates 

(— 150, 0) and 

(150, 0) and that 

a ship is traveling 

on a hyperbolic 

path with coordinates 
(x, 75) (see figure). 


(a) Find the x-coordinate of the position of the ship 
when the time difference between the pulses from 
the transmitting stations is 1000 microseconds 
(0.001 second). 


(b) Determine the distance between the port and 
station A. 

(c) Find a linear equation that approximates the ship’s 

path as it travels far away from the shore. 


60. Hyperbolic Mirror A hyperbolic mirror (used in 
some telescopes) has the property that a light ray 
directed at focus A is reflected to focus B (see figure). 
Find the vertex of the mirror when its mount at the top 
edge of the mirror has coordinates (24, 24). 


y 
A 
(24, 24) 
Focus B Focus A 
: e > xX 
(—24, 0) (24, 0) 
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Exploring the Concepts 


True or False? In Exercises 61-63, determine whether 
the statement is true or false. Justify your answer. 


61. In the standard form of the equation of a hyperbola, the 
larger the ratio of b to a, the larger the eccentricity of 
the hyperbola. 

62. If the asymptotes of the hyperbola 


2 


y_ 


5/4 


where a, b > 0, intersect at right angles, then a = b. 
63. The graph of 


x — y+ 4x —-4y = 0 
is a hyperbola. 


64.\_/ HOW DO YOU SEE IT? Match each 


equation with its graph. 


(ii) 


>< 


(a) 4x? — y? — 8x — 2y — 13 = 0 
(bo? Sy — oy 8 = 0 
(c) 2x? — 4x — 3y -3 = 0 
(d) x7 + 6y? — 2x -5=0 


65. Points of Intersection Sketch the circle 
x? + y? = 4. Then find the values of C so that the 
parabola y = x* + C intersects the circle at the given 
number of points. 


(a) 0 points 


66. Think About It Write an equation whose graph is 
the bottom half of the hyperbola 


9x? — 54x — 4y? + 8y + 41 = 0. 


67. Error Analysis Describe the error in finding the 
asymptotes of the hyperbola 


(QV+5?_@-3F_, 
9 4 , 
yak 2A) 
2 
= —5 £30 — 3) 


The asymptotes are 


2 2 
yaar Tandy = —32%— 3. x 
68. Think About It Consider a hyperbola centered at 


the origin with a horizontal transverse axis. Use the 
definition of a hyperbola to derive its standard form. 


. Video solutions at 
Review & Refresh \» LarsonPrecalculus.com 


Completing the Square In Exercises 69-74, solve the 
quadratic equation by completing the square. 

69. x7 — 2x = 15 70. x* + 14x = 32 

71. x? = 4(4x — 13) 72. x? = 20(x — 4) 

73. 9x? — 42x + 38 =0 

74, 9x7 ++ 6x -9 =0 

Solving a Quadratic Equation In Exercises 75-80, 
solve the quadratic equation. 

75. x7+9x+2=—-5 76. x7 + 10x -1= -3 
77. —x? — 20x -3=10 78. —2x*-—4x+20=9 
79. 8x7 + 6x + 8 = 14 

80. 9x? + 4x + 7 = 10 


Verifying a Trigonometric Identity In Exercises 81 
and 82, verify identity algebraically. 


81. cot 20 = (cot @ — tan @) 
. 1 1 
82. sin 0 cos 0 eso(* - a Joso(* + 0) = tan 20 


Solving a Trigonometric Equation In Exercises 
83-86, find all solutions of the equation in the interval 
[0, 27). 


83. 2tand =1-—tan*?@ 84. cot26 = 1 
(b) 1 point 
(c) 2 points 85. cos 48 = —cos 26 
(d) 3 points 1 
oan 2 == 
(e) 4 points 86. sin? 0 cos? 6 a 
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6.5 Rotation of Conics 


Rotated conics can model 
objects in real life. For example, 
in Exercise 55 on page 460, you 
will use a rotated parabola to 
model the cross section of a 
satellite dish. 


>< 


\ 
\ on 
a. 


Figure 6.31 


GO DIGITAL 


© Rotate the coordinate axes to eliminate the xy-term in equations of conics. 
© Use the discriminant to classify conics. 


Rotation 


In the preceding section, you classified conics whose equations were written in the 
general form 


Ax? + Cy? + Dx + Ey + F = 0. 


The graphs of such conics have axes that are parallel to one of the coordinate axes. 
Conics whose axes are rotated so that they are not parallel to either the x-axis or the 
y-axis have general equations that contain an xy-term. 


Ax? + Bxy + Cy? + Dx + Ey + F=0 Equation in xy-plane 


To eliminate this xy-term, use a procedure called rotation of axes. The objective is to 
rotate the x- and y-axes until they are parallel to the axes of the conic. The rotated axes 
are denoted as the x’-axis and the y’-axis, as shown in Figure 6.31. After the rotation, 
the equation of the conic in the x'y’-plane will have the form 


A(x’)? + Cy’)? + D'x’ + Ely’ + F' = 0. Equation in x'y'-plane 
This equation has no x'y'-term, so you can obtain a standard form by completing the 


square. The theorem below identifies how much to rotate the axes to eliminate the 
xy-term and also the equations for determining the new coefficients A’, C’, D', E', and F’. 


Rotation of Axes to Eliminate an xy-Term ) 


The general second-degree equation 
Ax? + Bxy + Cy? + Dx + Ey + F=0 
where B # O, can be rewritten as 
A'(x’)? + C'(y')? + D'x' + E'y’ + F = 
by rotating the coordinate axes through an angle 6, where 


A= C 
B 


cot 20 = 


The coefficients of the new equation are obtained by making the substitutions 
x = x'cos 8 — y’sin @ 
and 


y=x'sin@ + y'cos @. 


| 


Remember that the substitutions 
x = x'cos @ — y’sin @ 

and 
y = x'sin@ + y'cos 0 


should eliminate the x'y’-term in the rotated system. Use this as a check of your work. If 
you obtain an equation of a conic in the x'y’-plane that contains an x’y'-term, you know 
that you have made a mistake. 


© Mark Newman/Getty Images 
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Vertices: 

In x'y’-system: (2, 0), (- “2, 0) 
In xy-system: (1, 1), (—1, —1) 
Figure 6.32 


ope 
GO DIGITAL 


EXAMPLE 1 Rotation of Axes for a Hyperbola 


Rotate the axes to eliminate the xy-term in the equation xy — 1 = 0. Then write the 
equation in standard form and sketch its graph. 


Solution Because A = 0, B = 1, and C = 0, you have 


A-C_0-0 
B 1 


1 


1 
OO wD 20= 5 = ar, 


cot 20 


Obtain the equation in the x’y’-system by substituting 


; 7 1. 7 
x = x'cos— — y’sin— 


4 4 
-*(a)- Ga) 


and 


mee 


into the original equation. So, you have 


xy-1=0 


(aC) 


which simplifies to 
YP - OP _ 
2 
@P  O'P 
= =z = 1. Write in standard form. 
(V2)? (V2) 
In the x’y’-system, this is the equation of a hyperbola centered at the origin with vertices 


(+ Jf 2. 0), as shown in Figure 6.32. Note that to find the coordinates of the vertices in 
the xy-system, substitute the coordinates (+ a 0) into the equations 


1=0 


This substitution yields the vertices (1, 1) and (— 1, — 1) in the xy-system. Note also 
that the asymptotes of the hyperbola have equations 


y’ —_ +! 
which correspond to the original x- and y-axes. 


Y Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Rotate the axes to eliminate the xy-term in the equation xy + 6 = 0. Then write the 
equation in standard form and sketch its graph. | 
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[7x2 6 /3xy + 13y?- 16 = 0] 


Vertices: 
In x'y’-system: (+2, 0) 
In xy-system: (V3, 1), (- J3, - 1) 


Figure 6.33 


Digs 
GO DIGITAL 


6.5 Rotation of Conics 455 


EXAMPLE 2 Rotation of Axes for an Ellipse 


Rotate the axes to eliminate the xy-term in the equation 
Tx? — 6./3xy + 13y? — 16 = 0. 
Then write the equation in standard form and sketch its graph. 
Solution Because A = 7, B = —6./3, and C = 13, you have 
ASE f= 1 


cot 20 = = = = 
B -6/3 V3 
which implies that 6 = a Obtain the equation in the x’y’-system by substituting 
x= x'cos= — y'sin= 
6. 6 
“48-3 
oe ee 
= J3x' = y’ 
2 
and 
y= x’ sin = + y' cos = 
1 J3 
= ta + t 
: () : ( 2 
7 x’ + J3y' 
2 


into the original equation. So, you have 


Tx2 — 6,/3xy + 13y? -— 16 =0 
SP PND) = ce re | fe ’ Pe ND 
( ~) . 6/3 x\(2 J) + 13(" ve) ~16=0 
2 2 2 ) 
which simplifies to 


A(x’)? + 16(y’)? — 16 
A(x’)? + 16(y')? = 16 


II 
=) 


+WF Ly 
4 1 
"\2 '\2 
“ + o ) = 1. Write in standard form. 


In the x’y’-system, this is the equation of an ellipse centered at the origin with vertices 
(+2, 0), as shown in Figure 6.33. 


VY Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Rotate the axes to eliminate the xy-term in the equation 
12x? + 16./3xy + 28y? — 36 = 0. 


Then write the equation in standard form and sketch its graph. a 
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EXAMPLE 3 Rotation of Axes for a Parabola 


b>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Rotate the axes to eliminate the xy-term in the equation 
x — Axy + 4y? + 5/Sy+1=0. 
5 4 Then write the equation in standard form and sketch its graph. 


Solution Because A = 1, B = —4, and C = 4, you have 


26 —_ A-C_1-4_ 3 
t 20 = = =-, 
5 aaa: —4° 4 
Figure 6.34 Use this information to draw a right triangle, as shown in Figure 6.34. From the figure, 


cos 20 = 2 To find the values of sin @ and cos @, use the half-angle formulas 


/\ - /1+ 
sin 9 = J a cas and cos@ = : cos 28 


So, 


oe eC ey ee ae CE ee 
sin 0 a 5) 5. 5 and cos 0 5) 5 gs 


Consequently, use the substitutions 


x = x'cos @ — y'sin @ = x( =) = y( =) = aE 


and 
[x2 — dry + 4y2+5 V5y 41 =0) Ce eee ( 1 )+ ( 2 x! + Dy! 
=x =x'|— =) = =—. 
ra 4 d Je) oe Js 
\ , 
Sit ee ed Substituting these expressions into the original equation, you have 
* XV 0 = 26.6" x2 — Axy + 4y2 + 5 /5y + 1=0 
| | a= | | > x 


a ee eee ne ne 


ax “ae 
which simplifies to 
5(y’)? + 5x’ + 10y’+1=0 
A 
\ SL’)? =F 2y'] = —5x'-1 Group terms. 
\ Fi SLO’)? + 2y' + 1] = —5x'-— 1+ 5(1) Complete the square. 
(+ 12= Co’ -9)| 

5 5(y' + 1)? = —5x'+ 4 Write in completed square form. 

Vertex: 4 
4 (y’ =F 1)? = (- y(v = 4) Write in standard form. 

In x’y'-system: (Z = 7 5 
: : ( 13. =.0 In the x'y’-system, this is the equation of a parabola with vertex (4 = 1). Its axis is 
see aida 5/5 5/5 parallel to the x’-axis in the x’y’-system, and 0 = sin~!(1/,/5). So, 0 = 26.6°, as 
Figure 6.35 shown in Figure 6.35. 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Rotate the axes to eliminate the xy-term in the equation 
4x? + 4xy + y? — 2\/5x + 4,/S5y — 30 = 0. 


Then write the equation in standard form and sketch its graph. a 


GO DIGITAL 
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When there is an xy-term in the 
equation of a conic, you should 
realize that the conic is rotated. 
Before rotating the axes, you 
should use the discriminant 

to classify the conic. Use this 
classification to verify the types 
of graphs in Examples 1-3. 


aati 
GO DIGITAL 


6.5 Rotation of Conics 457 


Invariants Under Rotation and the Discriminant 


In the rotation of axes theorem stated at the beginning of this section, the constant term 
is the same in both equations, that is, F’ = F. Such quantities are invariant under 
rotation. The next theorem lists this and other rotation invariants. 


Rotation Invariants 


The rotation of the coordinate axes through an angle 6 that transforms the 
equation Ax? + Bxy + Cy* + Dx + Ey + F = 0 into the form 


A(x’)? + Cy’? + D'x' + Ely’ + F' = 
has the rotation invariants listed below. 
1F=F' 
2,.A4+C=A'+C' 

3. B? — 4AC = (B’)? — 4A'C' 


You can use this theorem to classify the graph of a second-degree equation with 
an xy-term in much the same way you do for a second-degree equation without an 
xy-term. Note that B’ = 0, so the invariant B* — 4AC reduces to 


B? — 4AC = —4A'C'. Discriminant 
This quantity is the discriminant of the equation 
Ax? + Bxy + Cy? + Dx + Ey + F = 0. 


Now, from the classification procedure given in Section 6.4, you know that the value 
of A’C’ determines the type of graph for the equation 


A(x’)? + Cy’)? + D'x' + E'y'+ F' = 0. 


Consequently, the value of B? — 4AC will determine the type of graph for the original 
equation, as given in the classification below. 


Classification of Conics by the Discriminant ) 


The graph of the equation Ax? + Bxy + Cy* + Dx + Ey + F = Ois, except in 
degenerate cases, determined by its discriminant as follows. 


1. Ellipse or circle: B? — 4AC < 0 
2. Parabola: B? — 4AC = 0 
3. Hyperbola: B? — 4AC > 0 


— = = | 


For example, in the general equation 
3x2 + Txy + Sy? — 6x — Ty + 15 =0 

you have A = 3, B = 7, and C = 5. So, the discriminant is 
B? — 4AC = 7? — 4(3)(5) 

49 — 60 

= -11. 


The graph of the equation is an ellipse or a circle because — 11 < 0. 
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EXAMPLE 4 Rotation and Graphing Utilities 


For each equation, classify the graph of the equation, use the Quadratic Formula to 
solve for y, and then use a graphing utility to graph the equation. 


a. 2x? — 3xy + 2y? — 2x =0 b. x? — 6xy + 9y? — 2y+1=0 
c. 3x? + 8xy + 4y?- 7=0 
Solution 


a. Because B? — 4AC = 9 — 16 < 0, the graph is an ellipse or a circle. 


3 
2x? — 3xy + 2y? — 2x = 0 Write original equation. 
2y? — 3xy + (2x? _ 2x) =0 Quadratic form ay? + by +c =0 
_ —(—3x) + /(=— 3x)? — 4(2)(2x2 — 2x) 
: 2(2) 
3x + /x(16 — 7x) 
y* 4 


Graph both of the equations to obtain the ellipse shown in Figure 6.36(a). 


4 3x + /x(16 — 7x) 
4 


) J 


Top half of ellipse 


3x — ./x(16 — 7x) 


yn = a Bottom half of ellipse 


b. Because B? — 4AC = 36 — 36 = O, the graph is a parabola. 


0 . °°. = 6 x? — 6xy + Oy? — 2y+1=0 Write original equation. 
(b) Oy — (6x + 2)y+ G2? +1) =0 Quadratic form ay? + by +c =0 
(6x + 2) + \/(6x + 2)? — 4(9)(@? + 1) 
ai 2(9) 


Graph both of the equations to obtain the parabola shown in Figure 6.36(b). 
c. Because B? — 4AC = 64 — 48 > 0, the graph is a hyperbola. 


3x? + 8xy + 4y?-7=0 Write original equation. 
4y* + 8xy + (3x7 — 7) = 0 Quadratic form ay? + by + ¢ = 0 
= —8x + ar 4(4)(x2 — 7) 
(c) 
Figure 6.36 Graph both of the equations to obtain the hyperbola shown in Figure 6.36(c). 


VY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Classify the graph of the equation 2x* — 8xy + 8y? + 3x + 5 = 0, use the Quadratic 
Formula to solve for y, and then use a graphing utility to graph the equation. | 


Summarize (Section 6.5) 


1. Explain how to rotate coordinate axes to eliminate the xy-term in the equation 
of a conic (page 453). For examples of rotating coordinate axes to eliminate 
the xy-term in equations of conics, see Examples 1-3. 


2. Explain how to use the discriminant to classify conics (page 457). For an 
example of using the discriminant to classify conics, see Example 4. 
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6.5 Exercises 


to odd-numbered exercises. 


6.5 Rotation of Conics 459 


See CalcChat.com for tutorial help and worked-out solutions 


OF Eee 
GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. The procedure used to eliminate the xy-term in a general second-degree equation is called 


of : 
2. The quantity B* — 4AC is the 


of the equation Ax* + Bxy + Cy? + Dx + Ey + F=0. 


3. After rotating the coordinate axes through an angle 0, what is the form of the general second-degree 


equation in the x’y’-plane? 


4. What does it mean when quantities are invariant under rotation? Which quantities are invariant 


under rotation? 


Skills and Applications 


Finding a Point in a Rotated Coordinate System In 
Exercises 5-12, the x'y’-coordinate system is rotated 0 
degrees from the xy-coordinate system. The coordinates 
of a point in the xy-coordinate system are given. Find 
the coordinates of the point in the rotated coordinate 
system. 


5. 6 = 90°, (2, 0) 6. 6 = 90°, (4, 1) 
7. 6 = 30°, (1, 3) 8. 6 = 30°, (2, 4) 
9. 6 = 45°, (2, 1) 10. 6 = 45°, (4, —4) 
11. 6 = 60°, (—1, 2) 12. 6 = 60°, (3, 1) 


Rotation of Axes In Exercises 13-24, rotate the axes 
to eliminate the xy-term in the equation. Then write 
the equation in standard form. Sketch the graph of the 
resulting equation, showing both sets of axes. 

13. xy +3 =0 14. xy —-4=0 

15. xy +2x-—yt+4=0 16 xy - 8 -4y=0 

17. 5x? — 6xy + Sy? — 12 = 0 

18. 2x7 + xy + 2-8 =0 

19. 13x? + 6./3xy + 7y? — 16 =0 

20. 7x2 — 6./3xy + 13y? — 64=0 

21. x2 + 2xy + y2 + J/2x —- /2y =0 

22. 3x2 — 2/3xy + y2 + 2x + 2\/3y =0 

23. 9x2 + 24xy + 1l6y? + 90x — 130y = 0 

24, 9x? + 24xy + l6y? + 80x — 60y = 0 


ad Using a Graphing Utility In Exercises 25-30, use a 


graphing utility to graph the conic. Determine the angle 
6 through which the axes are rotated. Explain how you 
used the graphing utility to obtain the graph. 

25. x7 — Axy + 2y? = 

26. 3x? + 5xy — 2y? = 10 

27. 14x* + loxy + 9y? = 44 

28. 24x? + 18xy + 12y? = 34 


29. 2x2 + 4xy + 2y? + \/26x + 3y = —15 
30. 4x2 — 12xy + 9y? + /6x — 29y = 91 
Matching In Exercises 31-36, match the equation 


with its graph. [The graphs are labeled (a), (b), (c), (d), 
(e), and (f).] 


(a) 


(c) 


(e) 


31. xy + 2=0 

32. x? — xy + 3y?7-5=0 

33. 3x7 + 2xy + wr —- 10 =0 

34. x* — 4xy + 4y? + 10x — 30 =0 
35. 0° + Wy t+ y= 

36. —2x* + 3xy + 2° +3=0 
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Ae Rotation and Graphing Utilities In Exercises 37-44, 
(a) use the discriminant to classify the graph of the 
equation, (b) use the Quadratic Formula to solve for y, 
and (c) use a graphing utility to graph the equation. 

37. 16x? — 8xy + y? — 10x + 5y = 0 

38. x? — 4xy — 2y7 -6=0 

39, 12x* — 6xy + 7Ty* — 45 = 0 

40. 2x? + 4xy + Sy? + 3x — 4y — 20 = 0 

41. x? — 6xy — 5y* + 4x — 22 =0 

42. 36x? — 60xy + 25y? + 9y = 0 

43. x? + 4xy + 4y? — 5x -y-3=0 

44, °° +xy+4’?+x+y-4=0 

Sketching the Graph of a Degenerate Conic In 
Exercises 45-52, sketch the graph of the degenerate 
conic. 

45. y* — 16x* =0 

47. 15x? — Ixy —- y= 
49, x? -—2xyt+ty= 
50. x7 + 4xy + 4y = 
51. 0° + y+ 2x-4y+5=0 
52. x7 + y—2x+ 6y+ 10=0 


46. y* — 25x? = 0 
48. 32x? — 4xy —- y= 


Finding Points of Intersection In Exercises 53 and 
54, find any points of intersection of the graphs of the 
equations algebraically and then verify using a graphing 
utility. 


53..x?+y-4=0 
xy -2=0 
54, r—-—xt+y-9=0 
Ptx+yt+6x-9=0 


55. Satellite Dish 


The parabolic cross section of a satellite dish is 
modeled by a portion of the graph of the equation 


x2 — 2xy — 27,/2x + v2 + 9./2y + 378 = 0 


where all measurements are in feet. 


(a) Rotate the axes to eliminate the xy-term in 
the equation. Then write the equation in 
standard form. 


A receiver is 
located at the 
focus of the cross 
section. Find the 
distance from the 
vertex of the cross 
section to the 
receiver. 


© Mark Newman/Getty Images 


56. 5 HOW DO YOU SEE IT? 
Match each 
graph with the 
discriminant of 
its corresponding 


equation. 
(a) —7 
(b) 0 
(c) 1 


Exploring the Concepts 


True or False? In Exercises 57 and 58, determine 
whether the statement is true or false. Justify your answer. 


57. The graph of x? + xy + ky? + 6x + 10 = 0, where k 
is any constant less than i is a hyperbola. 

58. After a rotation of axes is used to eliminate the xy-term 
from an equation of the form 
Ax? + Bxy + Cy? + Dx + Ey + F=0 


the coefficients of the x?- and y?-terms remain A and C, 
respectively. 


59. Rotating a Circle Show that the equation 
x? + y* = r? is invariant under rotation of axes. 


60. Finding Lengths of Axes Find the lengths of the 
major and minor axes of the ellipse in Exercise 19. 


Video solutions at 


Review & Refresh |») LarsonPrecalculus.com 


Sketching the Graph of an Equation In Exercises 
61-64, test for symmetry and graph the equation. Then 
identify any intercepts. 
61. y = x° + 4x 
63. y = |x| — 3 


62. x = 2y?— 2 
64. y= x — 4x 


Simplifying a Trigonometric Expression In 
Exercises 65-68, use the fundamental identities to 
simplify the expression. (There is more than one correct 
form of each answer.) 

1 — sin? x 1 


O36 66. 
COS x sin x 


cos? 0 


1 
67. sin x tan (z — x) secx 68. cot? @ — csc? @ cot? 6 


Solving a Nonsquare System In Exercises 69 and 

70, solve the system of linear equations and check any 

solutions algebraically. 
—3z= 0 

69. { ‘i : 

2x + y —7z= -3 


+ — => — 
70. { 5x +y 6z 5 
—4x —y + 4z 4 
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6.6 Parametric Equations 461 


6.6 Parametric Equations 


One application of parametric 
equations is modeling the path 
of an object. For example, in 
Exercise 91 on page 469, you 
will write a set of parametric 
equations that models the path 
of a baseball. 


oreo 


foe, 


Oe 
GO DIGITAL 


© Evaluate sets of parametric equations for given values of the parameter. 

© Sketch curves represented by sets of parametric equations. 

© Rewrite sets of parametric equations as single rectangular equations by 
eliminating the parameter. 

© Find sets of parametric equations for graphs. 


Plane Curves 


Up to this point, you have been representing a graph by a single equation involving two 
variables such as x and y. In this section, you will study situations in which it is useful 
to introduce a third variable to represent a curve in the plane. 

To see the usefulness of this procedure, consider the path of an object propelled 
into the air at an angle of 45°. When the initial velocity of the object is 48 feet 
per second, the object follows the parabolic path 

x2 

y= 49 HEX Rectangular equation 
as shown in Figure 6.37. However, this equation does not tell the whole story. Although 
it does tell you where the object has been, it does not tell you when the object was at a 
given point (x, y) on the path. To determine this time, you can introduce a third variable 
t, called a parameter. It is possible to write both x and y as functions of ¢ to obtain the 
parametric equations 


x= SAS er Parametric equation for x 


and 


y —16 + 2A pia Parametric equation for y 


This set of equations shows that at time ¢ = 0, the object is at the point (0, 0). 
Similarly, at time t = 1, the object is at the point (24/2, 24,/2 _ 16), and so on, as 
shown in Figure 6.37. 


Bg 
Rectangular equation: A 
eae 184 wep 3/2. 
ee 
Parametric equations: 95 3./2, (72, 0) 
x= 24,/2t 
t i i i i => X 
y= —1617+ 24./2r t=O] 9 18 27 36 45 54 63 72 81 


Curvilinear Motion: Two Variables for Position, One Variable for Time 
Figure 6.37 


For this motion problem, x and y are continuous functions of ft, and the resulting 
path is a plane curve. (Recall that a continuous function is one whose graph has no 
breaks, holes, or gaps.) 


Definition of Plane Curve i 


If f and g are continuous functions of ¢ on an interval /, then the set of ordered 
pairs (f(2), g(t)) is a plane curve C. The equations x = f(t) and y = g(t) 
are parametric equations for C, and f is the parameter. 


© Randy Faris/Getty Images 
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Sketching a Plane Curve 


One way to sketch a curve represented by a pair of parametric equations is to plot points 
in the xy-plane. You determine each set of coordinates (x, y) from a value chosen for the 
parameter f. Plotting the resulting points in the order of increasing values of t traces the 
curve in a specific direction. This is called the orientation of the curve. 


EXAMPLE 1 Sketching a Curve 


p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Sketch and describe the orientation of the curve given by the parametric equations 


t 
x=??-—4 and ya —-2<1t<3. 
Solution Using values of ¢ in the specified interval, the parametric equations yield 
the values of x and y shown in the table. By plotting the points (x, y) in the order of 


increasing values of ¢, you obtain the curve shown in Figure 6.38. 


y 
t x y A 
=2 0 =I ali 
When using a value of ¢ to find 1 _ 2+t=2 #53 
x, be sure to use the same value 1 —3 "5 ao 
= | | | > xX 
of t¢ to find the corresponding : ae ee a: 
value of y. Organizing your 0 =e 0 7 -2+ 
results in a table, as shown in 1 ; 
Example 1, can be helpful. 1 —3 2 all 
Pi tri tions: 
2 0 1 a T1c Sey 
=F ROMY = 50-2 Stes 
3 
3 5 5 
Figure 6.38 


The arrows on the curve indicate its orientation as ¢ increases from —2 to 3. So, when 
a particle moves along this curve, it starts at (0, — 1) and ends at G: 3), 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


A Sketch and describe the orientation of the curve given by the parametric equations 
a x=2t and y=4P+2, -2<1t<2. oi 
te i atra1 S35 
1=0 —_— Note that the graph shown in Figure 6.38 does not define y as a function of x. This 
pal t=-1 4 6 points out one benefit of parametric equations—they can represent graphs that are not 
2-2 necessarily graphs of functions. 
rail Two different sets of parametric equations can have the same graph. For example, 
the set of parametric equations 
Parametric equations: 
x=4?—4 and y=1,-1<t<3 x=4?—-—4 and y=t, -1<ts3 


Figure 6.39 has the same graph as the set of parametric equations given in Example 1 (see 


Figure 6.39). However, comparing the values of f in Figures 6.38 and 6.39 shows that 
the second graph is traced out more rapidly (considering ¢ as time) than the first graph. 
So, in applications, different parametric representations can represent various speeds at 
which objects travel along a given path. 


lA 
GO DIGITAL 
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Eliminating the Parameter 


Sketching a curve represented by a pair of parametric equations can sometimes be 
simplified by finding a rectangular equation (in x and y) that has the same graph. 
This process is called eliminating the parameter and is illustrated below using the 
parametric equations from Example 1. 


Parametric Select Subs aS Rectangular 
. [> tinone © intoother > me 
equations ; : equation 
equation. equation. 
x=P-4 x=(2y?-4 x=4y-4 
t 

= — ~j=2 

y 2 y 


After eliminating the parameter, you can see that the equation x = 4y* — 4 represents 
a parabola with a horizontal axis and vertex at (—4, 0). A portion of this parabola is 
shown in Figure 6.38. 

When converting equations from parametric to rectangular form, you may need to 
alter the domain of the rectangular equation so that its graph matches the graph of the 
parametric equations. 


EXAMPLE 2 Eliminating the Parameter 


Sketch the curve represented by the equations 
x= /t+1 and y=-rt+1 
by eliminating the parameter and adjusting the domain of the resulting rectangular equation. 


Solution Solve for ¢ in the equation for x. 


x= af t +1 Parametric equation for x 
x-1l= J t Subtract 1 from each side. 
(x = 1)? =f Square each side. 
Next, substitute for ¢ in the equation for y to obtain the rectangular equation 
y=-tt+l Parametric equation for y 
1 y= —(x — 1)? eal, Substitute (x — 1)? for t. 
[—> x This rectangular equation shows that the curve is a parabola that opens downward and 


has its vertex at (1, 1). Also, this rectangular equation is defined for all values of x. 
The parametric equation x = ./t + 1, however, is defined only when ft 2 0, which 
implies x = 1. So, you should restrict the domain of y = —(x — 1)? + 1 tox 2 1.To 
determine the orientation of the curve, evaluate x and y at several values of ft, plot the 
corresponding points, and draw arrows indicating the direction of increasing values of t. 


When t = 0, x = /0 + 1 = land y = —0 + 1 = 1. Plot the point (1, 1). 
When t = 1,x = \/1 + 1 = 2and y = —1 + 1 = O. Plot the point (2, 0). 


Parametric equations: 


x=Vft +1,y=-t+1,120 


So, the orientation of the curve is downward for increasing values of t, as shown in 
Figure 6.40 Figure 6.40. 


Sf Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the curve represented by the equations x = \/t — 2and y = t — 1 by eliminating 
the parameter and adjusting the domain of the resulting rectangular equation. Ps 
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It is not necessary for the parameter in a set of parametric equations to represent 
time. The next example uses an angle as the parameter. 


EXAMPLE 3 Eliminating Angle Parameters 


Sketch the curve represented by 


x=3cos@ and y=4sin0é, 0560527 
To eliminate the parameter 
in equations involving 
trigonometric functions, you Solution Begin by solving for cos @ and sin @ in the equations. 
may need to use fundamental 
trigonometric identities, as 
shown in Example 3. 


by eliminating the parameter. 


X : 
cos 8 = 3 and sin@ = c Solve for cos 6 and sin @. 


Then use the identity sin? 6 + cos? @ = | to form an equation involving only x and y. 


cos’ @ + sin? @ = 1 Pythagorean identity 
-\2 2, 
Xx y 7 
(:) + (:) =1 Substitute for cos @ and 3 for sin 0. 
. + y 1 R 1 ti 
a oe a ectangular equation 
9" 16 iii 


The graph of this rectangular equation is an ellipse centered at (0, 0) with vertices 
(0, 4) and (0, —4). To determine the orientation of the curve, evaluate x and y at 
several values of 0, as shown in the table below. Then plot the corresponding points 
and draw arrows indicating the direction of increasing values of 6, as shown in the 
figure. Note that the ellipse is traced out counterclockwise as 0 increases from 0 to 27. 


y 
O@| x | y hg 
a 
0} 3 
Bl Qi cal 
2 
az|—3}| 0 O=1 6=0 
jx 
-4 4 
SO og |e 
2 
— 3m 
O=%5 


Parametric equations: 
x=3cos 0, y=4sin@ 
O0<0<2n 


i Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the curve represented by 
x=5cos@andy=3sin@, 0s 6s 27 


by eliminating the parameter. i 


In Examples 2 and 3, notice that eliminating the parameter is primarily an aid to curve 

sketching. When parametric equations represent the path of a moving object, the graph of the 

ol roe corresponding rectangular equation is not sufficient to describe the object’s motion. You still 
GO DIGITAL need the parametric equations to tell you the position, direction, and speed at a given time. 
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Finding Parametric Equations for a Graph 


You have been studying techniques for sketching the graph represented by a set of 
parametric equations. Now consider the reverse problem—that is, how can you find a 
set of parametric equations for a given graph or a given physical description? From the 
discussion after Example 1, you know that such a representation is not unique. That is, 
the equations 


3 
x=4P-4 and y=t, -1 s1s5 
produced the same graph as the equations 
t 
x=??-—4 and w= 5 —-2<ft<3. 


Example 4 further demonstrates this. 


EXAMPLE 4 Finding Parametric Equations for a Graph 


Find a set of parametric equations to represent the graph of y = | — x’, using each 
parameter. 


a t=x 
bt=1- x 
Solution 
a. Letting t = x, you obtain the parametric equations 
x=t and y=1-x=1-P. 
Figure 6.41(a) shows the curve represented by the parametric equations. 


b. Letting t = 1 — x, you obtain the parametric equations 


x=1-t and y=1-xX=1-(1-)=2t-P. 


Figure 6.41(b) shows the curve represented by the parametric equations. Note that 
the graphs in Figures 6.41(a) and 6.41(b) have opposite orientations. 


Parametric equations: [ Parametric equations: / 
x=t, y=1-22 t=0 x=l-t.y=2t-2? t=1 
> xX => XxX 
a =D 
(a) (b) 
Figure 6.41 
Yi Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Find a set of parametric equations to represent the graph of y = x? + 2, using each 
parameter. 
GO DIGITAL at=x b t=2-x |_| 
Copyright 2022 Cengage Learning. All Rights R d, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Ri; Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


466 Chapter 6 Topics in Analytic Geometry 


A cycloid is a curve traced by a point P on a circle as the circle rolls along a 
straight line in a plane. 


EXAMPLE 5 Parametric Equations for a Cycloid 


Write parametric equations for a cycloid traced by a point P on a circle of radius a units 
as the circle rolls along the x-axis given that P is at a minimum when x = 0. 


Solution Let the parameter 0 be the measure of the circle’s rotation, and let the 
point P(x, y) begin at the origin. When @ = 0, P is at the origin; when @ = 7, P is ata 
maximum point (za, 2a); and when @ = 27, P is back on the x-axis at (27a, 0). From 
Figure 6.42, ZAPC = m — @. So, you have 


A BD 
sin @ = sin(x — 0) = sin(ZAPC) = a. =— 


a 
and 
In Example 5, PD t _ = _ AP 
n Example », represents cos 6 cos(z — @) cos(Z APC) = —— 
the arc of the circle between a 
points P and D. which implies that BD = a sin @ and AP = —acos @. The circle rolls along the x-axis, 


so you know that OD = PD = a0. Furthermore, BA = DC = a, so you have 
x= OD-BD=a0-—asin@ and y= BA+AP=a-acos@. 


The parametric equations are x = a(@ — sin @) and y = a(1 — cos 6). 


Cycloid: 


x =a(6 — sin 0) 


U hi tility i 
se a graphing utility in eer: 


parametric mode to obtain 
a graph similar to the one in 
Example 5 by graphing 


(ma, 2a) (32a, 2a) 


P(x, y) 


x= 6-— sind 


e T T 
and O B Dta (2za, 0) 3na (4a, 0) 


y=1-—cosé@. 
Figure 6.42 


yi Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Write parametric equations for a cycloid traced by a point P on a circle of radius a as 
the circle rolls along the x-axis given that P is at a maximum when x = 0. a 


Summarize (Section 6.6) 


1. Explain how to evaluate a set of parametric equations for given values of the 
parameter and sketch a curve represented by a set of parametric equations 
(pages 461 and 462). For an example of sketching a curve represented by a 
set of parametric equations, see Example 1. 


2. Explain how to rewrite a set of parametric equations as a single rectangular 
equation by eliminating the parameter (page 463). For examples of sketching 
curves by eliminating the parameter, see Examples 2 and 3. 

3. Explain how to find a set of parametric equations for a graph (page 465). For 


examples of finding sets of parametric equations for graphs, see Examples 4 
and 5. 
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See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


6.6 Exercises 


GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 
1. If f and g are continuous functions of f on an interval J, then the set of ordered pairs 
(FO, g(0) isa C. 


2. A curve traced by a point on the circumference of a circle as the circle rolls along 
a straight line in a plane is a 


3. Given a set of parametric equations, how do you find the corresponding rectangular equation? 


4. When sketching a curve represented by a pair of parametric equations, how do you determine 
the orientation of the curve? 


Skills and Applications 


5. Sketching a Curve Consider the parametric W,x=f, y=—2 18,x=-2, y= t 
equations x = \/t and y = 3 — 1. : , : : 3 
(a) Create a table of x- and y-values using t = 0, 1, 2, 19. x= Vt, y=1-t OWOx= Jt+2, y=t-1 
3, and 4. 2.x= J/t-3, y=h 
(b) Plot the points (x, y) generated in part (a), and 22.x= /f1-1, y= 37-1 
sketch a graph of the parametric equations. 3.x=t+1 4 gay 4 
(c) Sketch the graph of y = 3 — x. How do the graphs t t 
differ? re | | 
6. Sketching a Curve Consider the parametric o8 -¢= dened 9G x = Dees 8 
equations x = 4 cos* 6 and y = 2 sin @. 2 sin 6 3 sin @ 
= sin = sin 
(a) Create a table of x- and y-values using 0 = —7/2, : sd 
= 7/4, 0, 2/4, and 2/2. 27. x= 1+ cosé 28. x = 2+ 5cosé 
(b) Plot the points (x,y) generated in part (a), and y= 1+ 2sin0 y= —6 + 4sin 0 
sketch a graph of the parametric equations. 29. x=2sec0, y=tan@, n/2 = 0 = 3n/2 
(c) Sketch the graph of x = —y? + 4. How do the 30. x= 3coté, y=4csc@, OF 057n 
graphs differ? 31. x = 3cos 0 32. x = 6sin 20 
Sketching a Curve In Exercises 7-12, sketch and y= 3sin@ y = 6 cos 20 
describe the orientation of the curve given by the 33. x=e5 yoe 34.x=e% y=e* 
parametric equations. 35.x=P, y=3lnt 36. x=In2t, y= 2P 
71.x=t y=-5t cd Graphing a Curve In Exercises 37-46, use a 
8 x= 2t-1, y=rt4 graphing utility to graph the curve represented by the 
9x=2, y=3t parametric equations. 
10.x= Jt, y= 2-1 37.x=t 38. x=t+1 
11. x=3cos0, y=2sin? 6, OS OS yout y= /2-1t 
12. x=cos@é, y=2sn0, 0S 027 39. x = 2t 40. x = |r+2| 
Sketching a Curve In Exercises 13-36, (a) sketch the y= Pea eae 
curve represented by the parametric equations (indicate 41. x= 4 + 3 cos 0 42. x= 4 + 3 cos 0 
the orientation of the curve) and (b) eliminate the y=-2+ sind y=-2+2sin0 
parameter and write the resulting rectangular equation 43 = Desc Ad x = sec 8 
whose graph represents the curve. Adjust the domain of hing 7 Q 
the rectangular equation, if necessary. v= ; oo amie 
ia ; me i ; i 45. x = 5t 46. x = 10 — 0.01le’ 
~x=f, yr ~ Xl yrug 2 = 2 
5.x-', y=? ios ee t = In(¢? + 1) y = 0.4t 
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Comparing Plane Curves In Exercises 47 and 48, 
determine how the plane curves differ from each other. 


47. (a) x=t (b) x = cos@ 
y=2t+1 y=2cos0+1 
(c) x=e% (d) x =e! 
y=2e'+1 y= 2e' + 1 
48. (a) x=t (b) x = 7? 
y=r-1 y=t-1 
(c) x = sint (d) x =e! 
y = sin? t — 1 y=e%—] 


Eliminating the Parameter In Exercises 49-52, 


Finding Parametric Equations for a Graph In 
Exercises 65-76, find a set of parametric equations to 
represent the graph of the rectangular equation using (a) 
t=x and (b)t=2--x. 


65. y= 3x — 2 66. y=2-x 
67. x =2y+1 68. x = 3y — 2 
6% y=xr+1 70. y = 6x? —5 
71. y=1— 2x 72. y= 2 — 5x 
73. y == 74, y = 5 
75. y = e& 76. y = e* 


eliminate the parameter and obtain the standard form fe Graphing aCurve In Exercises 77-84, use a graphing 


of the rectangular equation. 

49. Line passing through (x,, y,) and (x, y5): 
e= x, + 1, — 2%), y= + tly, — Vi) 

50. Circle: x =h+rcos@#, y=k+rsin@ 

51. Ellipse with horizontal major axis: 
x=h+acos@é, y=k+bsin@ 

52. Hyperbola with horizontal transverse axis: 
x=h+asec0, y=k-+ btané 


Finding Parametric Equations for a Graph In 
Exercises 53-60, use the results of Exercises 49-52 to 
find a set of parametric equations to represent the graph 
of the line or conic. 

53. Line: passes through (0, 0) and (3, 6) 

54. Line: passes through (3, 2) and (—6, 3) 

55. Circle: center: (3, 2); radius: 4 

56. Circle: center: (—2, —5); radius: 7 

57. Ellipse: vertices: (+5, 0); foci: (+4, 0) 

58. Ellipse: vertices: (7, 3), (—1, 3); foci: (5, 3), (1, 3) 
59. Hyperbola: vertices: (1,0), (9, 0); foci: (0, 0), (10, 0) 
60. Hyperbola: vertices: (4, 1), (8, 1); foci: (2, 1), (10, 1) 


Finding Parametric Equations for a Graph In 
Exercises 61-64, use the results of Exercises 49 and 52 
to find a set of parametric equations to represent the 
section of the graph of the line or conic. (Hint: Adjust 
the domain of the standard form of the rectangular 
equation to determine the appropriate interval for the 
parameter.) 


61. Line segment between (0, 0) and (—5, 2) 

62. Line segment between (1, — 4) and (9, 0) 

63. Left branch of the hyperbola with vertices (+3, 0) and 
foci (+5, 0) 

64. Right branch of the hyperbola with vertices (— 4, 3) and 
(6, 3) and foci (— 12, 3) and (14, 3) 


utility to graph the curve represented by the parametric 
equations. 
77. Cycloid: x = 4(0 — sin@), y = 4(1 — cos @) 
78. Cycloid: x =@+sin@, y=1-—cosd 
79. Prolate cycloid: x = 20 —4sin@, y=2-—4cosé 
80. Epicycloid: x = 8 cos @ — 2 cos 46 

y = 8sin@ — 2 sin 40 
81. Hypocycloid: x = 3 cos? 0, y = 3 sin? 0 
82. Curtate cycloid: x = 80 —4sin@, y=8-—4cosé 
83. Witch of Agnesi: x = 2cot@, y = 2 sin? 6 


84. Folium of Descartes: at as 
. olhum oO escartes: Xx I de 2 y I cs B 


Matching In Exercises 85-88, match the parametric 
equations with the correct graph and describe the 
domain and range. [The graphs are labeled (a)-(d).] 


(a) (b) 7 
2-- 
i+ 

2+ 

(c) (d) 2 


7 


85. Lissajous curve: x = 2cos@, y= sin 26 


86. Evolute of ellipse: x = 4cos? 6, y = 6sin? 6 


87. Involute of circle: x = 3(cos 0 + 6 sin 0) 
y = 5(sin @ — 4 cos @) 


88. Serpentine curve: x = + cot 6, y= 4sin@ cos 
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ad Projectile Motion Consider a projectile launched 


at a height of h feet above the ground at an angle of 
6 with the horizontal. The initial velocity is vy feet per 
second, and the path of the projectile is modeled by the 
parametric equations 


x =(v,cos Ot and y=h + (v,sin O)t — 1627. 


In Exercises 89 and 90, use a graphing utility to graph 
the paths of a projectile launched from ground level at 
each value of 0 and v,. For each case, use the graph to 
approximate the maximum height and the range of the 
projectile. 


89. (a) 0 = 60°, w= 
(b) 6 = 60°, vo = 132 feet per second 


88 feet per second 


(c) 6 = 45°, vo = 88 feet per second 
(d) 6 = 45°, vo = 132 feet per second 
90. (a) 8 = 15°, vy = 50 feet per second 
(b) 6 = 15°, vo = 120 feet per second 
(c) 6 = 10°, vo = 50 feet per second 
(d) 6 = 10°, vo = 120 feet per second 


91. Path of a Baseball 
The center field fence in a baseball stadium is 
7 feet high and 408 feet from home plate. 
A baseball player hits 
a baseball at a point 

3 feet above the 
ground. The ball 
leaves the bat at 

an angle of 6 degrees 
with the horizontal at 
a speed of 100 miles 
per hour (see figure). 


(a) Write a set of parametric equations that model the 
path of the baseball. (See Exercises 89 and 90.) 

(b) Use a graphing utility to graph the path of the 
baseball when 0 = 15°. Is the hit a home run? 

(c) Use the graphing utility to graph the path of the 
baseball when @ = 23°. Is the hit a home run? 

(d) Find the minimum angle required for the hit to be 

a home run. 


© Randy Faris/Getty Images 
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92. Path of an Arrow An archer releases an arrow from 
a bow at a point 5 feet above the ground. The arrow 
leaves the bow at an angle of 15° with the horizontal and 
at an initial speed of 225 feet per second. 

(a) Write a set of parametric equations that model the 
path of the arrow. (See Exercises 89 and 90.) 

(b) Assuming the ground is level, find the distance the 
arrow travels before it hits the ground. (Ignore air 
resistance.) 

AL (c) Use a graphing utility to graph the path of the arrow 

and approximate its maximum height. 

(d) Find the total time the arrow is in the air. 

93. Path of a Football A quarterback releases a pass at 
a height of 7 feet above the playing field, and a receiver 
catches the football at a height of 4 feet, 30 yards 
directly downfield. The pass is released at an angle of 
35° with the horizontal. 


(a) Write a set of parametric equations for the path of 
the football. (See Exercises 89 and 90.) 


(b) Find the speed of the football when it is released. 
PB (c) Use a graphing utility to graph the path of the 
football and approximate its maximum height. 
(d) Find the time the receiver has to position himself 
after the quarterback releases the football. 


94. Projectile Motion Eliminate the parameter f in the 
parametric equations 


x = (vp cos 6)t 

and 

y =h + (vp sin 0)t — 1677 

for the motion of a projectile to show that the rectangular 
equation is 


2 
= eee + (tan @)x + h. 


Vo 
95. Curtate Cycloid A wheel of radius a units rolls 
along a straight line without slipping. The curve traced 
by a point P that is b units from the center (b < a) is 
called a curtate cycloid (see figure). Use the angle 
shown in the figure to find a set of parametric equations 

for the curve. 
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96. Epicycloid A circle of radius one unit rolls around 
the outside of a circle of radius two units without 
slipping. The curve traced by a point on the 
circumference of the smaller circle is called an 
epicycloid (see figure). Use the angle @ shown in the 
figure to find a set of parametric equations for the curve. 


Exploring the Concepts 


True or False? In Exercises 97-100, determine 
whether the statement is true or false. Justify your 
answer. 


97. The two sets of parametric equations 
x=t, y=t?+1 and x=34, y=9P4+1 
correspond to the same rectangular equation. 

98. The graphs of the parametric equations 
x=f?,y=f and x=ty=t 
both represent the line y = x, so they are the same 
plane curve. 


99. If y is a function of f and x is a function of f, then y 
must be a function of x. 


100. The parametric equations 
x=at+h and y=btt+k 


where a # 0 and b  O, represent a circle centered at 
(h, k) when a = Db. 

101. Error Analysis Describe the error in finding the 
rectangular equation for the parametric equations 
x= /t—1 and y=2zt. 
x=Jt-1 mm t=4+1 
y = 2(x? + 1) = 2x7 +2 x 


102. Think About It The graph of the parametric 
equations x= 7? and y=r+1 is shown below. 
Would the graph change for the parametric equations 
x=(t+ 1)? and y=r+ 2? If so, how would it 
change? 


103. Writing Write a short paragraph explaining why 
parametric equations are useful. 


~ 
C0 HOW DO YOU SEE IT? The graph of 


the parametric equations x = ft and y = f? is 
shown below. Determine whether the graph 
would change for each set of parametric 
equations. If so, how would it change? 


(a) x=-ty=?? 
(b) x=t+1y=Pf 
(c)x=ty=r+1 


Video solutions at 
LarsonPrecalculus.com 


Sketching a Circle In Exercises 105-112, find the 
center and radius of the circle. Then sketch the circle. 
105. x7 + y? = 81 

106. x? + y? = 144 

107. x7 + y? = 32 

108. x? + y? = 50 

109. (x — 2)? + (y — 8)? = 24 

110. (x + 6)? + (y + 5)? = 18 

111. x? — 10x + y? + 12y + 21=0 

112. x7 + 16x + y — 14y + 93 =0 


Review & Refresh |» 


Finding Coterminal Angles In Exercises 113-116, 
determine two coterminal angles (one positive and one 
negative) for each angle. Then sketch the angle. 


113. 9=~% 114.9=2 
6 , 

5.9 = 2% 116, 6S 
8 12 


Solving for @ In Exercises 117-120, find two 
solutions of the equation. Give your answers in radians 
(0 < 6 < 27). 

v3 v3 


117. sind = — 5 118. cos 9 = —-— 


119. tan@d = /3 120. tan@ = — 


2 
al" 8 
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6.7 Polar Coordinates 


Polar coordinates are often 
useful tools in mathematical 
modeling. For example, in 
Exercise 101 on page 476, you 
will use polar coordinates to 
write an equation that models 
the position of a passenger car 
on a Ferris wheel. 


Nia 


© Plot points in the polar coordinate system. 
© Convert points from rectangular to polar form and vice versa. 
© Convert equations from rectangular to polar form and vice versa. 


Introduction 


So far, you have been representing graphs of equations as collections of points (x, y) in 
the rectangular coordinate system, where x and y represent the directed distances from 
the coordinate axes to the point (x, y). In this section, you will study a different system 
called the polar coordinate system. 

To form the polar coordinate system in the plane, fix a point O, called the pole 
or origin, and construct from O an initial ray called the polar axis, as shown in the 
figure at the right. Then each point P in the 
plane can be assigned polar coordinates (r, 0), 
where r and 6 are defined below. 


1. r = directed distance from O to P 


2. 0 = directed angle, counterclockwise 
from the polar axis to segment OP 


@ =directed angle Polar 
” axis 


EXAMPLE 1 Plotting Points in the Polar Coordinate System 


Plot each point given in polar coordinates. 
a. (2, 2/3) b. (3, — 7/6) c. (3, 1127/6) 
Solution 


a. The point (r, @) = (2, 2/3) lies two units from the pole on the terminal side of the 
angle @ = 7/3, as shown in Figure 6.43. 


b. The point (r, 0) = (3, — 7/6) lies three units from the pole on the terminal side of 
the angle 90 = —7/6, as shown in Figure 6.44. 


c. The point (r, 0) = (3, 1172/6) coincides with the point (3, —72/6), as shown in 
Figure 6.45. 


GO DIGITAL 


x ca 
2 2 
Lay. Ala. 
~ 2 |B : ~ 2 [3 - 
6=- 3 @=— 
6 | 6 
x 8 2 Oe) 
Figure 6.44 Figure 6.45 


i Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Plot each point given in polar coordinates. 
a. (3, 7/4) b. (2, — 7/3) ce. (2, 57/3) a 
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472 Chapter 6 Topics in Analytic Geometry 
In rectangular coordinates, each point (x, y) has a unique representation. This is not 
true for polar coordinates. For example, the coordinates 
(r,0) and (r,0 + 27) 


represent the same point, as illustrated in Example 1. Another way to obtain multiple 
representations of a point is to use negative values for r. Because r is a directed 
distance, the coordinates 


(r,0) and (—r,0+ 7) 
represent the same point. In general, the point (r, 0) can be represented by 
(r,0) =(r,80 + 2nn) or (r, 0) = (—r, 8 + (Qn + 1)z) 


where n is any integer. Moreover, the pole is represented by (0, @), where 0 is any angle. 


EXAMPLE 2 Multiple Representations of Points 


Plot the point 


6%) 


and find three additional polar representations of this point, using 
—2n < 6 < 2n. 


Solution The point is shown below. Three other representations are 


3m 51 

ao gf = se ; 
(3, Fi 2m) (s. A ) Add 27 to 0 
31 71 ; 

=3.= a —n)=\|-3,- L P Replace r with —r and subtract 2 from @. 

and 
37 m1 ‘ 
-3,- 7 +n} =|-3, a)" Replace r with —r and add z to 0. 


NA 


(3.-F)-@ 2)=(3-)--3.4) 


Y Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Plot the point 


bas 


and find three additional polar representations of this point, using -27 < @< 27. Ml 
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Coordinate Conversion 


To establish the relationship between polar and rectangular coordinates, let the 
polar axis coincide with the positive x-axis and the pole with the origin, as shown in 
Figure 6.46. Because (x, y) lies on a circle of radius r, it follows that r? = x? + y?. 
Moreover, for r > 0, the definitions of the trigonometric functions imply that 


tan @ =~, cos @ =~, and sin 9 =~. 
x r r 


The same relationships hold for r < 0. 


(Origin) * 


y : 
Polar axis 

(positive 

X-axis) 


Relating polar and rectangular 


coordinates 
Figure 6.46 
y 
2 
(r, 8) = (V3.4) 
1 e 
wn=(5.99) 
} t | i > x 
—2 -1 1 2 
=] 
—2 
Figure 6.47 
y 
A 
2 re les 
@y=C1, ID 
e i= 
= 3a 
(r, 6) = (V3) 
t t t t—> x 
=2 =i 1 2 
=f 
Figure 6.48 


fe ESred 
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Coordinate Conversion | 


~ 


The polar coordinates (r, @) and the rectangular coordinates (x, y) are related 
as follows. 


Polar-to-Rectangular Rectangular-to-Polar 


x = rcos@ tang =~ 
x 
y=rsind r= x+y 


EXAMPLE 3 Polar-to-Rectangular Conversion 


Convert (3, n/ 6) to rectangular coordinates. 


Solution Use the polar-to-rectangular equations with r = \/3 and @ = 7/6 to find 


the x- and y-coordinates. 
1 if 3 3 
6- vif 2 ~9 


x = rcos@ = \/3 cos 


y=rsind = J3 sin 6 = v3] = v3 


2 
The rectangular coordinates are (x, y) = (3/ Da 3/ a). (See Figure 6.47.) 


A Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Convert (2, ) to rectangular coordinates. 


EXAMPLE 4 Rectangular-to-Polar Conversion 


Convert (— 1, 1) to polar coordinates. 
Solution The point (x, y) = (—1, 1) lies in the second quadrant. 


_ 3a 
4 


a re 
x 


=) @ = nm + arctan(— 1) 


= 


The angle 6 lies in the same quadrant as (x, y), so use the positive value for r. 
re syle ea 
So, one set of polar coordinates is (r, 0) = (9/2, 37/4), as shown in Figure 6.48. 


i Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Convert (0, 2) to polar coordinates. |_| 
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Equation Conversion 


To convert a rectangular equation to polar form, replace x with rcos @ and y with 
r sin 9. For example, here is how to write the rectangular equation y = x? in polar form. 


y= x? Rectangular equation 
rsin@ = (r cos 6)? Polar equation 
r = sec @ tan 0 Solve for r. 
x Converting a polar equation to rectangular form, however, requires considerable 


: ingenuity. Example 5 demonstrates several polar-to-rectangular conversions that enable 


you to sketch the graphs of some polar equations. 


EXAMPLE 5 Converting Polar Equations to Rectangular Form 


| ~\\ ; } | | , 
cy) 3 p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 
1 


a. The graph of the polar equation r = 2 consists of all points that are two units from 
the pole. In other words, this graph is a circle centered at the origin with a radius 
of 2, as shown in Figure 6.49. Confirm this by converting to rectangular form, using 


3 


> the relationship r? = x? + y’. 
Figure 6.49 r= 2 > P=? mp P+y=P 
See | 
Polar equation Rectangular equation 
b. The graph of the polar equation 9 = 7/3 consists of all points on the line that 
makes an angle of 7/3 with the polar axis and passes through the pole, as shown in 
Figure 6.50. To convert to rectangular form, use the relationship tan 0 = y/x. 
6=7/3 => tnd=/3 => ~=J/3 m y= V3x 
1 ue _~—~Y x —e 
Polar equation Rectangular equation 
c. The graph of the polar equation r = sec @ is not evident by inspection, so convert to 
rectangular form using the relationship r cos 6 = x. 
1 
r=secO0 > r= => recossd=1 MD x=1 
: y cos 0 Ss 
Polar equation Rectangular equation 
Figure 6.50 
The graph is a vertical line, as shown in Figure 6.51. 
x 
; SY Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Describe the graph of each polar equation and find the corresponding rectangular 
equation. 
i C , yr ar=7 bO=n/4 ar=6sind wu 
Summarize (Section 6.7) 
1. Explain how to plot the point (r, @) in the polar coordinate system 
sn (page 471). For examples of plotting points in the polar coordinate system, 
see Examples 1 and 2. 
Figure 6.51 


2. Explain how to convert points from rectangular to polar form and vice versa 
(page 473). For examples of converting between forms, see Examples 3 
and 4. 


3. Explain how to convert equations from rectangular to polar form and vice 
versa (page 474). For an example of converting polar equations to rectangular 
form, see Example 5. 


rer, 
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6.7 Exercises 


6.7. Polar Coordinates 475 


See CalcChat.com for tutorial help and worked-out solutions Sloe 
to odd-numbered exercises. eee 


GO DIGITAL 


Vocabulary and Concept Check 

In Exercises 1 and 2, fill in the blanks. 
1. The origin of the polar coordinate system is called the 
2. For the point (7, @), r is the 


from O to P and @ is the . 


counterclockwise from the polar axis to the line segment OP. 


3. How are the rectangular coordinates (x, y) related to the polar coordinates (r, 0)? 


4, What rectangular coordinates represent the same point as the polar coordinates (1, 7)? 


Skills and Applications 


Plotting a Point in the Polar Coordinate System In 
Exercises 5-18, plot the point given in polar coordinates 
and find three additional polar representations of the 
point, using —27 < 0 < 27. 
5. (2, 2/6) 6. (3, 57/4) 
(4, —1/3) 8. (1, — 37/4) 
(2, 37) 10. (4, 57/2) 
(—2, 27/3) 12. (—3, 1171/6) 
13. (0, 77/6) 
(0, — 7/2) 
(/2, 2.36) 
(2./2, 4.71) 
17. (—3, — 1.57) 
18. (—5, — 2.36) 
Polar-to-Rectangular Conversion In _ Exercises 


19-28, a point is given in polar coordinates. Convert the 
point to rectangular coordinates. 


19. (0, z) 20. (0, —7) 

21. (3, 2/2) 22. (3, 37/2) 
23. (2, 31/4) 24. (1, 57/4) 
25. (—2, 72/6) 26. (—3, 57/6) 
27. (—3, —1/3) 28. (—2, —47/3) 


BB Using a Graphing Utility to Find Rectangular 


Coordinates In Exercises 29-38, use a graphing 
utility to find the rectangular coordinates of the point 
given in polar coordinates. Round your results to two 
decimal places. 


29. (2, 77/8) 30. (3/2, 67/5) 
31. (1, 57/12) 32. (4, 77/9) 

33. (—2.5, 1.1) 34. (—2, 5.76) 
35. (2.5, —2.9) 36. (8.75, —6.5) 
37. (—3.1, 7.92) 38. (—2.04, —5.3) 


fad Using a 


Rectangular-to-Polar Conversion In Exercises 
39-50, a point is given in rectangular coordinates. 
Convert the point to polar coordinates. (There are many 
correct answers.) 


39. (1, 1) 40. (2, 2) 
41. (-3, —3) 42. (—4, —4) 
43. (3, 0) 44. (—6, 0) 
45. (0, —5) 46. (0, 8) 


Gh, (3,9) 4s. (— /3, /3) 
49, (/3, -1) 50. (-1, V3) 


Graphing Utility to Find Polar 
Coordinates In Exercises 51-58, use a graphing 
utility to find one set of polar coordinates of the point 
given in rectangular coordinates. Round your results to 
two decimal places. 


51. (3, —2) 52. (6, 3) 

53. (—5, 2) 54. (7, —2) 
55. (—/3, —4) 56. (5, —./2) 
57. (3,3) 58. (—5, —3) 


Converting a Rectangular Equation to Polar 
Form In Exercises 59-78, convert the rectangular 
equation to polar form. Assume a > 0. 


59, xr +y=9 60. x° + y = 16 
6l. y=x 62. y= —-x 

63. x = 10 64. y= —2 

65. 3x -y+2=0 66. 3x + 5y —-2=0 
67. xy = 16 68. 2xy = 1 

69. x =a 70. y=a 

1. xer+y=a 72. x2 + y= = 9a? 


73. x7 + y= — 2ax = 0 74, x7 + y? — 2ay = 0 
75. (0? + y)? =x? — y? 76. (x? + y*)? = 9(x? — y?) 
77. y = x? 78. y= x 
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476 Chapter 6 Topics in Analytic Geometry 
Converting a Polar Equation to Rectangular 
Form In Exercises 79-92, convert the polar equation 
to rectangular form. 


79, r=5 80. r= —7 
81. 6 = 27/3 82. 6 = 32/2 
83. r = 4 csc 0 84. r = —sec 0 
85. r = —2 cos 0 86. r = 4 sin 0 
87. r? = cos 6 88. r? = 5 sin 20 
89. r = 2 sin 30 90. r = 3 cos 20 
6 4 
a a kee ee 


Converting a Polar Equation to Rectangular 
Form In Exercises 93-100, describe the graph of the 
polar equation and find the corresponding rectangular 
equation. 


93. r= 6 94. r= 8 

95. 06 = 1/6 96. 0 = 32/4 
97. r = 3 sec 0 98. r = 2 csc 0 
99, r= 2sin0 100. r = —6cos 0 


101. Ferris Wheel 
The center of a Ferris wheel lies at the pole of the 
polar coordinate system, where the distances are in 
feet. Passengers enter a car at (30, — 7/2). It takes 
45 seconds for the wheel to complete one clockwise 
revolution. 


(a) Write a polar 
equation that 
models the 
possible positions 
of a passenger car. 


(b) Passengers enter 
a car. Find and 
interpret their 
coordinates after 
15 seconds of rotation. 


(c) Convert the point in part (b) to rectangular 
coordinates. Interpret the coordinates. 


102. Ferris Wheel 
distance from a passenger car to the center is 35 feet 
and it takes 60 seconds to complete one clockwise 
revolution. 


Repeat Exercise 101 when the 


Exploring the Concepts 


True or False? In Exercises 103 and 104, determine 
whether the statement is true or false. Justify your 
answer. 


© iurii/Shutterstock.com 


103. If 6, = 6, + 2nn for some integer n, then (r, 0,) and 
(r, 05) represent the same point in the polar coordinate 
system. 

If |r,| = |r,|, then (r,,@) and (75,0) represent the 
same point in the polar coordinate system. 


104. 


105. Error Analysis Describe the error in converting the 


rectangular coordinates (1, —/ 3) to polar form. 
2 
tan@ = —/3/1 & g=> 


= JBs (P= a= 


(a) Identify the polar coordinates of points A—E. 
(b) Which points lie on the graph of r = 3? 
(c) Which points lie on the graph of 6 = 7/4? 


. _ Video solutions at 
Review & Refresh » LarsonPrecalculus.com 


Finding Points of Intersection In Exercises 
107 and 108, find any points of intersection of the graphs 
of the equations algebraically. 
107. x? + y? = 25 108. x7 + (y + 4)? =9 

(x - 3) +y=4 vr—-(y+4?=1 


Sketching a Curve In Exercises 109-112, sketch 
and describe the orientation of the curve given by the 
parametric equations. 


109. x =2sin0 +6 110. x = 2sec@ - 1 


y=3cos6é—- 8 y=Scosé+ 1 
Wd. x =4In(t-1) +9 112. x = Te” 
r= y = 5e7 
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6.8 Graphs of Polar Equations 


© Graph polar equations by point plotting. 

© Use symmetry, zeros, and maximum values of |r| to sketch graphs of polar 
equations. 

© Recognize special polar graphs. 


Introduction 


In previous chapters, you sketched graphs in the rectangular coordinate system. You 
began with the basic point-plotting method. Then you used sketching aids such as 
symmetry, intercepts, asymptotes, periods, and shifts to further investigate the natures 
of graphs. This section approaches curve sketching in the polar coordinate system 
similarly, beginning with a demonstration of point plotting. 


EXAMPLE 1 Graphing a Polar Equation by Point Plotting 
Sketch the graph of the polar equation r = 4 sin @. 


Solution The sine function is periodic, so to obtain a full range of r-values, consider 
Graphs of polar equations are values of @ in the interval 0 < @ < 27, as shown in the table below. 
often useful visual tools in 


mathematical modeling. For 

example, in Exercise 67 on > ie us m | 20 | 50 é Tn | 3m | In De 
page 484, you will use the graph 6 3 2 3 6 6 2 6 

of a polar equation to analyze the Mol 2/273 | 4/273] 2 |o | -2| -4] -2 0 
pickup pattern of a microphone. 


By plotting these points, it appears that the graph is a circle of radius 2 whose center is 
at the point (x, y) = (0, 2), as shown in the figure below. 


VY Checkpoint > Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of the polar equation r = 6 cos @. i 


One way to confirm the graph in Example | is to convert the polar equation to 
rectangular form and then sketch the graph of the rectangular equation. You can also 
use a graphing utility set to polar mode and graph the polar equation, or use a graphing 
utility set to parametric mode and graph a parametric representation. 


GO DIGITAL 
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Symmetry, Zeros, and Maximum Values of |r| 


Note in Example | that as @ increases from 0 to 27, the graph of r = 4 sin @ is traced 
twice. Moreover, note that the graph is symmetric with respect to the line @ = 1/2. Had 
you known about this symmetry and retracing ahead of time, you could have used fewer 
points. The figures below show the three important types of symmetry to consider in 
polar curve sketching. 


eu eu x 
2 2 2 
(-r, -8) 
(r, 7-6) (r, 8) (r, 9) (r, 9) 
yt — 2 m+0 
Re x | ; ; : 
™ - \ >~0 1 A >~0 7 - >~0 
as ! 0 By : 
tye “i 
(r, -@) (-r, 8) 
(-r, 1 — 8) (r, 1 + 8) 
3a 3a 3a 
2 2 2 
Symmetry with Respect to the Symmetry with Respect to the Symmetry with Respect to the 
Line 0 = 1/2 Polar Axis Pole 


Tests for Symmetry in Polar Coordinates | 


The graph of a polar equation is symmetric with respect to the following when 
the given substitution yields an equivalent equation. 


1. The line 6 = 1/2: Replace (r, @) with (r, 7 — @) or (—r, —@). 
2. The polar axis: Replace (r, @) with (r, —@) or (—r, x — 8). 
3. The pole: Replace (r, 0) with (r, z + @) or (—r, 6). 


Using Symmetry to Sketch a Polar Graph 


Use symmetry to sketch the graph of r = 3 + 2 cos 0. 


Solution Replacing (r, @) with (r, — @) produces 
r=3+2cos(—0) =3 + 2cos 0. cos(—@) = cos 6 


So, the curve is symmetric with respect to the polar axis. Plotting the points in the table 
below and using polar axis symmetry, you obtain the graph shown in Figure 6.52. This 
graph is called a limacon. 


1 1 1 Qn Sa 
6 3 2 3 6 


r|/5/3+ 73/4/31] 2 13-3) 1 


Figure 6.52 eo Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Use symmetry to sketch the graph of r = 3 + 2 sin 0. a 
Example 2 uses the property that the cosine function is even. Recall from 


Section 1.2 that the cosine function is even because cos(—@) = cos @, and the sine 
function is odd because sin(— 9) = —sin 0. 
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la 


[r= 6+ 2n,-42<0<0] 


Figure 6.53 


Limacon: 
r=1-2cos0@ 


Figure 6.54 
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The tests for symmetry in polar coordinates listed on the preceding page are 
sufficient to guarantee symmetry, but a graph may have symmetry even though its 
equation does not satisfy the tests. For example, Figure 6.53 shows the graph of 


r=0+2n 


to be symmetric with respect to the line 6 = 7/2, and yet the corresponding test fails 
to reveal this. That is, neither of the replacements below yields an equivalent equation. 


Original Equation Replacement New Equation 
r=@0+2n (r, 0) with (r, 7 — @) r=-0+3n 
r=60+2n (r, 8) with (—r, —@) —r=-0+2n 


Note that the equation r = 4sin@ in Example | has the form r = f(sin 6), 
and its graph is symmetric with respect to the line 6 = 2/2. Also, the equation 
r = 3 + 2cos@ in Example 2 has the form r = g(cos @), and its graph is symmetric 
with respect to the polar axis. These observations can be generalized to yield the quick 
tests for symmetry listed below. 


Quick Tests for Symmetry in Polar Coordinates } 


1. The graph of r = f(sin @) is symmetric with respect to the line 0 = o 


2. The graph of r = g(cos @) is symmetric with respect to the polar axis. 


Two additional aids to sketching graphs of polar equations involve knowing the 
6-values for which |r| is maximum and knowing the 6-values for which r = 0. For 
instance, in Example 1, the maximum value of |r| for r = 4 sin @ is |r| = 4, and this 
occurs when 9 = 71/2. Moreover, r = 0 when 6 = 0. 


Sketching a Polar Graph 


Sketch the graph of r = 1 — 2 cos @. 


Solution From the equation r = 1 — 2 cos @, you obtain the following features of 
the graph. 


With respect to the polar axis because r = 1 — 2 cos @ has 
the form r = g(cos 6) 


Symmetry: 


r=3when@d=7 


r = 0 when 0 = 1/3 


Maximum value of |r|: 
Zero of r: 


The table shows several 9-values in the interval [0, 2]. Plot the corresponding points 
and sketch the graph, as shown in Figure 6.54. 


xn |an|a| 2n 5a 
mm ° | 6 J3l2]3 6.6«|” 


1-73/0/1 2 1+ /3 | 3 


la 6 1 


Note that the negative r-values determine the inner loop of the graph in Figure 6.54. 
This graph, like the graph in Example 2, is a limacon. 


Wa Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of r = 1 + 2 sin @. a 
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Some curves reach their zeros and maximum r-values at more than one point, as 
shown in Example 4. 


Sketching a Polar Graph 


p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 
Sketch the graph of r = 2 cos 30. 


Solution 
Symmetry: With respect to the polar axis because r = 2 cos 36 has the 
form r = g(cos 6) 
2 
Maximum value of |r|: |r| = 2 when 30 = 0, x, 27, 37 or 6 = 0, a 3% 
nm 3n Sr mm St 
Zeros of r: r= 0 when 30 = 5,535 89 = Ba 
7 7 7 7 5a 1 
i” ° 12 | 6 4 3 12 2 


r|2|/2/0|-J/2|-2) - V2 


Plot these points and use the specified symmetry, zeros, and maximum values to obtain 
the graph, as shown in the figures below. This graph is called a rose curve, and each 
loop on the graph is called a petal. Note how the entire curve is traced as @ increases 
from 0 to 7. 


Use a graphing utility in polar 
mode to verify the graph 

of r = 2 cos 36 shown in 
Example 4. 


a Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of r = 2 sin 30. a 
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Special Polar Graphs 


Several important types of graphs have equations that are simpler in polar form than 
in rectangular form. For example, the circle with the polar equation r = 4 sin 6 in 
Example | has the more complicated rectangular equation x? + (y — 2)? = 4. Several 
types of graphs that have simpler polar equations are shown below. 


Limacons 


r=axtbcosé,r=axtbsind (a>0,b> 0) 


a ea is ot: 
2 2 2 2 
1 0 T 0 T 0 T 0 
3n 3n 3n 3n 
2 2 2 2 
a a a a 
aa —— Ca< —> 
b 1 b 1 1 5 2 b 2 
Limagon with Cardioid Dimpled Convex 
inner loop (heart-shaped) limagon limagon 


Rose Curves 


n petals when n is odd, 2n petals when nis even (n = 2) 


a. 
2 


0 
r= acos nd r = acos nd r = asinnd r = asinnd 
Circles and Lemniscates 
x a x x 
2 2 2 2 
a (9 
1 0 1 0 1 0 1 0 
, OC , 
a d 
2, 2 2 2 
r=acos@ r=asin@ 1? = a sin 20 r? = a cos 20 
Circle Circle Lemniscate Lemniscate 


The quick tests for symmetry presented on page 479 can be especially useful 
when graphing many of the curves shown above. For example, limagons have the 
form r = f(sin @) or the form r = g(cos 8), so you know that a limagon will be either 
symmetric with respect to the line 8 = 2/2 or symmetric with respect to the polar axis. 


Paiind 
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Figure 6.55 

6 | r= +3-/sin 20 
0 0 
us ro 
12 /2 
1 
— + 
A +3 
set 3 
12 </2 
1 
> 0 

ua 

2 


EXAMPLE 5 Sketching a Rose Curve 


Sketch the graph of r = 3 cos 20. 


Solution 
Type of curve: Rose curve with 2n = 4 petals 
Symmetry: With respect to the line 6 = 7/2, the polar axis, and the pole 


Maximum value of |r|: |r| = 3 when @ = 0, 1/2, 1, 30/2 
Zeros of r: r = 0 when 6 = 1/4, 3727/4 


Using this information and the points (3, 0), (3/2, 2/6), (0, 2/4), and (— 3/2, 2/3), you 
obtain the graph shown in Figure 6.55. 


fr Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of r = 3 cos 30. 


EXAMPLE 6 Sketching a Lemniscate 


Sketch the graph of r? = 9 sin 26. 


Solution 
Type of curve: Lemniscate 
Symmetry: With respect to the pole 


Maximum value of |r|: |r| = 3 when 0 = 1/4 
Zeros of r: r = 0 when 0 = 0, 27/2 


When sin 26 < 0, this equation has no solution points. So, restrict the values of 6 to 
those for which sin 20 = 0. 


37 
or mS05 — 


< < 
O<@s 5) 


NIA 


Using symmetry, you need to consider only the first of these two intervals. By finding 
a few additional points (included in the table at the left), you obtain the graph shown 
in Figure 6.56. 


ot Checkpoint |) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Sketch the graph of r? = 4 cos 20. Hi 


Summarize (Section 6.8) 


1. Explain how to graph a polar equation by point plotting (page 477). For an 
example of graphing a polar equation by point plotting, see Example 1. 


2. State the tests for symmetry in polar coordinates (page 478). For an example 
of using symmetry to sketch the graph of a polar equation, see Example 2. 


3. Explain how to use zeros and maximum values of |r| to sketch the graph of a 
polar equation (page 479). For examples of using zeros and maximum values 
of |r| to sketch graphs of polar equations, see Examples 3 and 4. 

4. State and give examples of the special polar graphs discussed in this lesson 
(page 481). For examples of sketching special polar graphs, see Examples 5 
and 6. 
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6.8 Exercises 


6.8 Graphs of Polar Equations 483 
oy | 


See CalcChat.com for tutorial help and worked-out solutions | 
to odd-numbered exercises. 


| 
GO DIGITAL 


Vocabulary and Concept Check 
In Exercises 1 and 2, fill in the blanks. 


1. The equation r? = 4 sin 20 represents a 


2. The equation r = 1 + sin @ represents a 


3. How can you test whether the graph of a polar equation is symmetric with respect to the line 0 = a 


4. Explain how to determine the symmetry of the graph r = 3 + 4 cos 0. 


Skills and Applications 


Identifying Types of Polar Graphs In Exercises 
5-10, identify the type of polar graph. 


5. a 6. 

0 t 
4 4 5 
7. x 8. x 
r =3(1—2cos@)|2 2 
ar 1) r?2 =64 cos 20 
10 x 10 
© COs 
9. 10. 


NIA 


a 
2 (+= 6 cos 20 a 
LV 0 


ve 


Testing for Symmetry In Exercises 11-16, test for 
symmetry with respect to the line 6 = 1/2, the polar 
axis, and the pole. 
ll. r=6+ 3cos@ 12. r = 9cos 30 

2 3 
~ 14+ siné a a EET: 
15. r? = 36 cos 20 16. r? = 25 sin 20 


13. r 


Finding the Maximum Value of |r| and Zeros of r 
In Exercises 17-20, find the maximum value of |r| and 
any zeros of r. 

17. r= 10 — 10 sin @ 
19. r = 4cos 36 


18. r= 6+ 12cos@ 
20. r = 3 sin 20 


Sketching the Graph of a Polar Equation In 
Exercises 21-46, sketch the graph of the polar equation 


using symmetry, zeros, maximum values of |r|, and any 
other additional points. 
21. r=5 22. r= —8 
23. r= 1/4 24. r = —2n/3 
25. r= 5sin@ 26. r = 4cos 0 
27. r = 3(1 — cos @) 28. r = 4(1 — sin 6) 
29. r = 4(1 + sin 6) 30. r = 6(1 + cos 8) 
31. r=5+2cos0 32. r=5—2sin0 
33. r= 1-—3sin@ 34. r=2-—5cos0 
35. r= 3 — 6cos 9 36. r=4+ 6sin0 
37. r = 5 sin 20 38. r = 2 cos 20 
39. r = 6 cos 30 40. r = 3 sin 30 
41. r= 2sec 0 42. r=5csc0 
3 6 
dog = coed ae ey er ey 


45. r? = 9cos 20 46. r? = 16sin0 


A Graphing a Polar Equation In Exercises 47-56, use a 


graphing utility to graph the polar equation. 


47. r= 9/4 48. r= —5/2 

49. r = 5n/8 50. r= —7/10 

51. r = 8 cos @ 52. r = cos 20 

53. r = 3(2 — sin @) 54. r = 2 cos(30 — 2) 
55. r = 8 sin 0 cos? 6 56. r= 2csc8+ 5 


a4 Finding an Interval In Exercises 57-62, use a graphing 


utility to graph the polar equation. Find an interval for 6 
for which the graph is traced only once. 

57. r= 3 — 8cos0 58. r=5+ 4cos@ 

59. r = 2. cos(30/2) 

60. r = 3 sin(50/2) 

61. r7 = 16 sin 20 

62. r2 = 1/0 
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BB Asymptote of a Graph of a Polar Equation In 
Exercises 63-66, use a graphing utility to graph the 
polar equation and show that the given line is an 
asymptote of the graph. 


Name of Graph Polar Equation Asymptote 
63. Conchoid r=2-— sec 0 x=-1 
64. Conchoid r=2+csc0 y=1 
65. Hyperbolic spiral r= , y=3 
66. Strophoid r=2cos20sec0@ x= —2 
67. Microphone 


The pickup pattern of a microphone 
is modeled by the 
polar equation 


r=5+5cos@ 


where |r| measures 
how sensitive the 
microphone is to 
sounds coming 
from the angle 0. 


(a) Sketch the graph of the model and identify the 
type of polar graph. 


(b) At what angle is the microphone most sensitive 
to sound? 


68. Area The total area of the region bounded by the 
lemniscate r? = a? cos 26 is a’. 


(a) Sketch the graph of r? = 16 cos 20. 
(b) Find the area of one loop of the graph from part (a). 


Exploring the Concepts 


True or False? In Exercises 69 and 70, determine 
whether the statement is true or false. Justify your answer. 


69. The graph of r = 10 sin 50 is a rose curve with five 


petals. 


70. A rose curve is always symmetric with respect to the 


line 0 = 1/2. 


71. Rotating Polar Graphs The graph of r = f(@) is 

rotated about the pole through an angle ¢. Show that the 

equation of the rotated graph is r = f(@ — ¢). 

Rotating Polar Graphs Consider the graph of 

r = f(sin @). 

(a) Show that when the graph is rotated counterclockwise 
m/2 radians about the pole, the equation of the 
rotated graph is r = f(—cos 6). 


72. 


(b) Show that when the graph is rotated counterclockwise 
m radians about the pole, the equation of the rotated 
graph is r = f(—sin 8). 


© Amo Park/Shutterstock.com 


BB 73. 


(c) Show that when the graph is rotated counterclockwise 
32/2 radians about the pole, the equation of the 
rotated graph is r = f(cos 0). 

Graphical Reasoning Use a graphing utility to 

graph the polar equation r = 6[1 + cos(@ — ¢)] for 

each value of ¢. Use the graphs to describe the effect 

of the angle ¢. Write the equation as a function of sin 0 

for part (c). 


(a) @=O0 (b) d=2n/4 (c) P= 7/2 


74, BY HOW DO YOU SEE IT? Match each polar 


equation with its graph. 


(a) r=5sin@ 
(b) r=2+5sin0@ 
(c) r= 5 cos 20 


Rotating Polar Graphs In Exercises 75 and 76, use 
the results of Exercises 71 and 72. 


75. Write an equation for the limagon r = 2 — sin 6 after it 
is rotated through each angle. 
7 7 3m 
@> ®> Or WF 
76. Write an equation for the rose curve r = 2 sin 26 after 
it is rotated through each angle. 
1 2m 
(a) = Os 


(b) 5 (d) x 


Video solutions at 
LarsonPrecalculus.com 


Sketching an Ellipse In Exercises 77 and 78, find the 
center, vertices, foci, and eccentricity of the ellipse. Then 
sketch the ellipse. 

77. 16x* + 25y* = 400 

78. 4x? + 3y? = 192 


Review & Refresh » 


Classifying a Conic from a General Equation In 
Exercises 79-82, classify the graph of the equation as a 
circle, a parabola, an ellipse, or a hyperbola. 

79, 25y? — 9x? + 18x — 234 =0 

80. x7 + 2x + y? + 14y- 71 =0 

81. 36x? + 432x + 25y? — 250y + 1021 = 0 

82. 6y? — 24y + 49x — 270 = 0 
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6.9 Polar Equations of Conics 


© Define conics in terms of eccentricity, and write and graph polar 
equations of conics. 
© Use equations of conics in polar form to model real-life problems. 


Alternative Definition and Polar Equations of Conics 


In Sections 6.3 and 6.4, you learned that the rectangular equations of ellipses and 
hyperbolas take simpler forms when the origin lies at their centers. There are many 
important applications of conics in which it is more convenient to use a focus as the 
origin. In these cases, it is convenient to use polar coordinates. 

To begin, consider an alternative definition of a conic that uses the concept 
of eccentricity. 


Alternative Definition of a Conic ) 


The locus of a point in the plane that moves such that its distance from a fixed 
point (focus) is in a constant ratio to its distance from a fixed line (directrix) is 


Polar equation of conics can a conic. The constant ratio is the eccentricity of the conic and is denoted by e. 
model the orbits of planets Moreover, the conic is an ellipse when 0 < e < 1, a parabola when e = 1, 
and satellites. For example, in and a hyperbola when e > 1. (See the figures below.) 


Exercise 62 on page 490, you will 
use a polar equation to model 
the parabolic path of a satellite. 


cue a zis 
2 2 2 
‘Directrix 'Directrix Directrix: 
\OQ P Qe- 
oF oe : 
| > 0 : >0 : a 
_--a°\ |FO, 0) 
' ! P’¢--- ~, 
Q" 
F(0, 0) 
Ellipse: 0 < e < 1 Parabola: e = 1 Hyperbola: e > 1 
PQ PQ PQ P'Q' 


In the figures, note that for each type of conic, a focus is at the pole. The benefit 
of locating a focus of a conic at the pole is that the equation of the conic takes on a 
simpler form. 


Polar Equations of Conics i 


The graph of a polar equation of the form 


= ep = Gy 
: 1+ ecos@ a 1+ esin@ 


is a conic, where e > 0 is the eccentricity and |p| is the distance between the 
focus (pole) and the directrix. 


For a proof of the polar equations of conics, see Proofs in Mathematics on page 502. 


GO DIGITAL 
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An equation of the form 


ep 


LSS Vertical directrix 
1 + ecos@ 


corresponds to a conic with a vertical directrix and symmetry with respect to the polar 
axis. An equation of the form 


ep 


=a Horizontal directrix 
1+ esin@ 


r 


corresponds to a conic with a horizontal directrix and symmetry with respect to the line 
@ = 2/2. Moreover, the converse is also true—that is, any conic with a focus at the 
pole and having a horizontal or vertical directrix can be represented by one of these 
equations. 


EXAMPLE 1 Identifying a Conic from Its Equation 


p>>> See LarsonPrecalculus.com for an interactive version of this type of example. 


Identify the type of conic represented by the equation 


15 
r= >—,—. 
3 — 2cos 0 
Algebraic Solution Graphical Solution 
To identify the type of conic, rewrite the equation in the form Use a graphing utility in polar mode and be sure to use 
a square setting, as shown in the figure below. 
ep 
r= , 
1 + ecos@ 8 
15 Seiten 
r= t tion. 
3 = 2 Gos g rite original equation. 
-6 
= 5 Divide numerator and The graph of the conic 
1 — (2/3) cos 0 denominator by 3. appears to be an ellipse. 
Because e = s < 1, the graph is an ellipse. “8 


Wa Checkpoint >) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Identify the type of conic represented by the equation 


ee eae 
2-—3sind 


r 


For the ellipse in Example 1, the major axis is horizontal and the vertices lie at 
(r, 0) = (15, 0) and (r, 8) = (3, 2). So, the length of the major axis is 2a = 18. To find 
the length of the minor axis, use the definition of eccentricity e = c/a and the relation 
c? = a’ — Db’ for ellipses to conclude that 

BPe= 0-2 =a —- (ea? = aA(1 — e?). Ellipse 


Because a = 18/2 = 9 and e = 2/3, you have 
2 
p= 911 - (2) = 45 


which implies that b = /45 = 3/5. So, the length of the minor axis is 2b = 6/5. 
A similar analysis holds for hyperbolas. Using e = c/a and the relation 
c? = a + b? for hyperbolas yields 


b* = ¢? a= (ea)? a= a(e? 1). Hyperbola 


ops 
a 
a ia 
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f= 32 
3+5 sin @ 


Figure 6.57 


Use a graphing utility set in 
polar mode to investigate the 
four orientations listed at the 
right. 


Directrix: 
a 


Figure 6.58 


ere | 
GO DIGITAL 


6.9 Polar Equations of Conics 487 


EXAMPLE 2 Sketching a Conic from Its Polar Equation 


Identify the type of conic represented by r = and sketch its graph. 


32 
3+ 5sind 
Solution Dividing the numerator and denominator by 3, you have 


32/3 
~ 1+ (5/3) sin 0” 


r 


Because e = 3 > 1, the graph is a hyperbola. The transverse axis of the hyperbola lies on 
the line @ = 7/2, and the vertices occur at (r, 8) = (4, 2/2) and (r, @) = (— 16, 37/2). 
The length of the transverse axis is 12, so a = 6. To find b, write 


B= ae? — 1) = (3) - 1 = 64 


which implies that b = 8. Use a and b to determine that the asymptotes of the hyperbola 
arey = 10+ ay. Figure 6.57 shows the graph. 


ys Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


3 


Fadsne and sketch its graph. Hi 


Identify the conic r = 


In the next example, you will find a polar equation of a specified conic. To do this, 
let p be the distance between the pole and the directrix, where p > 0. 


; beet tas ep 
1. H tal direct = th le: = ——_— 
orizontal directrix (y = p) above the pole PS a sand 
2. Horizontal directrix (y = —p) below the pole: r= —P__ 
: e par 1 — esind 

; ees ep 
: tical direct = p) to th ht of th le: = ——— 
3. Vertical directrix (x = p) to the right of the pole aes terre 
4, Vertical directrix (x = —p) to the left of the pole: r= — 
1 — ecos @ 


Finding the Polar Equation of a Conic 


Find a polar equation of the parabola whose focus is the pole and whose directrix is 
the line y = 3. 

Solution The directrix is horizontal and above the pole, so use an equation of the 
form 


ep 


P= 
1+ esn@ 


Moreover, the eccentricity of a parabola is e = | and the distance between the pole and 
the directrix is p = 3, so you have the equation 


3 


rT + sin @” 


Figure 6.58 shows the parabola. 
Ys Checkpoint | ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 


Find a polar equation of the parabola whose focus is the pole and whose directrix is the 
line x = —2. a 
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Application 


Kepler’s Laws (listed below), named after the German astronomer Johannes Kepler 
(1571-1630), can be used to describe the orbits of the planets about the sun. 


1. Each planet moves in an elliptical orbit with the sun at one focus. 
2. A ray from the sun to a planet sweeps out equal areas in equal times. 


3. The square of the period (the time it takes for a planet to orbit the sun) is proportional 
to the cube of the mean distance between the planet and the sun. 


Although Kepler stated these laws on the basis of observation, Isaac Newton 
(1642-1727) later validated them. In fact, Newton showed that these laws apply to the 
orbits of all heavenly bodies, including comets and satellites. The next example, which 
involves the comet named after the English mathematician and physicist Edmund 
Halley (1656-1742), illustrates this. 

If you use Earth as a reference with a period of | year and a distance of 
1 astronomical unit (about 93 million miles), then the proportionality constant in 
Kepler’s third law is 1. For example, Mars has a mean distance to the sun of d ~ 1.524 
astronomical units. Solve for its period P in d* = P? to find that the period of Mars is 
P = 1.88 years. 


EXAMPLE 4 Halley’s Comet 


Halley’s comet has an elliptical orbit with an eccentricity of e ~ 0.967. The length 
of the major axis of the orbit is approximately 35.88 astronomical units. Find a polar 
equation for the orbit. How close does Halley’s comet come to the sun? 


Solution Using a vertical major axis, as shown in Figure 6.59, choose an equation 


4 
Sun 2 of the form r = ep/(1 + e sin @). The vertices of the ellipse occur when 6 = 7/2 and 
t ~q 9 = 32/2, and the length of the major axis is the sum of the r-values of the vertices. 
Earth That is, 
Halley’s 0.967p 0.967p 
= t ma. = 35.68. 
comet eGo Tose) 
So, p ~ 1.204 and ep ~ (0.967)(1.204) ~ 1.164. Substituting this value for ep in the 
equation, you have 
1.164 
"1 + 0.967 sin 6 
where r is measured in astronomical units. To find the closest point to the sun (a focus), 
substitute 9 = 7/2 into this equation to obtain 
mu 0.59 astronomical unit ~ 55,000,000 miles 
r= = VU. ~~ Od; > : 
1 + 0.967 sin(z/2) 
A Checkpoint ®) Audio-video solution in English & Spanish at LarsonPrecalculus.com 
Encke’s comet has an elliptical orbit with an eccentricity of e ~ 0.847. The length 
of the major axis of the orbit is approximately 4.420 astronomical units. Find a polar 
no equation for the orbit. How close does Encke’s comet come to the sun? |_| 
2 


Figure 6.59 Summarize (Section 6.9) 


1. State the definition of a conic in terms of eccentricity (page 485). For examples 
of writing and graphing polar equations of conics, see Examples 2 and 3. 

2. Describe a real-life application of an equation of a conic in polar form 
(page 488, Example 4). 


Ped 
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6.9 Exercises 


Vocabulary and Concept Check 


6.9 Polar Equations of Conics 


See CalcChat.com for tutorial help and worked-out solutions 
to odd-numbered exercises. 


Biss 
GO DIGITAL 


1. Fill in the blank: The locus of a point in the plane that moves such that its distance from a fixed point 
(focus) is in a constant ratio to its distance from a fixed line (directrix) is a 


2. Match the conic with its eccentricity. 
(a) 0 <e<l (b) e= 1 
(i) Parabola (ii) Hyperbola 


(c)e> 1 
(iii) Ellipse 


3. A conic has a polar equation of the form r = = 


4. A conic with a horizontal directrix has a polar equation of the form r = 


above or below the pole? 


Skills and Applications 


Identifying a Conic In Exercises 5-8, write the polar 
equation of the conic for each value of e. Identify the 
type of conic represented by each equation. Verify your 
answers with a graphing utility. 


(ye=1 (bhe=05 (c)e =15 
2e 2e 
a yey = T= ecu 
2e 2e 
a Sans ROR de eer cy 


Matching In Exercises 9-12, match the polar equation 
with its graph. [The graphs are labeled (a), (b), (c), 
and (d).] 


(a) x (b) ca 
2 2 
a me tet 0 
4 
ee ie 
(c) x (d) x 
2 2 
+++} +> 0 
2 
4 3 
nc ee Mee 4..cos6 
4 
Men 1+ sin@ 
4 
Pe aap 


1+ ecos 


6 


en 
1—esin@ 


. Is the directrix vertical or horizontal? 


——. Is the directrix 
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Sketching a Conic In Exercises 13-24, identify the 
conic represented by the equation and sketch its graph. 


13. 


15. 


17. 


19. 


20. 


21. 


22. 


23. 


24. 


r 


r 


r 


r 


r 


r 


r 


r 


r 


_ 3 
1 — cos @ 
a 
1 — sin @ 
_ 2, 
2 — cos @ 
so 
2 + sin @ 
_~ 6 
3 —2sin@ 
gy 
2+ 4sin 0 
_~ 3 
—1+2cos0@ 
erase ee 
2 — 6cos 0 
a 
2+ 6sin 0 


7 
i rs 1+ sind 
6 
bi "1+ cos 0 
4 
ae aa 


fe Graphing a Polar Equation In Exercises 25-32, use 
a graphing utility to graph the polar equation. Identify 
the conic. 


25. 


27. 


29. 


31. 


r 


r 


r 


r 


ee ee 
1 — sin @ 
a a 
—4+2cos0 
_ 4 
3 — cos @ 
= _. 
14+ 17 sin @ 


26. rss 
28. =; 
30. r= 
32. r=5— 
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Pe Graphing a Rotated Conic In Exercises 33-36, use a 


graphing utility to graph the rotated conic. 


3 ‘ 

33. r= i could - GD) (See Exercise 13.) 
4 ; 

34. r= a+ smd — @/)] (See Exercise 18.) 
6 ‘ 

35. r 2 + sinld + (/O) (See Exercise 19.) 

36. 7 : 


~ 24+ 6sin[@ + (27/3)] (See Exercise 24.) 


Finding the Polar Equation of a Conic In Exercises 
37-52, find a polar equation of the indicated conic with 
the given characteristics and focus at the pole. 


Conic Eccentricity Directrix 
37. Parabola e=1 x=-1 
38. Parabola e=1 y=-4 
39. Ellipse e=5 e=3 
40. Ellipse e=} y=-2 
41. Hyperbola e=2 x= 
42. Hyperbola e= 3 y=-2 
Conic Vertex or Vertices 
43. Parabola (2, 0) 
44, Parabola (10, 2/2) 
45. Parabola (5, 2) 
46. Parabola (1, —2/2) 
47. Ellipse (2, 0), (10, 7) 
48. Ellipse (2, 2/2), (4, 37/2) 
49, Ellipse (20, 0), (4, 7) 
50. Hyperbola (2, 0), (8, 0) 


51. Hyperbola 
52. Hyperbola 


(1, 37/2), (9, 32/2) 
(4, 2/2), (1, 2/2) 


53. Astronomy The planets travel in elliptical orbits 
with the sun at one focus. Assume that the focus is at the 
pole, the major axis lies on the polar axis, and the length 
of the major axis is 2a (see figure). Show that the polar 
equation of the orbit is r = a(1 — e?)/(1 — ecos 8), 
where e is the eccentricity. 


NIA 


Planet 


© Cristi Matei/Shutterstock.com 


54. Astronomy Use the result of Exercise 53 to show 
that the minimum distance (perihelion) from the sun to 
the planet is 


r=a(l—e) 
and the maximum distance (aphelion) is 
r=a(l+te). 
Planetary Motion In Exercises 55-60, use the results 


of Exercises 53 and 54 to find (a) the polar equation of 
the planet’s orbit and (b) the perihelion and aphelion. 


55. Earth a ~ 9.2957 x 107 miles, e ~ 0.0167 
56. Saturn a ~ 1.4335 x 10° kilometers, e ~ 0.0565 


57. Venus a ~ 1.0821 x 108 kilometers, e ~ 0.0067 
58. Mercury a ~ 3.5984 x 107 miles, e ~ 0.2056 
59. Mars a ~ 1.4162 x 108 miles, e ~ 0.0935 


60. Jupiter a ~ 7.7857 x 108 kilometers, e ~ 0.0489 


61. Error Analysis Describe the error. 


3 
For the pol ti = >—,e= 1. 
or the polar equation r = > =p € 
So, the equation represents a parabola. x 


62. Satellite Orbit 


A satellite in a 100-mile-high circular orbit around 
Earth has a velocity of approximately 17,500 miles 
per hour. If this velocity is multiplied by J, 
then the satellite will 
have the minimum 
velocity necessary to 
escape Earth’s gravity 
and will follow a 
parabolic path with 
the center of Earth 

as the focus (see 
figure). 


Circular 
orbit 


Parabolic 
path 


4100 


Not drawn to scale 


(a) Find a polar equation of the parabolic path of the 
satellite. Assume the radius of Earth is 4000 miles. 

(b) Use a graphing utility to graph the equation you 
found in part (a). 

(c) Find the distance between the surface of Earth and 
the satellite when 0 = 30°. 

(d) Find the distance between the surface of Earth 

and the satellite when 0 = 60°. 
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Exploring the Concepts 


True or False? In Exercises 63-65, determine whether 
the statement is true or false. Justify your answer. 


63. For values of e > 1 and0 < @ < 2z, the graphs of 


ex e(—x) 


r= and r= ———— 
1+ ecos@ 


~ 1—ecosé 
are the same. 
64. The graph of 


a. ee 
—3 — 3sin0 


7 
has a horizontal directrix above the pole. 


65. The conic represented by 


~~ 6 
3 — 2cos@ 


is a parabola. 


r 


66. Writing Explain how the graph of each equation 


differs from the conic represented by r = —_, 
(See Exercise 15.) sin 
5 
Oe a eee ©) 7-75 ane 
(c) CS (d) r= 5 
1 + cos é@ 1 — sin[@ — (x/4)] 


67. Verifying a Polar Equation Show that the polar 
equation of the ellipse represented by 

yt a bk? 

aR SP T= cos 6° 

68. Verifying a Polar Equation Show that the polar 
equation of the hyperbola represented by 

2 2 =i 


b tae 
is r= ——— 
1 — e? cos? 0 


6.9 Polar Equations of Conics 491 


HOW DO YOU SEE IT? The graph of 


r= —a 

1 — esin@ 
is shown for different values of e. Determine 
which graph matches each value of e. 


I 
oy 1K) is) 20) 


(a) e= 0.9 (b) e = 1.0 


7 Video solutions at 
Review & Refresh \» LarsonPrecalculus.com 


Completing the Square In Exercises 75-78, solve the 
quadratic equation by completing the square. 
75. 9x7 + 42x +32=0 76. 49x? — 28x —- 18 =0 
77. Dy? = 299 — 30y 78. 400y? = 40y + 9 
Finding Points of Intersection In Exercises 79 and 
80, find any points of intersection of the graphs of the 
equations algebraically. 
79. —x? — y — 8x + 200y -7=0 

x? + Oy? + 8x + 4y+7=0 
80. x7 + 2y? — 4x + 6y —-5 =0 

vr—-—4x-yt+4=0 


Writing a Polar Equation In Exercises 69-72, use the A 81. Path of a Projectile The path of a projectile is 


results of Exercises 67 and 68 to write the polar form of 
the equation of the conic. 


2 2, 
69, 2- +2 =1 70. 


2 
ae a ee | 
169 144 25 16 
x2 y? _ x2 y? _ 
71. 9 ie 72. 36 471 


73. Reasoning The equation 


ep 


r= 
1+ esin@ 


represents an ellipse with e < 1. What happens to the 
lengths of both the major axis and the minor axis when 
the value of e remains fixed and the value of p changes? 
Use an example to explain your reasoning. 


Copyright 2022 Cen 


e Learning. All Rights Reserved. May not be c' 


given by the rectangular equation 
y=7+x— 0.0227. 


(a) Find A, vo, and @ for the set of parametric equations 
x = (vy cos 0)t and y = h + (vy sin 8)t — 16f that 
model the path. 

(b) Use a graphing utility to graph the rectangular 
equation for the path of the projectile. Confirm 
your answer in part (a) by sketching the curve 
represented by the parametric equations. 


(c) Use the graphing utility to approximate the 
maximum height of the projectile and its range. 


AB 82. Path of a Projectile Repeat Exercise 81 for a 


projectile with a path given by the rectangular equation 
y=6+x— 0.08x?. 
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Summary and Study Strategies sis 


GO DIGITAL 


What Did You Learn? 


The list below reviews the skills covered in the chapter and correlates each 
one to the Review Exercises (see page 494) that practice the skill. 


Section 6.1 Review Exercises 
@ Find the inclination of a line (p. 418). i 4 
If a nonvertical line has inclination @ and slope m, then m = tan 0. 
@ Find the angle between two lines (p. 419). 5-8 
tan @ = cca 
1+ mm, 
@ Find the distance between a point and a line (p. 420). 9, 10 


Section 6.2 


™ Describe a conic section (p. 425). 11,12 

@ Write equations of parabolas in standard form (p. 426). 13-16, 19, 20 
(x — h)? = 4p(y — &) or (y — k)? = 4p(x — A), p #0 

@ Use the reflective property of parabolas to write equations of tangent lines (p. 428). 17, 18 


Section 6.3 


@ Write equations of ellipses in standard form and sketch ellipses (p. 434). 21-24 
_ h 2, — 2} = h 2 = 2 
Co ye ee 
a b? b? a 
@ Use properties of ellipses to model and solve real-life problems (p. 438). 25, 26 
@ Find eccentricities of ellipses (p. 439). 27-30 
Section 6.4 
™@ Write equations of hyperbolas in standard form (p. 443). 31-34 
(A? -_) km? 
5 = = lor = =1 
a b? a OF 
@ Find asymptotes of and sketch hyperbolas (p. 445). acl 
™@ Use properties of hyperbolas to solve real-life problems (p. 448). 39, 40 
® Classify conics from their general equations (p. 449). 41-44 
Section 6.5 
® Rotate the coordinate axes to eliminate the xy-term in equations of conics (p. 453). fh 
H Use the discriminant to classify conics (p. 457). 49-2 
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Summary and Study Strategies 


Section 6.6 
™@ Evaluate sets of parametric equations for given values of the parameter (p. 461). 
™@ Sketch curves represented by sets of parametric equations (p. 462). 


™@ Rewrite sets of parametric equations as single rectangular equations by eliminating 
the parameter (p. 463). 


™@ Find sets of parametric equations for graphs (p. 465). 


| Section 6.7 
@ Plot points in the polar coordinate system (p. 471). 


@ Convert points from rectangular to polar form and vice versa (p. 473). 
Polar-to-Rectangular: x = rcos 6, y = rsin@ 
Rectangular-to-Polar: tan 80 = y/x, r2 = x + y’ 


@ Convert equations from rectangular to polar form and vice versa (p. 474). 


Section 6.8 
@ Graph polar equations by point plotting (p. 477). 


m@ Use symmetry, zeros, and maximum values of |r| to sketch graphs of polar 
equations (p. 478). 


@ Recognize special polar graphs (p. 481). 
Section 6.9 


™ Define conics in terms of eccentricity, and write and graph polar equations of 
conics (p. 485). 


™@ Use equations of conics in polar form to model real-life problems (p. 488). 


Study Strategies 


Preparing for the Final Exam As the semester ends, many students are inundated with projects, 

papers, and tests. This is why it is important to plan your review time for the final exam at least three 

weeks before the exam. 

1. Form a study group of three or four students several weeks before the final exam. Review what 
you have learned while continuing to learn new material. 

2. Find out what material you must know for the final exam, even if the instructor has not yet 
covered it. As a group, meet with the instructor outside of class. A group is likely to receive more 
attention and can ask more questions. 


3. Ask for or create a practice final exam and have the instructor look at it. Look for sample 
problems in old tests and in cumulative tests in the text. 

4. Have each group member take the practice final exam. Then have each member identify what he 
or she needs to study. 

5. Decide when the group is going to meet during the next couple of weeks and what you will 
cover during each session. Set up several study times for each week. 

6. Keep the study session on track. Prepare for each session by knowing what material you are going 
to cover and having the class notes for that material. 
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53, 54 
53-60 
55-60 


61-66 


67-70 
71-78 


79-90 


91-100 
91-100 


101-104 


105-112 


113, 114 
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Review Exercises 


494 Chapter 6 Topics in Analytic Geometry 


Review Exercises 


to odd-numbered exercises. 


See CalcChat.com for tutorial help and worked-out solutions 


OL 
GO DIGITAL 


[GSI Finding the Inclination of aLine In Exercises 
1—4, find the inclination 0 (in radians and degrees) of the 
line with the given characteristics. 

1. Passes through the points (— 1, 2) and (2, 5) 

2. Passes through the points (3, 4) and (—2, 7) 

3. Equation: 5x + 2y+4=0 

4, Equation: 2x — 5y -7=0 
Finding the Angle Between Two Lines _ In Exercises 


5-8, find the angle 0 (in radians and degrees) between 
the lines. 


5. 4x+y=2 6. —5x + 3y = 3 
-5x+y=-1 —2x + 3By=1 

7, 2x — Ty =8 8. 0.03x + 0.05y = 0.16 
2 4 — 0.02y = 0.15 
ax + y= 0.07x — 0.02y = 0 


Finding the Distance Between a Point and a Line 
In Exercises 9 and 10, find the distance between the 
point and the line. 


Point Line 
9. (4, 3) y=2x-1 
10. (—2, 1) y=-4x +2 


[2] Forming a Conic Section In Exercises 11 and 
12, state the type of conic formed by the intersection of 
the plane and the double-napped cone. 


11. 12. ’ 
Finding the Standard Equation of a Parabola In 
Exercises 13-16, find the standard form of the equation 


of the parabola with the given characteristics. Then 
sketch the parabola. 


13. Vertex: (0, 0) 


14. Vertex: (4, 0) 


Focus: (0, 3) Focus: (0, 0) 
15. Vertex: (0, 2) 16. Vertex: (—3, —3) 
Directrix: x = —3 Directrix: y = 0 


Finding the Tangent Line at a Point on a Parabola 
In Exercises 17 and 18, find an equation of the tangent 
line to the parabola at the given point. 

17. y = 2x?, (-1, 2) 

18. x* = —2y, (—4, —8) 


19. Architecture A parabolic archway is 10 meters high 
at the vertex. At a height of 8 meters, the width of 
the archway is 6 meters (see figure). How wide is the 
archway at ground level? 


Figure for 19 


Figure for 20 


20. Parabolic Microphone The receiver of a parabolic 
microphone is at the focus of the parabolic reflector, 
4 inches from the vertex (see figure). Write an equation 
for a cross section of the reflector with its focus on the 
positive x-axis and its vertex at the origin. 


[GER Finding the Standard Equation of an 
Ellipse In Exercises 21-24, find the standard form of 
the equation of the ellipse with the given characteristics. 


21. Vertices: (2, 0), (2, 16); minor axis of length 6 

22. Vertices: (0, 3), (10, 3); minor axis of length 4 

23. Vertices: (0,1), (4,1); endpoints of the minor axis: 
(2, 0), (2, 2) 

24. Vertices: (—4, —1), (—4, 11); endpoints of the minor 
axis: (—6, 5), (—2, 5) 


25. Architecture A mason is building a semielliptical 
arch that has a height of 4 feet and a width of 10 feet. 
Where should the foci be placed to sketch the arch? 


26. Wading Pool You are building a wading pool 
that is in the shape of an ellipse. The longest distance 
across the pool measures 36 feet, and the shortest 
distance measures 28 feet. Find the standard equation 
of the ellipse that models the shape of the pool and the 
distance between the foci. 


Sketching an Ellipse In Exercises 27-30, find the 
center, vertices, foci, and eccentricity of the ellipse. Then 
sketch the ellipse. 


(+2? | (y= 5)P_ 


27. 6A 36 : 
ead). Or a 
: + =1 
eae 49 


29. 16x? + 9y? — 32x + 72y + 16 =0 
30. 4x2 + 25y? + 16x — 150y + 141 = 0 
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Review Exercises 495 


| 6.4 | Finding the Standard Equation of a AB Rotation and Graphing Utilities In Exercises 49-52, 


Hyperbola In Exercises 31-34, find the standard form 
of the equation of the hyperbola with the given 
characteristics. 
31. Vertices: (0, +6) 

Foci: (0, +8) 
32. Vertices: (5, 2), (—5, 2) 

Foci: (6, 2), (—6, 2) 
33. Foci: (+5, 0) 

Asymptotes: y = +3 
34. Foci: (0, £13) 

Asymptotes: y = +3x 
Sketching a Hyperbola In Exercises 35-38, find the 
center, vertices, foci, and the equations of the asymptotes 
of the hyperbola. Then sketch the hyperbola using the 
asymptotes as an aid. 

(oa ee a 
oP 49 25 


= 2 
(y >) a4 


37. 9x2 — 16y? — 18x — 32y — 151 =0 
38. —4x? + 25y? — 8x + 150y + 121 = 0 


1 


36. 


39. Sound Location Two microphones, 2 miles apart, 
record an explosion. Microphone A receives the sound 
6 seconds before microphone B. Where did the explosion 
occur? (Assume sound travels at 1100 feet per second.) 


40. Navigation Radio transmitting station A is located 
200 miles east of transmitting station B. A ship is in 
an area to the north and 40 miles west of station A. 
Synchronized radio pulses transmitted at 186,000 miles 
per second by the two stations are received 0.0005 second 
sooner from station A than from station B. How far 
north is the ship? 


Classifying a Conic from a General Equation In 
Exercises 41-44, classify the graph of the equation as a 
circle, a parabola, an ellipse, or a hyperbola. 

41. 5x7 — 2y? + 10x — 4y + 17 =0 

42. —4y° + 5x + 3y+7=0 

43. 3x2 + 2y? — 12x + 12y + 29=0 

44, 4x? + 4 — 4x + 8y—- 11 =0 

[55] Rotation of Axes In Exercises 45-48, rotate the 
axes to eliminate the xy-term in the equation. Then write 
the equation in standard form. Sketch the graph of the 
resulting equation, showing both sets of axes. 

45. xv +5=0 46. x° — 4xy + yw? +9=0 
47. 5x? — 2xy + 5y? — 12 =0 

48. 4x2 + 8xy + 4y?2 + 7\/2x + 9\/2y = 0 


(a) use the discriminant to classify the graph of the 
equation, (b) use the Quadratic Formula to solve for y, 
and (c) use a graphing utility to graph the equation. 
49, 16x — 24xy + 9y? — 30x — 40y = 0 
50. 13x? — 8xy + Ty? — 45 = 0 
51. x? — 10xy + yw +1=0 
52. x2 + y? + 2xy + 2,/2x — 2,/2yv +2 =0 
[X35] Sketching a Curve In Exercises 53 and 54, 
(a) create a table of x- and y-values for the parametric 
equations using t = —2, —1, 0, 1, and 2, and (b) plot the 
points (x, y) generated in part (a) and sketch the graph 
of the parametric equations. 
53. x = 3t - 2andy =7— 4t 

6 
tt3 


54. x= Grand y = 


Sketching a Curve In Exercises 55-60, (a) sketch the 
curve represented by the parametric equations (indicate 
the orientation of the curve) and (b) eliminate the 
parameter and write the resulting rectangular equation 
whose graph represents the curve. Adjust the domain of 
the rectangular equation, if necessary. Verify your result 
with a graphing utility. 


55. x = 2t 56.x= 1+ 4t 
y=4t y=2- 3t 

57.x=0f 58. x=r+4 
y= Vt y=P 

59. x = 3cos 0 60. x = 3 + 3cosé 
y =3sin0 y=2+5sin0 


Finding Parametric Equations for a Graph In 
Exercises 61-66, find a set of parametric equations to 
represent the graph of the rectangular equation using 
(a)t =x, (b)t =x + 1,and (c)t=3-—-x. 


61. y= 2x + 3 
62. y= 4 — 3x 
63. y= x7 +3 
64. y=2—-— x 


65. y = 1 — 4x 
66. y = 2x7 + 2 
Plotting a Point in the Polar Coordinate 
System In Exercises 67-70, plot the point given in 


polar coordinates and find three additional polar 
representations of the point, using —27 < 0 < 27. 


5a 1 
ot. (4.51) ss. (-3.-2) 


69. (—7, 4.19) 70. (/3, 2.62) 
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Polar-to-Rectangular Conversion In Exercises 
71-74, a point is given in polar coordinates. Convert the 
point to rectangular coordinates. 


5a 
ra (2.2) 


1 3m 
73. (-1.3) 74, (s. -=) 


Rectangular-to-Polar Conversion In Exercises 
75-78, a point is given in rectangular coordinates. 
Convert the point to polar coordinates. (There are many 
correct answers.) 

75. (3, 3) 76. (3, —4) 


77. (-/5, 5) 78. (—./2, —/2) 


Converting a Rectangular Equation to Polar 
Form In Exercises 79-84, convert the rectangular 
equation to polar form. 

79, x +y=81 

81. x=5 

83. xy = 5 


80. x° + y? = 48 

82. y=4 

84. xy = —-2 

Converting a Polar Equation to Rectangular 


Form In Exercises 85-90, convert the polar equation 
to rectangular form. 


85. r=4 86. r = 12 
87. r = 3. cos @ 88. r = 8 sin @ 
89. 72 = sin @ 90. r2 = 4cos 20 


[GE Sketching the Graph of a Polar Equation In 
Exercises 91-100, sketch the graph of the polar equation 
using symmetry, zeros, maximum values of |r|, and any 
other additional points. 


91. r=6 92. r= 11 

93. r = —2(1 + cos @) 94. r= 1—4cos@ 
95. r = 4sin 20 96. r = cos 50 

97. r=2+ 6sind 98. r= 5 — 5cos0é 
99, r? = 9 sind 100. r2 = cos 20 


AB Identifying Types of Polar Graphs In Exercises 


101-104, identify the type of polar graph and use a 
graphing utility to graph the equation. 

101. r = 3(2 — cos @) 102. r = 5(1 — 2 cos @) 
103. r = 8 cos 36 104, r? = 2 sin 20 


[5] Sketching a Conic In Exercises 105-108, 
identify the conic represented by the equation and 
sketch its graph. 


1 

OT eae si ean ray 
4 16 

ME a each Wi as cee 


| Rights Reserved 


Finding the Polar Equation of a Conic In Exercises 
109-112, find a polar equation of the indicated conic 
with the given characteristics and focus at the pole. 


Conic Vertex or Vertices 
109. Parabola (2, 7) 
110. Parabola (2, 2/2) 
111. Ellipse (5, 0), (1, 2) 
112. Hyperbola (1, 0), 7,0) 


113. Explorer 18 In 1963, the United States launched 
Explorer 18. Its low and high points above the 
surface of Earth were 110 miles and 122,800 miles, 
respectively. The center of Earth was at one focus of 
the orbit (see figure). Find the polar equation of the 
orbit and the distance between the surface of Earth and 
the satellite when 9 = 72/3. Assume Earth has a radius 
of 4000 miles. 


x Not drawn to scale 


: Explorer 18 


114. Asteroid An asteroid takes a parabolic path with 
Earth as its focus. It is about 6,000,000 miles from 
Earth at its closest approach. Write the polar equation 
of the path of the asteroid with its vertex at 0 = 7/2. 
Find the distance between the asteroid and Earth when 
6 = -n/3. 


Exploring the Concepts 


True or False? In Exercises 115-117, determine 
whether the statement is true or false. Justify your 
answer. 


115. The graph of $x? — y* = 1 is a hyperbola. 

116. Only one set of parametric equations can represent the 
line y = 3 — 2x, 

117. There is a unique polar coordinate representation of 
each point in the plane. 


118. Reasoning Consider an ellipse with the major axis 
horizontal and 10 units in length. The number b in the 
standard form of the equation of the ellipse must be 
less than what real number? Explain the change in the 
shape of the ellipse as b approaches this number. 


119. Relating Rectangular and Polar Equations 
What is the relationship between the graphs of the 
rectangular and polar equations? 

(a) 2 +y=25, r=5 


(b) xy =0, g=7 
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Chapter Test 497 


See CalcChat.com for tutorial help and worked-out solutions 
C h a pter Test to odd-numbered exercises. 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


1. 


Find the inclination @ (in radians and degrees) of 4x — 7y + 6 = 0. 
(Section 6.1) 


. Find the angle @ (in radians and degrees) between 3x + y=6 and 


5x — 2y = —4. (Section 6.1) 


. Find the distance between the point (2, 9) and the line y = 3x + 4. 


(Section 6.1) 


In Exercises 4-7, identify the conic and write the equation in standard form. Find 
the center, vertices, foci, and the equations of the asymptotes, if applicable. Then 
sketch the conic. (Sections 6.2, 6.3, and 6.4) 


4. 
6. 


8. 


10. 


11. 


12. 


13. 
14. 


15. 


y?—-2x+2=0 5. x7 — 4y?- 4x = 0 
9x? + l6y? + 54x — 32y —47 = 0 7. 2x? + 2y? — 8x — 4yv + 9 =0 


Find the standard form of the equation of the parabola with vertex (3, —4) and 
focus (6, —4). (Section 6.2) 


. Find the standard form of the equation of the hyperbola with foci (0, +2) and 


asymptotes y = +5x. (Section 6.4) 

Rotate the axes to eliminate the xy-term in the equation xy + 1 = 0. Then write 
the equation in standard form. Sketch the graph of the resulting equation, showing 
both sets of axes. (Section 6.5) 


Sketch the curve represented by the parametric equations x = 2 + 3 cos 6 
and y = 2 sin @. Eliminate the parameter and write the resulting rectangular 
equation. (Section 6.6) 


Find a set of parametric equations to represent the graph of the rectangular equation 
y =3 — x using (a)t = x and (b)t=x+ 2. (Section 6.6) 
Convert the polar coordinates (— 2, 57/6) to rectangular coordinates. (Section 6.7) 


Convert the rectangular coordinates (2, —2) to polar coordinates and find three 
additional polar representations of the point, using —2a < 6 < 27. (Section 6.7) 


Convert the rectangular equation x* + y* = 64 to polar form. (Section 6.7) 


In Exercises 16-19, identify the type of graph represented by the polar equation. 
Then sketch the graph. (Sections 6.8 and 6.9) 


4 4 
TOC ae case Me eae 
18. r=3 + 4sin6 19. r = 2 sin 40 
20. Find a polar equation of the ellipse with focus at the pole, eccentricity e = i and 


21. 


22. 


directrix y = 4. (Section 6.9) 


A straight road rises with an inclination of 0.15 radian from the horizontal. Find 
the slope of the road and the change in elevation over a one-mile section of the 
road. (Section 6.1) 


A baseball is hit at a point 3 feet above the ground toward the left field fence. The fence 
is 10 feet high and 375 feet from home plate. The path of the baseball can be modeled 
by the parametric equations x = (115 cos @)t and y = 3 + (115 sin @)t — 1627. 
Does the baseball go over the fence when it is hit at an angle of @ = 30°? Does the 
baseball go over the fence when 6 = 35°? (Section 6.6) 
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498 Chapter 6 Topics in Analytic Geometry 


See CalcChat.com for tutorial help and 


Cu mu l ative Test fo r Cc h a pte rs 4-6 worked-out solutions to odd-numbered exercises. 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


In Exercises 1-3, perform the operation and write the result in standard form. 
(Section 4.1) 


6-04-31) 2. (5i — 2)? 3. (/3 + i)( V3 - 3) 


4. Write the quotient in standard form: (Section 4.1) 


8i 
10 + 27 
5. Use the Quadratic Formula to solve the equation x7 + 5x + 10 = 0. (Section 4.1) 


In Exercises 6 and 7, find all the zeros of the function. (Section 4.2) 
6. f(x) = 8 + 2x? + 4x + 8 7. f(x) = x4 + 4x7 - 21 
8. Find a polynomial function with real coefficients that has —6, —3, and 4 + \/5i 
as its zeros. (There are many correct answers.) (Section 4.2) 


9. Plot 3 — 2i and its complex conjugate. Write the conjugate as a complex number. 
(Section 4.3) 


10. Find the distance between 2 + 5i and 3 — iin the complex plane. (Section 4.3) 
11. Write the complex number z = —2 + 2iin trigonometric form. (Section 4.4) 


12. Find the product of [4(cos 30° + i sin 30°)] and [6(cos 120° + isin 120°)]. Leave 
the result in trigonometric form. (Section 4.4) 


In Exercises 13 and 14, use DeMoivre’s Theorem to find the power of the complex 
number. Write the result in standard form. (Section 4.5) 


4 = 
13.  2(c0s = + isin =) 14. (- /3 - i)° 


15. Find the cube roots of 1. (Section 4.5) 


16. Find all solutions of the equation x+ + 625 = 0 and represent the solutions 
graphically. (Section 4.5) 


In Exercises 17 and 18, describe any transformations of the graph of f that yield 
the graph of g. (Section 5.1) 


% —xt+3 a 
17. f0)=(8, eo =-@ 18. f(x) = 2.2%, ex) = -2.2* +4 
In Exercises 19-22, use a calculator to evaluate the expression. Round your result 
to three decimal places. (Section 5.2) 


19. log 98 20. log $ 


21. InJ/31 22. In(/30 — 4) 


In Exercises 23-25, evaluate the logarithm using the change-of-base formula. 
Round your result to three decimal places. (Section 5.3) 


23. log, 4.3 24. log, 0.149 25. log, /. 17 


2? 
26. Use the properties of logarithms to expand in"), where x > 5. 
x 


(Section 5.3) 
27. Condense 2 In x — 5 In(x + 5) to the logarithm of a single quantity. (Section 5.3) 
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Cumulative Test for Chapters 4-6 499 


In Exercises 28-31, solve the equation algebraically. Approximate the result to 
three decimal places, if necessary. (Section 5.4) 


28. 


30 
BE 32 


33 


34. 


35. 


36. 


. 


e 


6e* = 72 29, 4*-5 + 21 = 30 
log, x + log, 5 = 6 31. In 4x — In2 = 8 
: as 1000 : : 
Use a graphing utility to graph f(x) = 1 + dete and determine the horizontal 


asymptotes. (Section 5.5) 

The number N of bacteria in a culture is given by the model N = 175e*', where t is 
the time in hours. Given that N = 420 when t = 8, estimate the time required for 
the population to double in size. (Section 5.5) 

The population P (in thousands) of Austin, Texas from 2010 through 2019 can be 
approximated by the model P = 657.531e°°?!”, where f represents the year, with 
t = 10 corresponding to 2010. According to this model, when will the population 
reach 1.21 million? (Source: U.S. Census Bureau) (Section 5.5) 

Find the angle @ (in radians and degrees) between 2x + y = 3 and x — 3y = —6. 
(Section 6.1) 

Find the distance between the point (6, —3) and the line y = 2x — 4. 

(Section 6.1) 


Tw 
2 In Exercises 37-40, identify the conic and write the equation in standard form. 


(i) 


42. 


(ii) 


1 
2 45. 


(iii) 
Figure for 49 


49. 


41. 


43. 


44. 


46. 


47. 


aT 48. 


Find the center, vertices, foci, and the equations of the asymptotes, if applicable. 
Then sketch the conic. (Sections 6.2, 6.3, and 6.4) 


P n 
H 0 


39. 


9x? + 4y? — 36x + By + 4=0 38. 4x7 -— y?-4=0 

x+y? + 2x — 6y — 12 =0 40. y+ 2x+2=0 

Find the standard form of the equation of the ellipse with vertices (0, 0) and (0, 4) 
and endpoints of the minor axis (1,2) and (—1, 2). (Section 6.3) 

Find the standard form of the equation of the hyperbola with foci (0, +5) and 
asymptotes y = +e, (Section 6.4) 

Rotate the axes to eliminate the xy-term in the equation 

+ xy + y+ 2x -— 3y — 30=0. 

Then write the equation in standard form. Sketch the graph of the resulting 
equation, showing both sets of axes. (Section 6.5) 


Sketch the curve represented by the parametric equations x = 3 + 4cos @ and 
y = sin 9. Eliminate the parameter and write the resulting rectangular equation. 
(Section 6.6) 

Find a set of parametric equations to represent the graph of the rectangular equation 
y = 1-—x using (a) t = x and(b)t =2— x. (Section 6.6) 

Plot the point (—2, — 37/4) (given in polar coordinates) and find three additional 
polar representations of the point, using —27 < @ < 27. (Section 6.7) 


Convert the rectangular equation x* + y* — 16y = Oto polar form. (Section 6.7) 


Convert the polar equation r = to rectangular form. (Section 6.7) 


4 —5cosé 
Match each polar equation with its graph at the left. (Section 6.8) 
(a) r=2+3sin0 (b) r= 3 sin 9 (c) r= 3 sin 20 


In Exercises 50 and 51, identify the conic represented by the equation and sketch 
its graph. (Section 6.9) 


50. 


4 8 
"2+ cos 0 he = and 
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Inclination and Slope (p. 418) | 


If a nonvertical line has inclination 0 and slope m, then m = tan 6. ) 
Proof 
y If m = O, then the line is horizontal and 8 = 0. So, the result is true for horizontal lines 


because m = 0 = tan 0. 
If the line has a positive slope, then it will intersect the x-axis. Label this point 
(x,, 0), as shown in the figure. If (x,, y,) is a second point on the line, then the slope is 
Y, — 9 6) 


m= = = tan 0. 
Ny Xp XQ XY 


The case in which the line has a negative slope can be proved in a similar manner. 


Distance Between a Point anda Line (p. 420) i) 


The distance between the point (x,, y,) and the line Ax + By + C = Ois 
_ [Ax + By, + C| 


d — 
VA? + B? 


Proof 


>< 


For simplicity, assume that the given line is neither horizontal nor vertical (see figure). 
Writing the equation Ax + By + C = 0 in slope-intercept form 
A C 
ee 
a ee aR 
shows that the line has a slope of m = —A/B. So, the slope of the line passing 
through (x,,y,) and perpendicular to the given line is B/A, and its equation is 
y — y, = (B/A)(x — x,). These two lines intersect at the point (x5, y,), where 
Bx, — ABy, — AC —ABx, + Ay, — BC 


ac YAP + BP a A? + B 


Finally, the distance between (x,, y,) and (x), y>) is 


a= eS i” x,)° ay (y, Ts y,)? 


Bx, — ABy, — AC 2 —ABx, + A*y, — BC 2 
Tey ame) A? + B eo 


ees + By, + C)? + BXAx, + By, + CP 
(a2 + Bp? 


7 es + By, + C)>(A2 + B?) 
(A? + BP 


ae + By, + C)? 
i. A? + B? 
= JAxy + By, + CL | 


J +B 
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HISTORICAL NOTE 


There are many natural 
occurrences of parabolas 
in real life. For example, 
Italian astronomer and 
mathematician Galileo 
Galilei discovered in the 
seventeenth century that an 
object projected upward and 
obliquely to the pull of gravity 
travels in a parabolic path. 
Examples of this include the 
path of a jumping dolphin and 
the path of water molecules 
from a drinking fountain. 


Axis: 
<a 


Parabola with vertical axis 


Directrix: 


‘Focus: 
(h + p, k) 


Vertex: (h, k) 


Parabola with horizontal axis 


Standard Equation of a Parabola (p. 426) | 


The standard form of the equation of a parabola with vertex at (h, k) is 
(x - h)? = Ap(y _ k), p#O0 Vertical axis; directrix: y = k — p 


or 
(y = k)? = Ap(x = h), p #0. Horizontal axis; directrix: x = h — p 


The focus lies on the axis p units (directed distance) from the vertex. If the vertex 
is at the origin, then the equation takes one of two forms. 


x? = 4py Vertical axis 


y’ = 4px Horizontal axis 


Proof 


First, examine the case in which the directrix is parallel to the x-axis and the focus lies 
above the vertex, as shown in the top figure. If (x, y) is any point on the parabola, then, 
by definition, it is equidistant from the focus (h, k + p) and the directrix y = k — p. 
Apply the Distance Formula to obtain 


SG = bP y= EpyP Se) 
hy +ly—-& +p) — ly taal 
(x — bh)? + y? — 2k + p) +k + p)? =" = 2 De 
(x — h)? + y? — 2ky — 2py + k? + 2pk + p? = y? — 2ky + 2py + k* — 2k + p? 
(x — h)? — 2py + 2pk = 2py — 2pk 
Gh)? — 4p), 


Next, examine the case in which the directrix is parallel to the y-axis and the focus lies 
to the right of the vertex, as shown in the bottom figure. If (x, y) is any point on the 
parabola, then, by definition, it is equidistant from the focus (h + p, k) and the directrix 
x = h — p. Apply the Distance Formula to obtain 


/ Ea + pyrG)? = x a 
[+ Sep) P eke = [x — (hee 
x? — 2x(h + p) + (h + p)? + (y — k)? = x? — 2x(h — p) + (h — pp)? 
y — oe — 2h 2px th pe 
—2px + 2ph + (y — k)? = 2px — 2ph 
(y — k)? = 490" 


Note that if a parabola is centered at the origin, then the two equations above would 
simplify to x? = 4py and y? = 4px, respectively. The cases in which the focus lies 
(1) below the vertex and (2) to the left of the vertex can be proved in manners similar 
to the above. | 


+ 
+ 


( 
( 
x? — 2hx — 2px + h? + 2ph + p? + ( 
( 
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Dla 


Directrix 


x=-cos 0 


502 


>0 


Polar Equations of Conics (p. 485) | 


The graph of a polar equation of the form | 


ep 
7 1+ ecosé 
or 
= ep 
J 1+ esin@ 


is a conic, where e > 0 is the eccentricity and |p| is the distance between the 
focus (pole) and the directrix. 


Proof 
A proof for 
——_ 
1 + ecos 0 


with p > 0 is shown here. The proofs of the other cases are similar. In the figure at the 
left, consider a vertical directrix, p units to the right of the focus F(0, 0). If P(r, @) is a 
point on the graph of 


ep 


ie —— ee 
1 + ecos@ 


then the distance between P and the directrix is 


PQ = ip s| 
= |p — rcos6| 
‘ ep 
p (Pama) oon 
7 (1 - e cos 0 
a 1+ ecos@ 
_ Pp 
1 + ecos @ 
= (4 
ol 


Moreover, the distance between P and the pole is PF = |r 


, So the ratio of PF to PQ is 


ae ll 
PQ r 
= le 
=? 
and, by definition, the graph of the equation must be a conic. | 
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See CalcChat.com for tutorial help and worked-out 


solutions to odd-numbered exercises. 


EHO 


1. 


PS. Problem Solving 


Mountain Climbing Several mountain climbers are 
located in a mountain pass between two peaks. The 
angles of elevation to the two peaks are 0.84 radian and 
1.10 radians. A range finder shows that the distances to 
the peaks are 3250 feet and 6700 feet, respectively (see 
figure). 


(a) Find the angle between the two lines. 


(b) Approximate the amount of vertical climb that is 

necessary to reach the summit of each peak. 
Finding the Equation of a Parabola_ Find the 
general equation of a parabola that has the x-axis as the 
axis of symmetry and the focus at the origin. 


Area _ Find the area of the square whose vertices lie on 
the graph of the ellipse, as shown below. 
y 
ko Fg oy 
y a b 
> xX 


Involute The involute of a circle can be described 
by the endpoint P of a string that is held taut as it is 
unwound from a spool (see figure below). The spool 
does not rotate. Show that the parametric equations 


x = r(cos @ + 6 sin @) 
and 
y = r(sin @ — @ cos @) 


represent the involute of a circle. 


5. 


7. 


9 


GO DIGITAL 
Tour Boat A tour boat travels between two islands 


that are 12 miles apart (see figure). There is enough fuel 
for a 20-mile trip. 


Not drawn to scale 


(a) Explain why the region in which the boat can travel 
is bounded by an ellipse. 


Let (0, 0) represent the center of the ellipse. Find the 
coordinates of each island. 


(b) 
(c) The boat travels from Island 1, past Island 2 to a 
vertex of the ellipse, and then to Island 2. How many 
miles does the boat travel? Use your answer to find 
the coordinates of the vertex. 

(d) Use the results from parts (b) and (c) to write an 
equation of the ellipse that bounds the region in 
which the boat can travel. 

Finding an Equation of a Hyperbola Find an 
equation of the hyperbola such that for any point on the 
hyperbola, the absolute value of the difference of its 
distances from the points (2, 2) and (10, 2) is 6. 


Proof Prove that the graph of the equation 
Ax? + Cy? + Dx + Ey+ F=0 


is one of the following (except in degenerate cases). 


Conic Condition 
(a) Circle A=C,A#0 
(b) Parabola A = Oor C = 0, but not both. 
(c) Ellipse AC>0,A#C 
(d) Hyperbola AC <0 


Projectile Motion The two sets of parametric 

equations below model projectile motion. 

X, = (vo cos O)t, y, = (vp sin O)t 

X) = (vo cos O)t, ys, = h + (vg sin @)t — 167 

(a) Under what circumstances is it appropriate to use 
each model? 

(b) Eliminate the parameter for each set of equations. 


(c) In which case is the path of the moving object not 
affected by a change in the velocity v? Explain. 
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9. Proof Prove that 
C=C +h 
for the equation of the hyperbola 


Meni 
2-7! 


where the distance from the center of the hyperbola 
(0, 0) to a focus is c. 
10. Proof Prove that the angle @ used to eliminate the 
xy-term in Ax? + Bxy + Cy? + Dx + Ey + F = 0 by 
a rotation of axes is given by 
A= € 
2 


cot 20 = 


11. Orientation of an Ellipse As ¢ increases, the 
ellipse given by the parametric equations 


x = cost 
and 
y =2sint 


is traced counterclockwise. Find a set of parametric 
equations that represent the same ellipse traced clockwise. 


aad 12. Writing Use a graphing utility to graph the polar 
equation 


r= cos 50 + ncos@ 


for the integers n = —S ton = 5 using0 < @ < 7. As 
you graph these equations, you should see the graph’s 
shape change from a heart to a bell. Write a short 
paragraph explaining what values of n produce the heart 
portion of the curve and what values of n produce the 
bell portion. 


13. Strophoid The curve given by the polar equation 
r = 2 cos 20 sec 0 


is called a strophoid. 
(a) Find a rectangular equation of the strophoid. 


(b) Find a pair of parametric equations that represent 
the strophoid. 


A (c) Use a graphing utility to graph the strophoid. 
14. Using the Distance Formula 
(a) Show that the distance between the points (r,, 0,) 
and (r,, 6,) is /r? + r2 — 2r,r, cos(6, — 6,). 
(b) Simplify the Distance Formula for 6, = @,. Is the 
simplification what you expected? Explain. 


(c) Simplify the Distance Formula for 0, — @, = 90°. 
Is the simplification what you expected? Explain. 
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Ae 15. 


16. 


Ae 17. 


Hypocycloid A _ hypocycloid has the parametric 
equations 
—b 
t 


y = (a — b)sint — b sin( 4 - 1) 


x=(a ~ pcos + beos(4 


and 


Use a graphing utility to graph the hypocycloid for each 
pair of values. Describe each graph. 


(a)a=2,b=1 
(b) a=3,b=1 
(c)a=4,b=1 
(d) a= 10,b=1 
(ec) a=3,b=2 


(f) a=4,b=3 
Butterfly Curve The graph of the polar equation 


0 
— pcos@ _ 2 4@ + si 5 
r e cos sin (¥) 


is called the butterfly curve, as shown in the figure. 


BS 


r= eos 8 20s 40 +n 


(a) The graph shown was produced using 0 < 6 < 2z. 
Does this show the entire graph? Explain. 


(b) Approximate the maximum r-value of the graph. 
Does this value change when you use 0 < 0 < 4z 
instead of 0 < @ S 27? Explain. 


Rose Curves The rose curves described in this 
chapter are of the form 


r= acosnd 
or 
r=asinn@ 


where 7 is a positive integer that is greater than or equal 
to 2. Use a graphing utility to graph r = acos n@ and 
r = asinné@ for some noninteger values of n. Describe 
the graphs. 


CN 02-200-203 
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Answers to Odd-Numbered Exercises and Tests 


Chapter P 


Section P.1 (page 12) 


1. irrational 3. terms 5. - Yes; |—7| = |7| 
7. (a) 5,8,2  (b) 5,0,8,2 (c) —9,5,0, 8, —4, 2, -11 
(d) —9, —4,5,%,0,8,-4,2,-11 () V3 
9. (a) 1 (6b) 1 = (c) —13,1,-6 
(d) 2.01, 0.6,-13,1,-6 (e) O.O1O1I0111... 
11, —e——_+—____e—- 1 
28 af <6. 25 cd 
-4>-8 
13. 25 15. -85 -5.2 
3 6 ee 
—A4— st — x -9 -8 -7 -6 -5 
2 > 2 —5.2 > -85 
17. x = 5 denotes the set of all real numbers less than or equal 
to5 
19. —2 < x < 2 denotes the set of all real numbers greater than 
—2 and less than 2. 
21. [4, 00) denotes the set of all real numbers greater than or equal 


23. 


25. 


27. 


29. 
39. 
47. 
49. 
51. 
53. 


55. 


61. 
63. 
65. 


67. 


to4;x 2 4 


[—5,2) denotes the set of all real numbers greater than or 
equal to —5 and less than 2; -—5 < x < 2 


-2 =i) 0 1 2 


[10, 22]; 10 < t < 22 


t 
10 12 14 16 18 20 22 24 


10 31.5 33.-1 35.25 37. -1 
|-4| =|4| 41. —|-6| < |-6| 43.51 45. 3 
$2450.0 billion; $1076.6 billion 


$3268.0 billion; $584.6 billion 
7x and 4 are the terms; 7 is the coefficient. 
4x3, 0.5x, and —5 are the terms; 4 and 0.5 are the coefficients. 


5x x 
(a) 2 (b) 6 57. D 59. 4 
False. Zero is nonnegative but not positive. 


The 5 was not distributed to the 3. 

5/n increases or decreases without bound; As n approaches 
0, the quotients 5/n increase when n is positive and decrease 
when n is negative. 


12 69. x-—4 71. 3x?(x + 4)(x — 4) 


Section P.2 (page 24) 


1. 


equation 


3. Factoring, extracting square roots, completing the square, 


101. 
105. 


107. 
109. 


111. 
115. 


aD 7. —9 
= 55 15. 4 
. No solution; The variable is divided out. 


» = 3,11 41. 


~ 4,-8 


55 
20 87. -2 


using the Quadratic Formula 
9, 12 
17. 3 


11. No solution 
96 


- No solution; The solution is extraneous. 
.5 25. 0, -5 


27. -5 29. 3, -5 
35. 47-337. +3./3 = £5.20 


7 
ssw ~ 2.62,-1.62 43.2 


/2 


47. -2+ 2 49.147 


63. 1+ /3 


2? 67.6+ /11 69. 1+ /2 


73.5+/3 75. 


$1. —2, +2./2 
89. 1 


1 97. 8, —3 99. = Se 


2 2 
63.7 in. 103. False. x = 3 is a solution. 
The factors of the quadratic equation should be (x — 2) and 
(x — 4). 
Yes. Both equations have the same solution of x = 11. 
(a) —+—+-—_+—_ ++ +> « 


2 -! 0 1 2 3 4 
(b) 


(c) - 
i a a 
(d) -5.2 
ee os ee 
3/5 113. (a) — 10 
(a) —54  (b) 0 


> x 


(b) —6 
117. 0 


Section P.3 (page 36) 


1. 
7. 


Cartesian 3. solution or solution point 5. intercepts 

The x-axis is the horizontal real number line of the Cartesian 
plane. The y-axis is the vertical real number line of the 
Cartesian plane. The origin is the point of intersection of the 
x- and y-axes. The x- and y-axes divide the Cartesian plane 
into four quadrants. An x-coordinate is the directed distance 
from the y-axis to a point (x, y) in the Cartesian plane. A 
y-coordinate is the directed distance from the x-axis to a point 


(x, y) in the Cartesian plane. 
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73. (x — 3)(x? + 3) 75. 3x(2x + 3)(x — 6) 

77. (x + 1)(x — 1)(x? — 2) 

79. (3x + 1)(3x — I(x + 2)(x-— 2) = 81. (a) 4 (b) 2 

83. (a) 0 (b) 4 
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A2 


9. 
11. 


13. 
19. 
21. 


23. 


29. 
31. 


33. 
35. 


39. 


43. 2./505 ~ 45 yd 


Answers to Odd-Numbered Exercises and Tests 


A: (2, 6), B: (—6, —2), C: (4, —4), D: (—3, 2) 


A 
8+ 
6- 
4+ @ 
e 24 
— @ $—+—+—+-» « 
-8 -6 -4 -2 2@4 6 8 
4il¢@ 
= 
e- 
(-3, 4) 15. Quadrant IV 17. Quadrant II 
Quadrant II or IV 
y 
A 
17,000 + 
% 16,000 + . 
2 e 
& 15,000 + 
a e 
%S 14,000 + 
8 13,0004 : 
& e 
3B 12,0007 e 
11,000 e 
2013 2014 2015 2016 2017 2018 2019 
Year 
277 
13 25. /61 27. = 


(a) 5, 12, 13 


(V5)* + (45)? = (/50)° 
Distances between the points: /29, /58, /29 


(a) 37. (a) 
i (| 
6 12+ 
@ (6,5) Pal 
4 1 
} s+ (9,7) 
2 I » 
| 6+ of 
t t } + f$—> x Daa 
2 4 1. 8 10 4y a 
-2 ' pal je 
@ (6,-3) eU.) 
-4 1 ee ean 
-2 2 4 6 8 10 
(b) 8 (c) (6,1) (b) 10 () (5,4) 
(a) 41. (a) 
y y 
A A 
s+ (5, 4) 20+ 
4+ x) 
ae (-16.8, 12.3) 154 
34 ae ®... 
ae "ee | 
(1,2) st~~e 
+ (5.6, 4.9) 
zi . og ea =30 =i =O = 3 a 
-14 ak 
(b) 2/10 (c) (2,3) (b) /556.52 


47. (a) Yes 


(b) No 


(b) 52 + 122 = 132 


(c) (—5.6, 8.6) 


45. $512.15 billion 
49. (a) No 


(b) Yes 


51. 


53. 


55. 


59. 


63. 


65. 


69. 
73. 


x -1 0 1 2 : 
y 7 5 3 1 0 
(y) | (-1.7) | 5) | 4.3) | QD | Go) 
a a 
x = 0 1 2 3 
y 4 0 = a9 0 
Gy) | (—1,4) | (0,0) | (1,—2) | (2,-2) | G,9) 
f > xX 
x-intercept: (& 0) 57. x-intercept: (—4, 0) 
y-intercept: (0, —6) y-intercept: (0, 2) 
x-intercept: (Z, 0) 61. x-intercepts: (0, 0), (2, 0) 
y-intercept: (0, 7) y-intercept: (0, 0) 
x-intercept: (6, 0) 


y-intercepts: (0, + /6) 
y-axis symmetry 


Origin symmetry 


y 


x-intercept: 


y-intercept: (0, 1) 


. Origin symmetry 


. X-axis symmetry 


x-intercepts: (0, 0), (2, 0) 
y-intercept: (0, 0) 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


81. No symmetry 


y 


x-intercept: (3 —3, 0) 
y-intercept: (0, 3) 
85. No symmetry 


y 


x-intercept: (6, 0) 
y-intercept: (0, 6) 


Answers to Odd-Numbered Exercises and Tests 


83. No symmetry 


y 


5+ 


x-intercept: (3, 0) 
y-intercept: None 
87. x-axis symmetry 


x-intercept: (— 1, 0) 
y-intercepts: (0, +1) 


89. P+ y= 91. (x + 42 + (y-5)? =4 
93, G = 3/24 G— 8)? = 169 
95. (x + 3)2 + (y + 3)? = 61 


97. Center: (0, 0); Radius: 5 99. Center: (1, —3); Radius: 3 


y 


101. Center: (3, 4); Radius: 


y 


3 
2 


103. y 


1,200,000 


S 
— 
S 
i=) 

+ 


800,000 + 
600,000 -- 
400,000 -- 


Depreciated value 


200,000 -- 


its Rese 


A3 


105. (a) 
x 20 30 40 50 
y | 25.93 11.52 | 6.48 | 4.15 
x 60 70 80 90 
y 2.88 2.12 1.62 1.28 
(b) ; 
50 
E 30 
é 10 
20 40 60 80 100 


Diameter of wire (in mils) 
When x = 85.5, the resistance is about 1.4 ohms. 
(c) About 1.42 ohms 
(d) As the diameter of the copper wire increases, the 
resistance decreases. 


107. False. y = x is symmetric with respect to the origin. 
109. Sample answer: When the x-values are much larger or 
smaller than the y-values. 
111. When replacing y with —y yields an equivalent equation, the 
graph is symmetric with respect to the x-axis. 
113. Use the Midpoint Formula to prove that the diagonals of the 
parallelogram bisect each other. 
(44 cv 0) (ae? <) 
2 * 2 2 *2 
— c¥0) (2%? <) 
2 > 2 a) 
m5. 70 1%y= -> i. y=8 = 


123. (a) P = 42x — 35,000 = (b) $175,000 


Section P.4 (page 49) 


1. linear 3. point-slope 5. rate or rate of change 
7. They are perpendicular. 9 (a) lL, (b)L, © L, 
ll. 
m=0 
13. 3 
15. m=5 17. 18. m = 3 
y-intercept: (0, 3) y-intercept: (0, — 1) 
i 
2} + 
4 
39 (0, 3) 
—— pp > x 
-4 -3 -2 -1 1 2 
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A4 Answers to Odd-Numbered Exercises and Tests 


19. m=0 21. m is undefined. 55. y= —ix 42 57,x=—7 


y-intercept: (0, 5) y-intercept: none 


59. y= —-4x+3 61. y = 0.4x + 0.2 


y y 


-14 -3+ 
63. y= —-1 
25.m=-3 22.m=2 29.m=0 h 
31. m is undefined. 33. m = 0.15 aT 
35. (—1,7),(0,7),(4,7) 37. (—4, 6), (—3, 8), (—2, 10) “7 
39. (—2,7),(0,5),(1,6) 41. (—4, -5), (4,0), (-4, 2) ele ee ee 
43. y=3x-2 45. y = —2x ot a a: 
, ) oll -1) (2,-1) 
3+ 


65. Parallel 67. Neither 69. Perpendicular 
71. Parallel 73. (a) y=2x-—3 (b) y= —3x+2 


6 75. (a) y=—ixtg Oyq3xt 
77. (a) y=4 (b)x=-2 
79. (a) y=xt43  (b) y= —-x+ 93 
1 i 81. 5x + 3y — 15 = 0 83. 12x + 3y +2=0 
a7. y= 3x +3 49. y= —3x— 2 85. x+y—3=0 
h A 87. (a) Sales increasing 135 units/yr 
at t 


(b) No change in sales 
(c) Sales decreasing 40 units/yr 

89. 12ft 91. F=18C + 320rC = pF — 1 

* 93. V = —166f + 830,0 <t <5 

95. (a) C = 21t + 42,000 (b) R= 45t 
(c) P = 24t — 42,000 (d) 1750h 

97. False. The slope with the greatest magnitude corresponds to 
the steepest line. 


3 
2 99. Find the slopes of the lines containing each two points and 
y y 1 
A ait use the relationship m, = ——. 
s+ aii My 
ad (-5.1,18) 27 101. (a) The slope is i, not 2. 
34 (4,3) ee al - (b) The y-intercept is — 3, not 4. 
ak eset a SE yi af 103. The line y = 4x rises most quickly, and the line y = —4x 
mal -2+ falls most quickly. The greater the magnitude of the slope (the 
; ae -3y absolute value of the slope), the faster the line rises or falls. 
-1 1 2 3 4 °5 S4ek 5 
-14 el 105. 5,0; -j; -3 107. 3:5; -2; -72 109. ale 
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111. 
117. 


Answers to Odd-Numbered Exercises and Tests 


sd Ene 113. 50 115. —1,2 


=2x4 1 


No real solution 119. 121. x*°+3,x#1 


Section P.5 (page 62) 


1. 


independent; dependentt 


3. A relation is a rule of correspondence between an input and 


13. 
19. 
23. 


25. 


27. 


29. 
31. 


33. 


35. 
45. 
49. 
51. 
53. 
55. 


57. 
59. 
61. 


. Explicitly described 
11. 


an output. A function is a relation in which each input is 

matched with exactly one output. 

7. Function 9. Not a function 

(a) Function 

(b) Function 

(c) It is not a function, because not every element in A is 
matched with an element in B. 

17. Function 


Not a function 15. Function 


Function 21. (a) 15) (bo) 12)—s (e) 40° +: «134 4+ 15 
(a) 1 (b) 2.5 (c) 3 — 2x" 
1 . 1 
(a) “9 (b) Undefined (c) ara 
|x — 1 
(a) 1 (b) ~1 () —— 
=I 
(a) -1 (b)2 (Cc) 6 
Ke —2)-1 0 1 2 


fm] 1]/4]5 | 4441 


EG —2}—-1)] 0 1 2, 

fom 5 | s | 4)]1i4io0 
5 37% 3% +49 41.0,+1 43. -1,2 
0, #2 47. All real numbers x 
All real numbers y such that y => —6 


All real numbers x except x = 0, —2 

All real numbers s such that s = 1 except s = 4 

(a) The maximum volume is 1024 cubic centimeters. 
(b) " 
1200 
1000 
800 
600 


Volume 


400 


200 


Height 


Yes, V is a function of x; V = x(24 — 2x)*, O0<x< 12 


No, the ball will be at a height of 18.5 feet. 
@ 

~ a — 2) 
2012: 79.42% 
2013: 81.18% 
2014: 82.94% 
2015: 84.70% 
2016: 85.90% 
2017: 86.80% 
2018: 87.70% 


A a>2 


63. 


Ad 


(a) 


— 3000 ft ———»1 


(b) h = \/d? — 3000°, d = 3000 


240n — n? 
= ete eee > 
65. (a) R 0 , n= 80 
(b) 
n 90 100 | 110 | 120 | 130 | 140 | 150 
R(n) | $675 | $700 | $715 | $720 | $715 | $700 | $675 
The revenue is maximum when 120 people take the trip. 

67. (a) C = 12.30x + 98,000 (b) R = 17.98x 


(c) P = 5.68x — 98,000 


69.2+h, h#0 71. 3x? + 3xh + 2 + 3, h#O0 
x+3 xf ID 

73. 2° * #3 75. = 

77. False. A function is a special type of relation. 


79. 
81. 
85. 


87. 
89. 
93. 
95. 
101. 


False. The range is [— 1, 9). 

83. r(x) = = c = 32 

The domain of f(x) includes x = 1, and the domain of g(x) 
does not because you cannot divide by 0. So, the functions do 
not have the same domain. 


g(x) = cx5¢ = -2 


No; x is the independent variable, f is the name of the function. 
+1,3 91. -5,3 


x-intercepts: (—2,0),(1,0) y-intercept: (0, —2) 
(0, 0), (3,0), (6,0) 97. (1.17, 0), (2.44,0) 99. 4 
-4 = 103. 12 


Section P.6 (page 74) 
i. 


Zeros 3. average rate of change; secant 


5. No. The graph fails the Vertical Line Test. 


7. Domain: (—2, 2]; range: [—1, 8] 
(a) —1 (b)0 (ce) -1 @d) 8 
9. Domain: (— ©, 00); range: (—2, 00) 
(a) 0 (b)1 (©) 2 = (d) 3 
11. Function 13. Not a function 15. —5, 6 
17.0,+.,/6 19.43,4 21.3 2341 25-3 
27. (a) S 0, 6 
-2 10 
-10 
(b) 0,6 
29. (a) 7 =5.5 
6 3 
a 
(b) -3 
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A6 Answers to Odd-Numbered Exercises and Tests 


31. (a) 2 0.3333 (b) ; 67. (a) s = —16f + 64t + 6 
(b) 00 


-8 3 
a 0 5 
0 


33. Decreasing on (—©0, 00) 


35. Increasing on (1, 00); Decreasing on (— 00, — 1) (c) 16 ft/sec 
37. Increasing on (1, 00); Decreasing on (— 0°, — 1) (d) The slope of the secant line is positive. 
Constant on (— 1, 1) (e) y= 16r+ 6 
39. Increasing on (— 90, — 1), (0, 00); Decreasing on (— 1, 0) (f) 100 
41. ws 43. 6 
-8 8 
0 5 
0 
3 3 
. = 69. (a) s = —16f + 1208 
Constant on (— ©, ©) Decreasing on (— 0, 0) (b) 270 (c) —8 ft/sec 
Increasing on (0, 00) 
45. S 47. = 
0 8 
(¢) 
-4 2 
0 6 (d) The slope of the secant line is negative. 
-1 (0) 
= —8t+ 
Decreasing on (— 9, 1) Increasing on (0, 00) . a pee 
49. Relative minimum: (— 1.5, — 2.25) 
51. Relative maximum: (0, 15) 
Relative minimum: (4, — 17) 
53. Relative minimum: (0.33, —0.38) ‘ ‘ 
- y 57. 7 e 
71. Even; y-axis symmetry 73. Neither; no symmetry 
75. Neither; no symmetry 
77 j 79. ( 
27 27 
+ > Xx ir 
-6 -4 -2 24 6 x 
+—t tx =o 
-6 -4 J-2 6 
-44 
_61 
[=3;3] il 
-105 
: Even Neither 
; 81. y 
3 


Odd 
83.h=3-4e+2 85. L=2- 3/2y 
87. (a) 7 


(b) About 1.73; The amount the U.S. federal government 
spent on applied research increased by about $1.73 billion 0 24 


each year from 2013 to 2018. : 
(b) The model fits the data very well. 
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Answers to Odd-Numbered Exercises and Tests 


(c) The temperature was increasing from 6 A.M. (x = 0) to 
noon (x = 6), and again from 2 A.M. (x = 20) to 6 A.M. 
(x = 24). The temperature was decreasing from noon to 
2 AM. 

(d) The maximum temperature was 63.93°F and the minimum 
temperature was 33.98°F. 

(e) Answers will vary. 

False. The function f(x) = /x2 + 1 has a domain of all real 

numbers. 

The negative symbol should be divided out of each term, 

which yields f(—x) = —(2x3 + 5). So, the function is 

neither even nor odd. 


93. (a) (3-7) (by (37) 
95. (a) 4 (b) + 
-4 -4 
(c) = (d) ; 
fi = 
(e) 4 (f) 
-6 6 -6 7 
-4 ae 


All the graphs pass through the origin. The graphs of the odd 
powers of x are symmetric with respect to the origin, and the 
graphs of the even powers are symmetric with respect to the 
y-axis. As the powers increase, the graphs become flatter in 
the interval -1 <x <1. 


97. y= —-xt+4 99. x =5 
101. (a) —18 §=(b) 12) (ec) 5x + 12 
103. (a) 3) (b) Ss (ec) 2 105. 2n + 1 


11. (a) f(x) = —2x 4+ 6 
(b) . 


15. 


19. 


23. 


27. 
29. 
31. 


Section P.7 (page 83) 


1. Greatest integer function 
5. Square root function 
9. Linear function 


3. Reciprocal function 
7. Absolute value function 


2 
-6 6 
-6 
4 
6 6 
-4 
6 
-6 10 
-6 
(a)2 (b)2 (c) —4 
(a) 1 (b) -4 (©) 3 
7 
eo 4+ 
eo 35 
@oO2-> 
-o 
t t+-—@=—=— aan 
-4 -3 -2 -1 4 
-l>+ @=O 


A7 


13. (a) f(x) = ix -2 
(b) 


-6 6 
-2 
21. 10 
-2 12 
-2 
25 10 
-10 10 
10 
(d) 3 
(d) 2 
y 
33. , 
6+ 
| e 
45 eo 
4 eo 
24 eo 
4 eo 
t+} +++ > + 
-6 -4 -2 @o2 4 6 
oo 
eo; 
@o-4> 
eo wT 
eo -6+ 
y 
37. > 
4-4 


(b) Domain: (— 00, 00) 
Range: [0, 2) 
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Answers to Odd-Numbered Exercises and Tests 


43. (a) W(30) = 420; W(40) = 560; 7. (a) 
W(45) = 665; W(50) = 770 
14h 0<h< 36 
b) Wh -| i 
(b) WH) = Loin — 36) + 504, b> 36 
16h 0<h< 40 
h) = i 
(c) WU) ae — 40) + 640, h > 40 
t, Os<ts2 
45. f(t) ={2r-2, 2<1ts8 
1 
at + 10, 8<t<s9 9, (a) : (b) ; 
i 10+ 10 + 
16 + | 
ra : 46 "1 66) 
z 2 T 6+ 
S + 4+ 
2 10 (—6, 2) (4, 2) 
oo (-2, 2) (0, 2) 
2 6 i tft—t+—-» + $+ J x 
2 -6 -4 4 6 8 10 -10-8 -6 -4 -2 2 4 6 
_ (0, -2) #2, -2) + 
2 “44 rel 
¢ 4 6 8 tO -6T “67 
Hours (c) ; (d) : 
Total accumulation = 14.5 in. ral al 
47. False. A piecewise-defined function is a function that is gilt rel 
defined by two or more equations over a specified domain. 6+ 
That domain may or may not include x- and y-intercepts. 4p OP 
49. The domains should be x = 3 and x > 3. a ey) 
51. (a) Yes. The amount that you pay in sales tax will increase as ne ee a ee a a, 
the price of the item purchased increases. 4 1O.-2) (10, -2) 
(b) No. The length of time that you study the night before an Gul, 
exam does not necessarily determine your score on the exam. ‘ . 
i ‘ ) y (f) : 
. gh 10+ lo+ 
st 8+ 8+ 
x 4+ 6+ 6+ 
5 1@,2v2- 2) al *y 
2 24 
G29 29, t aw SI a t+ 
tat iS “8-6 -4f | 2 6 8 
-24 (-4,-3) -4+ (6, -3) 
34 -~6+ 
-10+ 44 


x-intercepts: (—2, 0), (4, 0) 
y-intercept: (0, — 8) 


x-intercept: (—2, 0), (2, 0) 
y-intercept: (0, 2/2 - 2) 


57. 59. x? — 9x + 20 


eB - 
x 


Section P.8 (page 90) 
1. fea) 


3. Horizontal shifts, vertical shifts, reflections 


, , ll @y=xr-1 (bb) y=-(4+1)?4+1 
= i esp coi ©) 4 ae 13. (a) y=—|x +3] (b) y=|x-2| -4 
c=-1 15. Right shift of y = x; y = (x — 2)8 
cae 17. Reflection in the x-axis of y = x7; y = —x? 
19. Reflection in the x-axis and upward shift of y = x; 


yr lows 
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Answers to Odd-Numbered Exercises and Tests AY 


21. (a) f(x) = x? 
(b) Upward shift of six units 
©) , (A) gx) = fla) + 6 


23. (a) f(x) = 3 
(b) Reflection in the x-axis and a right shift of two units 


(c) i (d) g(x) = —f( — 2) 


25. (a) f(x) = x 
(b) Reflection in the x-axis, a left shift of one unit, and a 
downward shift of three units 


() , (d) g@) = -3 —f@& + 1) 


+—}+—+—++ > x 


27. (a) f(x) = x? 
(b) Reflection in the x-axis, a vertical stretch, and an upward 
shift of one unit 


(d) g@) = —2f(~) + 1 


29. (a) f(x) = |x 
(b) Right shift of one unit and an upward shift of two units 
(d) g@) =f — 1) +2 
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31. (a) f(x) = |x| 
(b) Horizontal shrink 


(c) 7 (d) g(x) = f(2x) 


33. (a) f(x) = |s| 
(b) Vertical stretch, a right shift of one unit, and an upward 
shift of two units 


(©) y (d) g(x) = 3fe— 1) +2 


+++ > x 
-4 2 2 4 6 


35. (a) f(x) = /x 
() 2? 


(b) Vertical stretch 
(d) g(x) = 2f() 


37. (a) f(x) = Vx 


(b) Horizontal shift nine units to the right 


©) > (@) gx) = fle - 9) 
Ist 
12+ 


39. (a) flx) = Vx 
(b) Reflection in the y-axis, a right shift of seven units, and a 
downward shift of two units 


© 3 @ gx) =f7-x) -2 
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A10 


41. 


43. 


45. 
49. 
53. 


55. 


57 
59 
61 


63 
67 


69 


71 
73 
75 
77 


79. 


85 


(a) fQ) = bd 
(b) Vertical stretch and a downward shift of one unit 
(c) 7 
Pa 
+ eo 
dh eee 
POP ociG 6 ae bi 
-<3 
-4at 
ao 1 
-6+ 
(d) g(x) = 2f(%) - 1 
(a) f) = bl 
(b) Reflection in the x-axis and an upward shift of three units 
() : 
eo 6+ 
eo + 
- 
3-0 
27+ @=-O 
1 eo 
I eo 
-3-2-1 12 3 Ho 6 
2 eo 
-3 oe 


(d) g(x) = 3 — fQ) 


g(x) = (x — 3)? -—7 47. g(x) = (x — 13) 
g(x) = —|x| — 12 51. g(x) = —-/-x+ 6 
(a) y= —3x° 
(b) y = 4x? + 3 
(a) y = 3h 
(b) y = 3|x| — 3 
Vertical stretch of y = x7; y = 2x3 
Reflection in the x-axis and vertical shrink of y = x?; y = —4x2 
Reflection in the y-axis and vertical shrink of y = \/x; 
y= 3/—x 
y=-(«-24+2 65. y= —J/x -3 
(a) 40 
0 100 

0 
(b) 1%) = 0.00001 132x3; Horizontal stretch 
False. The graph of y = f(—x) is a reflection of the graph of 


f(x) in the y-axis. 

True. |—x| = |x| 

(=2, 0), (= 1, 1); (05.2) 

The equation should be g(x) = (x — 1)?. 

No, g(x) = —x? — 2; Yes, h(x) = —(x — 3). 


x? + 4x 81. 3x2 + 2x — 2 83. x3 — 3x? 
1 5 

—0.2x? — 34. 7. —,x #-= 

0.2x 34x 8 ay 3 


Answers to Odd-Numbered Exercises and Tests 


Section P.9 (page 99) 


1. addition; subtraction; multiplication; division 
3. g(x) = 2x 
5. 3 
44 
, , , t—> x 
1 2 3 4 
7. (a) 2x (b)4 (c) x -4 
x+2 
(d) pre > all real numbers x except x = 2 
9. (a) x? +4x-5 (b) xX -—4x4+5  (c) 4° — 5x 


11. 


13. 


15. 


27. 


29. 


31. 


33. 


35. 


“2 
( 4x -—5 
@e+e+ Jl =a 
(c) @? + 6)/1 — x 
) (x? + 6)/1 — x 
Tx 
xAt+ PBtx 


oo 


5 
; all real numbers x except x = r 


xe +6= Ji=sz 


(d ; all real numbers x such that x < 1 


—xz4— 84x 4 
xt+1 


21 


(d) a all real numbers x except x = 0, —1 


7 17. —90 + 3t+5 19. 306 


21, 3 


F(x), 8) F(x), F(x) 
(a) x+5 (b) x+5 

(c) x — 6 

(a) x (b) x 


(c) x9 + 3x6 + 3x3 + 2 

(a) /x? +4 

(b) x + 4 

Domains of f and g ¢ f: all real numbers x such that x = —4 
Domains of g and f° g: all real numbers x 


(a) |x + 6| 
(b) |x| + 6 
Domains of f, g, f° g, and g ° f: all real numbers x 


1 
@ a3 


(b) = +3 


Domains of f and g ¢ f: all real numbers x except x = 0 
Domain of g: all real numbers x 
Domain of f° g: all real numbers x except x = —3 
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37 


39, 
43 


47 


51 


53 


5 


nn 


57 


5 
61 


\e 


63 
67 
69. 


71. 


5 
~y= 77, y=x-1,x20 


Answers to Odd-Numbered Exercises and Tests 


« (a) 
. (a) 3 (b) 0 41. (a) 0 (b) 4 
. f(x) = 22, ex) = 2x +1 845. f(x) = Yee) =P -4 
f)=LeG)ax+2 49. 7) =474 oy = -2 
x x 
1 
- fl) = Vi 80) = Ss 
. (a) T=ix + kx 
(b) 
300 
3 250 T 
Ee Z 200 7 
3S 150 
5 = 100 
A 50 Z 


10 20 30 40 50 60 . 
Speed (in miles per hour) 
(c) The braking function B(x); As x increases, B(x) increases 
at a faster rate than R(x). 
b(t) — dy) 
. (a) c(t) = ——.— x 100 
@ o) =" 
(b) c(20) is the percent change in the population due to births 
and deaths in the year 2020. 


. (a) r(x) = 5 (b) A(r) = 2° 


x\2 
(©) (Ae nta) = x(3): 
(A ° r)(x) represents the area of the circular base of the 
tank on the square foundation with side length x. 
. False. (f° g)(x) = 6x + 1 and (g ° f)(x) = 6x + 6 
. (a) Sample answer: f(x) =x + 1, e(x) =x +3 
(b) Sample answer: f(x) = x?, g(x) = x3 
. Proof 65. Proof 
. Symmetric with respect to x-axis 


. Symmetric with respect to y-axis 
A 73. 


Neither 


79. 4n(r + 1) 


its Rese 


Section P.10 (page 108) 


1. inverse 3. range; domain 5. x 7. One 
9 f "=i IL f= tt 

13. f@)=Yx-1 15. f"@) = Vx +4 

ig fe) = faee sy) 


19. f(g) = f(Y/4x) = = x 
x3 3/,(2\ _ 
g(f(x)) (=) (i = x 
21. ; 
t + ' } > x 


23. (a) f(g(x)) = f(x + 5) = (x + 5) 
e(f(x)) = g@& —5)=@-5)+5=x 
(b) y 


25. (a) f(g(x)) = (2 z “) = (2 z ‘) bl=x 


elf) = a(x += FAVA, 


(b) 


8( F(x) = g(x?) = SG") = x 
(b) i 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A11 


d WALdVHO 


A12 Answers to Odd-Numbered Exercises and Tests 


29. (a) f(g(x)) = f@? — 5) = JOP —5)+5=%x20 
(FQ) = ox +5) = (Vx 5) -S =x 
(b) : 


ett). _ 


31. (a) (gto) = (2 


_ Soe = 1 exe l. 
—5x> 1 5x.='5 


x-1 
-5(2=4) -1 
x— 1 x+5 
s(f()) (3) ol 
-—1 
x+5 
ae en ae? a, ieee 
x= 1Ll-—7=—5 - 


(b) ‘ 


33. No 
35. 


x 3 5 7 9 | 11 | 13 


37. Yes 39. No 
41. 12 43. S 


=) -6 
The function does not have The function does not have 
an inverse function. an inverse function. 


45. (a) f-'(x) = 3/x +2 
(b) i 


(c) The graph of f~! is the reflection of the graph of f in the 


line y = x. 


(d) The domains and ranges of f and f7! are all real numbers x. 


its Rese 


49. (a) fol) = 


47. (@) fa) = 5 


(b) i 


(c) The graph of f~! is the same as the graph of f. 

(d) The domains and ranges of f and f~! are all real numbers 
x except x = 0. 

Die 1 

x= 1 


(b) y 


| 
i 
Ky 
(c) The graph of f~! is the reflection of the graph of f in the 
line y = x. 
(d) The domain of f and the range of f~! are all real numbers 
x except x = 2. The domain of f~! and the range of f are 
all real numbers x except x = 1. 
51. (a) f'@)=4+1 
(b) i 
ot fF 


4+ 


(c) The graph of f~! is the reflection of the graph of f in the 
line y = x. 
(d) The domains and ranges of f and f~! are all real numbers x. 
53. (a) f'l@) = /4-277, 085x852 
(b) { 


(c) The graph of f~! is the same as the graph of f. 
(d) The domains and ranges of f and f~! are all real numbers 
x such that 0 = x S 2. 
57. g(x) = 6x — 1 
x — 3 
. 


55. No inverse function 


x20 


61. f-'(x) = 


59. No inverse function 
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Answers to Odd-Numbered Exercises and Tests A13 


5x — 4 12 = = 
63. fx) = > 65. fa) = 2-3 39.0,5 41.5 43. —124,126 45, —5,15 
6 — 4x 47. (a) 49. 4 
67. No inverse function y 
x= 10 3,8) i 
= (-3, 
69. (a) y 0.75 o 
x = hourly wage; y = number of units produced “so 
(b) 19 units *e (1,5) 
at 
xt+1 x+1 - 
71. 2 73. 2 75. 32 77. 472 ay 65 70 75 80 85 90 95100 
79. 2</x + 3 81. False. f(x) = x? has no inverse function. — aa de i aa 
83. (a) 
x }1)/3/4 1] 6 x 1|2)6/]7 (b) 5 (c) (1,4) 
mai1}/2/6/7 fi | 1/3) 4 |] 6 3. 7 > 13]415 
i y | -4] -2]0]21]4 
gt 
et 
at 
mal x 
lee 
2. 4 6 8 
b 
(b) x | -4]-2]0 3 
= 53. 
EER me -3|-2|-1]/0/1 


The graph of f does not pass the Horizontal Line Test, so 
f(x) does not exist. 


85. Proof 
87. a0 There is an inverse function 
f7'(x) = x — 1 because the 
domain of f is equal to the range 
- ; of f! and the range of f is equal 
to the domain of f7!. a 
-2 
89. x= 4, x =6 91.x=4,x=9 <i 
93. Increasing on (2, 00) 
Decreasing on (— 0, 2) 55. x-intercepts: (1, 0), (5,0); y-intercept: (0, 5) 
95. Increasing on (— 09, — 1), (1, 00) 57. No symmetry 59. y-axis symmetry 


Decreasing on (— 1, 1) i 
97. Relative minimum: (0, —3) or 


Relative maximum: (2, 0) 


Review Exercises (page 114) 
L@iu ®u @l @dii-s304 © 6 


SCrire: se si 
848328 48 8 4 

5 7 

478 

5e5 7. 15 9. —18 11. 122 


13. (a) -—1 = (b) —3 15. Additive Identity Property 
17. Associative Property of Addition 
19. Commutative Property 21. 0 


23. 32 25. Ti 27. Identity 29. Conditional equation 


31.6 33. -30 35. —-4,4 37. -8,-18 
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A14 Answers to Odd-Numbered Exercises and Tests 


65. m= —4 


y-intercept: (0, 1) 


y y 


63. Center: (0, 0); 
Radius: 3 


67. m= 0 
y-intercept: (0, 1) 
4 
6+ 
44+ 
es 
ap 22 | tr 3° Ss 
ot 
69. m = — 
71. y= 3x—-7 
A 
at 
a+ 


75. (@) y=4ax-F by y= —3x +5 


77. S = 0.80L 79. Not a function 81. Function 

83. (a) 16 (b) (¢ +: 14/3 (e) 81.— (d) x43 

85. All real numbers x such that -5 < x <5 

87. (a) 16 ft/sec  (b) 1.5 sec 89. Function 91. -4 

93. 5 Increasing on (0, 00) 
Decreasing on (— 00, — 1) 
Constant on (— 1, 0) 


-1 


95. Relative maximum: (1, 2) 
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97. 4 99. Neither even nor odd; no symmetry 
101. Odd; origin symmetry 
103. (a) f(x) = —3x 


(b) 
yo 
105. 107. } 
at 
34+ 
34 
=p+ 
109. i 111. 
of -o 
+ eo 
f$—+—+—+ +O} 
= + pa) * 
-2@-0 
eo 
eo + 
mo + 
-6+ 


113. (a) f(x) = x? (b) Downward shift of nine units 
7 (@) MG) =f) ~ 9 


-~10+ 


115. (a) f(x) = |x| 
(b) Left shift of three units and a downward shift of five units 
(c) Y (d) h(x) = f(x + 3) - 5 


sr in part. W 
or in part. W 
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117. 


119. 


121. 


123. 


125. 


127. 


129. 


131. 


Answers to Odd-Numbered Exercises and Tests 


(a) f(x) = x? 
(b) Reflection in the x-axis, a left shift of two units, and an 
upward shift of three units 


(c) y (d) h(x) = —f(x + 2) + 3 


(a) f) = bl 


(b) Reflection in the x-axis and an upward shift of six units 


(c) i (d) h(x) = —f(x) + 6 
eo 9 
eo; 
aie 
5+ @O 
47 @O 
3+ eo 
2+ eo 
i+ 0 
++++ +—+—+—++1+-@=8+> x 
3-2-1 4 3 6 eo? 
2 eo 
=P e 
(a) f(x) = Vx 


(b) Reflection in the x-axis, a left shift of one unit, and an 
upward shift of nine units 


(c) i (d) h(x) = —f(x +1) +9 
10+ 
SS 
a+ 
42 re ae 


(a) x7 +2x+2 (b) x -2x4+4 
(c) 2x7 — x7 + 6x — 3 


r+ 3 1 
(d) rae. all real numbers x except x = 2 
(a)x-% (b)x-8 


Domains of f, g, f° g, and g of: all real numbers x 
(fe g)(x) = 0.95x — 100; (fe g)(x) represents the 5% 
discount before the $100 rebate. 


f~) = 5x +4 
f@) = 434 Ks 
pre) = (2=4) +4= 


The function does not have an inverse function. 
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133. 


135. 
137. 


A15 


(a) f-'(x) = 2x + 6 
(b) : 
8+ fot 
of 


(c) The graphs are reflections of each other in the line y = x. 
(d) Both f and f~! have domains and ranges that are all real 
numbers x. 


r> Apia) = fF + 4x40 


False. The graph is reflected in the x-axis, shifted 9 units to 
the left, and then shifted 13 units down. 
i 
A 
34 
553 [369 
34 
6+ 
-9 4 
-is+ 


Chapter Test (page 117) 


1. 
4. 
8. 


. No symmetry 


5 


—4 < —-3 2. 3 3. Additive Identity Property 
es 5. -3,5 +6. Nosolution 7. —2,§ 
i Distance: ./89; 
(-2, 5) °F Midpoint: (2, 3) 
eo 54 
2- 5 s 


10. y-axis symmetry 


02-200-2 
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A16 


11. 


15. 
16. 
17. 


18. 


19. 


20. 


Origin symmetry 12. Center: (3, 0); Radius: 3 
y y 
A 
44 
Au 
i 
t x t p> x 
4 =1 
=14 
-2 
=34 
ag 
4 
(-2,5)} , 1 
Be A x 
-6 -4 2 2°46 
G,=7) 
(a) y=—jxt+4 (db) y=hxt4 
(a) -9 (b)1 (c) |x—4] — 15 
(a) 10 (b) Increasing on (—5, 00) 
Decreasing on (— 00, —5) 
-12 6 
2 
(c) Neither 
(a) 10 (b) Increasing on (—©0, 2) 
Decreasing on (2, 3) 
-2 4 
-10 
(c) Neither 
(a) 0.1 
4 1 
-0.1 


(b) Increasing on (— 0.31, 0), (0.31, 00) 
Decreasing on (— 90, — 0.31), (0, 0.31) 

(c) Even 

(a) f(x) = [x] — (b) Vertical stretch 

(c) y 


its Rese 


Answers to Odd-Numbered Exercises and Tests 


21. (a) 
(b) 


(c) 


22. (a) 
(b 


YS 


(c) 


23. (a) 
(c) 


(d) 
(e) 


f(x) = Jx 
Reflection in the x-axis, left shift of five units, and an 
upward shift of eight units 


fax 
Vertical stretch, a reflection in the x-axis, a right shift of 
five units, and an upward shift of three units 


i 
ait 
ak 
mile 
ale 
Pal 
ail. 
rll 
+A 
22—4x-—2 (b) 424+ 4x-12 
3x — 12x3 + 22x? + 28x — 35 
3x7 — 7 
—xw— 4x + 5 
3x4 + 24x37 + 18x? — 120x + 68 


(f) —9x* + 30x? — 16 
Domain of f/g: All real numbers x such that x # —5 or 
x#1 

4243/2 — 93/2 

24, (2) 1 + 2x 1 — 2x ' 2./x 
x x x 

1 x 2./x 

fins © G™ 
2x 2x x 


Domain of f/g: All real numbers x such that x > 0 


25. f (x) = Yx-9 


26. No inverse function 


27. f(x) = (4x), x20 


Problem Solving (page 119) 
1. (a) W, = 2000 + 0.075 (b) W, = 2300 + 0.058 
(c) 5,000 
(15,000, 3050) 
0 30,000 


(d) 
3. (a) 
(b) 
(c) 


0 
Both jobs pay the same monthly salary when sales equal 
$15,000. 
No. Job 1 would pay $3400 and job 2 would pay $3300. 
The function will be even. 
The function will be odd. 
The function will be neither even nor odd. 
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5. f(x) = ay,X°" + ay, "2 + > 


f(—x) = ay,(—x)" 


Ay, 9 xn? 


> + a(—x)? + ay 
Pe (x) 
7. (a) 813h (d) a 
. 4000 
(b) 253 mi/h a 0 
= = 3000 
(c) y= se + 3400 - 2500 
7 ‘9 2000 
2 1500 
24 B 
Domain: 0 <x < = a pt 


Range: 1300 = y < 3400 


9. (a) (fe g(x) = 4x + 24 
(c) f(x) = fx g(a) = x — 6 


(d) (g-!°f-)() = gx — 6; They are the same. 
(ce) (fe g)(x) = 88 + 1: (feg) (x) =43e—1 


(b) (f° g)"'(@) 


30 60 90 120 150 


f'@ =%e-Le'@ =m 
(go fx) =337e-1 


(f) Answers will vary. 


(g) Fog) &) = (9? of) 


: 2 
+ A,X" + dy 


Hours 


ix — 6 


11. (a) : (b) : 
3+ a 
2+ 27 
it 14 _— 
2 s aa Seo 12 
—— -14 
——— el) 24 
=34 -34 
(©) y (d) y 
3+ 3+ 
Der a+ 
14 __ 
t—+—+ > x tt} mpm 
-3 -2 -1 1 2: 3 -3 -2 -1 1 2 3 
1 -14 
=27:4 =o. 
-34 34 
(e) J (f) J 
3+ 3+ 
2+ ————o 
I+ 14 oo 
eee ee ae ae 3 otal = 
=i =14 
=)! =74 
a3} =3- 
13. Proof 
15. 
Op Sa] 00|.0 4 
f(f'@) | -4 |] -2}0 44 
(b) 
x -3|-21] 0 1 
Civmpem| 5 1 | -3] -5 


Answers to Odd-Numbered Exercises and Tests 


Op 23.) =a) oe) 4 
(f° f Y@) 4 0 2/16 
(d) 
eea) 2 om ee alte: 


Chapter 1 


Section 1.1 (page 129) 
1. coterminal 3. linear; angular 5. 5 radians; m radians 
7. 1 rad 9. —3 rad 
11. (a) QuadrantI (b) Quadrant II 
13. (a) i (b) 1 
4 
3 
2 
3 
No; Quadrant I No; Quadrant III 
1 11 i) 17 
15. Sample answers: (a) =. . (b) a 
11 
17. (a) Complement: at, Supplement: ia 
12 12 
(b) Complement: none; Supplement: 2 


19. (a) Complement: a 1 = 0.57; 


Supplement: 7 — 1 ~ 2.14 
(b) Complement: none; Supplement: 7 — 2 ~ 1.14 


21. 210° 23. —60° 
25. (a) Quadrant II (b) Quadrant IV 
27. (a) 4 (b) i 
270° 
Sj 120° 

29. (a) 480°, —240° (b) 150°, —570° 
31. (a) Complement: 72°; Supplement: 162° 

(b) Complement: 5°; Supplement: 95° 
33. (a) Complement: 66°; Supplement: 156° 

(b) Complement: none; Supplement: 54° 
35. (a) *n (b) a 37. (a) 270° =(b) —210° 
39. 0.785 41. —0.009 43. 81.818° 
45. —756.000° 47. (a) 54.75° —_(b) —128.5° 


49. (a) 240° 36’ 


(b) — 145° 48’ 


51. 107 in. ~ 31.42 in. 
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A18 


53. 
59. 


61. 
65. 


67. 


69. 
71. 


73. 
77. 


Section 1.2 (page 137) 


1. 
5. 


13. si 


17. si 


21. 


25. 


. rad 55. 4 rad 


20° should be multiplied by 


About 592 mi 


57. About 18.85 in.” 


m rad 
180 deg’ 
63. About 23.87° 


(a) 872 rad/min ~ 25.13 rad/min 
(b) 200z ft/min ~ 628.3 ft/min 


<— 15 —>1 


A = 93.75n m? ~ 294.52 m? 


to} 


False. 


True. Let a and f represent coterminal angles, and let n 


represent an integer. 


a = B + n(360°) 


a — B = n(360°) 


Proof 75. 25 
w 99,2 = pes 
xt+1 


unit circle 
sint=% csc t = 
cost = }2 sec t 
taat=3 cotr= 
(0,1) Wh (-2 = 
sin = V2 
4 2 
es ae 
4 2 
1 
tan— = 1 
any 
( 7) <7 
sin{ ———} = —— 
4 2 
( i) 2 
cos{| ———]} = —— 
4 2: 
Tn 
tan| -—-} = 1 
an n) 
3n 
inf 2% \ = 4 
sn( =) 


3 2 
tn = = 
3 2 
tan = /3 


3. odd; even 


13 


ls Bia 


is in degree measure. 


xD 
81. x = —6 
mat) 
‘ 3 
7. snt = —35 csc t 
cost = —¢ sec t 
tant =? cot t = 
1 1 
15. sin( -2) =5 
6 
us 


ieee 
ll 
pate 


6 

Gees 
tan a ae 

. Ilnx 1 

19, sin = > 

lin J3 

C8 6. 7 
tant. V3 

6 5 

am J3 

23. 5 

2x sd 

oe i 2 


3 3 
An 
—=-2 
sec 3 
4a _ V3 
3 3 


Answers to Odd-Numbered Exercises and Tests 


27. 


n 
a 
Teese 
ie) 
<.- 
ve] 


Q 
n 
a 


n 
Z. 
5 
ea 
| 
n 
wg 
a 
ll 


v3 ( Sn 
2 3 3 
Bb al 8) 
cos| —~ 5 sec| —~ 
51 Sa 3 
tan( 52) = 3 co(-) = 3 
1 1 
29. sin( -) =—1 ese( - 2) =-—!l 
1 m\. : 
cos( -) =0 see( - 7) is undefined. 
n\. . m\ 
tan( —7) is undefined. coi( z) =0 
31.0 33.5 35. 5 37. (a) —3  (b) —2 
39. (a) -$ (b) -5 41. (@) $(b) -3 
43. 0.5646 45. 0.4142 47. — 1.0009 
49. (a) 2ft (b) About 0.14 ft 
51. False. sin(—t) = —sin(t) means that the function is odd, not 


57. 
59. 


61. 
65. 


. (a) y-axis symmetry 


that the sine of a negative angle is a negative number. 


. True. The tangent function has a period of z. 


(b) sint, = sin(z — t,) 
(c) cos(z — t,) = —cos t, 
The calculator was in degree mode instead of radian mode. 


(a) L 


Circle of radius 1 centered at (0, 0) 


(b) The t-values represent the central angle in radians. The 
x- and y-values represent the location in the coordinate 


plane. 
(c) -l<x<1,-l<y<l 
(x - 172 + (y-7 =36 63. (x + 4) + (y + 2 =3 


67. x-intercepts: (-4, 0), (2, 0) 
y-intercept: (0, —4) 


x-intercept: (6, 0) 
y-intercepts: (0, +/6) 


Section 1.3 (page 146) 


l(a) 5) (bb) 12)—S (ce) 13 3. complementary 
n@=3 _5 i a ce = 
5. sin@ = § csc 0 = 3 7, sin @ = “> esc @ = \/2 
cos @ = $ sec 9 = 3 cos @ = 2 sec 0 = \/2 
tan 0 =}? cot 0 =} tan@ = 1 cot @ = | 
7. sing = ~2 csc 0 = \/2 9. sin @ = = ese 9 = 
wa : _4 _ 41 
cos 8 = 5) sec 0 = \/2 cos 0 = 7) sec 8 = 75 
40 
tan @ = 1 coté = 1 tan @ = 75 cot 8 = > 
11. sind = $ cscO = 
cos 9 = #2 secd = + 
_ 3 _ 15 
tan 6 = 55 cot 6 = = 


The triangles are similar, and corresponding sides are 
proportional. 
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Answers to Odd-Numbered Exercises and Tests A19 


1 71. (a) About 519.33 ft 
13. => 6 =3 
oe: — (b) About 1174.17 ft 
2/2. Z 
cos 8 = 22 sec 0 = 32 73. True. csc x = _— 75. False. 2 + 2 #1 
mee: sheds 77. False. 1.7321 # 0.0349 | 
4 79. Yes, tan @ is equal to opp/adj. You can find the value of the 
The triangles are similar, and corresponding sides are hypotenuse by the Pythagorean Theorem. Then you can find 
proportional. sec 0, which is equal to hyp/adj. 
. 8 7 : 
15. sin@6 = 77 esc @ = 2 81. cos 60° = 4-1 
7 8 sec 0 = jf hyp 2 
; tan 6 = ts cot § = 7 83. Quadrant I 85. Quadrant II 
° 87. Quadrants II and IV; Sample answer: (1, —1),(—1, 1) 
89. Quadrants I and III; Sample answer: (1, 2), (—1, —2) 
17. snQ= wt! ocg = OV 91. (a) 380°, — 340° (b) 330°, — 390° 
6 i 93. Odd; origin symmetry 95. Even; y-axis symmetry 
y vil cos @ = = ; 
6 Section 1.4 (page 156) 
g _ Jil _ 5/11 
5 tan 8 = 5 cot 8 = 11 1. : 3. 5. cos 0 7. Reference angle 
ae ate csc 0 = 5 9. (a) sin @ = 2 csc 9 = 3 
8 6 4 5 
2V6 cos 9 = 26 sec 9 = 08 cos @ = 5 sec 0 = 4 
Jb tan 6 = 3 cot 6 = q 
tan @ = > cot 0 = 2./6 (b) sing = 15 csc 9 = 12 
/10 cos 0 = -% secQ = —-¥% 
21. Ji sin? = Ty csc 8 = ./10 tan @ = —8 cot @ = 4% 
8 3/10 J10 
rr cos 6 = 10 sec 0 = 3 11. (a) sin 6 = -; csc 9 = —2 
tand =~ cos = 3 sec = 203 
nm /3 
23. 6 3 25. AS / 2 tan 6 = a cot 6 = /3 
27. (a) 0.3420 (b) 0.3420 ~—-29. (a) 0.2455 (b) 4.0737 . Jia = 
31. (a) 0.9964 (b) 1.0036 33. (a) 3.2205 (b) 0.3105 (b) sin@ = ~~ esc @ = —/17 
1 3 3 / / 
35. (a) 5) - © V3 @) a isutes 4 gaa St 
de 17 4 
2/2 
37. (a) 3 (b+) 2/2 ©3 @3 tand = -i cot@ = —4 
/ ‘ _ 12 _ 13 
39, (a) 1 (b) /10 (c) 1 (d) 10 13. sind = B csc 96 = 1D 
2 a ca cos8=% sec @ = 2 
41-49. Answers will vary. 13 5 
tang = 2 cot@ = 4 
1. (@) 30°=2 (b) 30°=2 ; ° 
51. =7 =7 
6 6 / / 
o 1 15. sin 8 = eas csc 0 = see 
53. (a) 60° = 3 (b) 45° =F 29 . 
in a eee ies 
55. (a) 60° = 3 (b) 45°= 5 57 x= 9 y= 9/3 29 5 
2 5 
tand == cot 6 = = 
s9, x = 22V3, -AV3 6. About 443.2 m; about 323.3. m 5 2 
3 3 17. sin@ = 5 csc 0 = | 
63. 30° = 7 65. (a) About 219.9 ft (b) About 160.9 ft cos 8 = —2 sec 0 = -3 
Soe — —3 
67. (x,,¥,) = (28/3, 28) Rn <5 cor =a 
(x5, y2) = (28, 28/3) 19. uadrant t 21. Quadrant II 7 
69. sin 20° ~ 0.34, cos 20° ~ 0.94, tan 20° ~ 0.36, 23. sin @ = 17 esc 8 = 45 
csc 20° = 2.92, sec 20° ~ 1.06, cot 20° ~ 2.75 cos 0 = a sec 0 = q 
cot@ = % 


wn 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


T WaLdVHO 


A20 


25. 


27. 


29. 


31. 


33. 


35. 


37. 
47. 


55. 


cos 0 = -4 
tan 6 = -i 
sin 0 = mee 
10 
Re eres 
10 
1 
tan@d = -> 
an 3 
sin@ = 1 


tan @ is undefined. 


sind = 0 
cos@ = —1 
tan@d = 0 
sing = Y2 
, 2 
cos 8 = v2 
2 
tang = -1 
; 2/5 
sin 9 = —— 
b) 
Wo 
cos 8 = ~— 
5 
tan@ = 2 
0 39. Undefined 


0’ = 20° 


sin 225° = _v2 
2 
2 
225° = —~— 
cos 225 > 
tan 225° = 1 
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=) 

csc 0 = 3 
5 
sec 9 = —F 
4 
cot 6 = —3 


csc 8 = —./10 


sec 9 = 


“5 
o 


sec @ is undefined. 


cot? =0 
csc @ is undefined. 
sec 0 = —1 


csc 0 = ./2 


sec 90 = —./2 
cot? = —-1 
csc 9 = V5 
2, 
sec 9 = \/5 
1 
cot 9 = °) 
41. 1 43. Undefined 45. 
49. 0’ = 55° 


57. sin 750° = 


cos 750° = 


tan 750° = 


0 


Answers to Odd-Numbered Exercises and Tests 


59. 


61. 


65. 


69. 


77. 
83. 


91. 


93. 


95. 


97. 
99. 


101. 


103. 
105. 


107. 


sin(— 120°) = 3 
2 
(-120) = -+ 
cos 5 
tan(— 120°) = \/3 
_ 20 3 F m\ 1 
sin ca) 63. sn z) = 5 
ee ae cos( -2) _%3 
3 2 6 2 
Qn m\ _ sf 
tan 3 3 tan( z) = 3 
iy lin _ V2 a in( 2) = - 
sinZ = 5 . sin a hee 
lin _ _ v2 (-22) _ _N3 
cos | 5) cos 6 5) 
ane =-— tan( - 2) ame 
4 6 3 
4 V13 8/39 
= 71. -—~— 73. —— 75. 0.17 
5 12 39 a8 
— 0.3420 79, —28.6363 81. 1.4142 
0.3640 85. —2.6131 87. —0.6052 89. 
0 = 7 yeqo — 37 0 = IT ayo. _ ln 
(a) 30° = 6° 150 6 (b) 210 67330 6 
o — Zango _ St 0 © aqno _ 2t 
(a) 60° = 3? 300 3 (b) 60 3 300 3 
0 =F yy50 _ St 0 = 3% ag _ Un 
(a) 45° = qe 225 4 (b) 150 67300 6 
(a) 12mi (b) Omi (c) About 6.9 mi 
(a) B = 21.865 sin(0.540t — 2.343) + 60.438 


F = 61.120 sin(0.325t — 0.561) + 15.787 
(b) February: B ~ 39.6°, F ~ 21.2° 

April: B ~ 56.5°, F ~ 57.0° 

May: B = 68.1°, F = 69.2° 

July: B = 82.1°, F = 76.3° 

September: B ~ 73.2°, F ~ 58.7° 

October: B ~ 62.3°, F ~ 42.5° 

December: B ~ 42.1°, F ~ 3.8° 


0 


Answers will vary. 


False. In each of the four quadrants, the signs of the secant 
function and the cosine function are the same because these 


functions are reciprocals of each other. 
Answers will vary. 


(a) f(x) = Vx 


(b) Reflection in the x-axis, left shift of 12 units, 


upward shift of nine units 


Relative maximum: (—4, 5) 109. —12, 11 


1.8382 


and an 


Answers to Odd-Numbered Exercises and Tests A21 


Section 1.5 (page 166) 41. 43. | 
1. cycle 3. Vertical shift of d units 


; Period: 4 


Biw 


2 
5. Amplitude: 2; Period: — 7. Amplitude: 


9. Amplitude: =; Period: —- 


1 

2 5 
11. Amplitude: 3. Period: 24 

13. The period of g is one-fifth the period of f. 
15. gis a reflection of f in the x-axis. 

17. gis a shift of f7 units to the right. 

19. gis a shift of f three units up. 


21. The graph of g has twice the amplitude of the graph of f. 


23. The graph of g is a horizontal shift of the graph of f 7 units 
to the right. 


27. A 


-8+ 
53. (a) Horizontal shrink and a phase shift 7/4 unit right 
x (b) . (c) g(x) = f(4x — 2) 


33. 


Sate 


>< 
> 


1 
t 

nv 
n 
t 


who 
1 
t 
n 
t 


55. (a) Shift two units up and a phase shift 2/2 units right 


(b) y () ga) =s(: 2 * +2 
a4. 
I\A\S 
+ + + + + + + +> x 
-2n -1 T 2n 
ib 


57. (a) Horizontal shrink, a vertical stretch, a shift three units 
down, and a phase shift 7/4 unit right 
(b) i‘ (c) g(x) = 2f(4x — 2) — 3 
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59. 


63. 


65. 
69. 


73. 


75. 
79. 


81. 
83. 


85. 


4 61. 3 
6 6 
-3 3 
m4 = 
0.12 
Aha 
-0.12 
a=2,d=1 67.a=—4,d=4 
a=-3,b=2,c=0 Tla=2,b=1,c= : 
2 
Bebo 
-2 
ies ee 5a 7n lIln 
6 6’ 6’ 6 
y = 1+2sin(2x — nm) 77. y = cos(2x + 27) 5 
(a) 4 sec 
(b) 15 cycles/min 
() 
34 
°f 
“3 
(a) £ sec (b) 50 heartbeats/min 
(a) and (c) 
i 
3 154 
Z Al 
8 os+ 
a 
25 30 35 40 45 50 55 60 65 * 
Day 
The model fits the data well. 
1 on 
=0. aoe =) O. 
(b) y 0.5 cos{ x 7) 0.5 
(d) 30 days (e) 100% 


(a) 20 sec; It takes 20 seconds to complete one revolution on 
the Ferris wheel. 


(b) 50 ft; The diameter of the Ferris wheel is 100 feet. 
(c) 110 


° 


Answers to Odd-Numbered Exercises and Tests 


87. False. The function y = 5 cos 2x has an amplitude that is 
one-half that of y = cos x. For y = acos bx, the amplitude 
is |al. 

89. The key points are for the graph of y = cos x. 

91. A 


The value of b affects the period of the graph. 
b= t+ 7 cycle 
b = 2-2 cycles 
b = 3-3 cycles 
93. (a) 


b) y-axis symmetr 
x |O;} 142 3 4 ©) y " = 


y|4]5] 8 | 13 | 20 


(b) origin symmetry 


(a)x<O (b) x>0 


Section 1.6 (page 177) 


1. odd; origin 3. damping 5. (—oo, —1] u[1, 0) 
7. e, 1 8. c, 27 9. a, 1 10. d, 27 
11. f, 4 12. b, 4 
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13. 


17. 


_ 


SSS SOS SSS Se 


I 


Y 


15. 


19. 


------Nlay--------- 


ee 


Answers to Odd-Numbered Exercises and Tests 


A23 


37. 4 39. U 4 U 
-30 3a = 7 
-4 -4 
41. 3 43. U iv 
_30 } 30 a t 
2 2 2 2 
-3 -3 
45. 0.6 
x -6 6 
-0.6 
Tn 3n nm 5a Ix an 5a Ilan 
47. ——, -—,-—— 49. —-—, -. >= — 
4° 4°4 4 6° 6 6’ 6 
Sx am Sa 
41. = SS 53. E 
3° 3733 3. Even 
55. Odd 57. Odd 59. Even 
61. d, f>0as x0. 62. a, f>0as x0. 
63. b, g>0as x0. 64. c, g>0as x0. 
65. i 67. i 
3+ gil: 
ot 
1+ a0 
————$—— 4 
=3. 22) <1 1 2.3 AVAVAVAVAVA 
eh > x 
—2+ —-t Tv 
egal -1+ 


69. aly 


As x30, y> ©. 
77. 2 


The functions are equal. 
71. 1500 


-10 —1500 
As x-3©, g(x) oscillates. As x30, f(x) oscillates. 
73. 2 75. . 
; ww . 7 ° 
-2 -1 


As x0, g(x) 3 1. 


79. 


As x0, f(x) oscillates between 1 and —1. 
(a) Period of H(t): 12 mo 
Period of L(t): 12 mo 


(b) Summer; winter (c) About 0.5 mo 
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81. d = 27 sec x 23. 1.19 25. —0.85 273. = 1,25 29. Not possible 
< 31. Not possible 33. —1.50 
; | | 35. ao a 1 37. 0= arctan 7 
os - 
ca 39. 0 =arcsinx = 41. 03 
a i! 1 5 
m 3 wo 13 5 
ar co ee 43. 4 45. 5 47 5 49 12 51 3 
an é 
Angle of camera 53. en 55. 2 57. J1 — 4x2, Q=xs 5 
83. True. For a given value of x, the y-coordinate of csc x is the 59, i x>0 61. /I-205x<1 
reciprocal of the y-coordinate of sin x. x 
ey) 7 GY —*oeeea 288 e20350 
x x 
-3 3 67. 7 
-3 3 
= 
0.7391 
(b) 1, 0.5403, 0.8576, 0.6543, 0.7935, 0.7014, 0.7640, 0.7221, = 
0.7504, 0.7314, . . .; 0.7391 Asymptotes: y = +1 
87. (a) x73 (b) x7 69. = 71. _ ik-t 
Domains of f, g, f° g, and g °f: all real numbers x Vx + 81 Vx — 2x + 10 
89. (a) (x- 1)? (b) Vat - 1 73. i 75. i 
Domain of f: all real numbers x + 
Domains of g and fe g: all real numbers x such that x = 1 
Domain of gf: all real numbers x such that x < —1 "| 
orx 2 1 } p—> x 
: ; 1 “9, 2 
91. No inverse function 93. h-(x) = SE ; = 
af x 4-2 2 4 | 
95. f(x) = 302 + 6), x = 0 1 
97. No symmetry 99. y-axis symmetry % 
4 y Vertical stretch Shift 2 units up 
77. y 79. Qn 
-1 1 
(0) 
[ : > 
x-intercepts: (—1, 0), (3, 0) x-intercept: (— 1, 0) 
int t: = int t: 1 
prinieacen Sa) peimeroepte ed) Horizontal stretch 
Section 1.7 (page 186) 81. F 83. an 
1. y=sin''x,;-l sx 1 
ye 1 -2 4 
3. y=tan'!x;-00 <x <0CO;-T<y<z 
2 2 
1 1 1 = 2 
5. 4 : ; 7. > 9. = 11. — 7 9 
csc”! x or arcese x 6 5 6 
‘ 1 
13. Not possible 15. 3 17. = 19. = 85. 3/2 sn( 21 + a) 
6 
-20 ar 
—6 


The graph implies that the identity is true. 
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87. 


93. 
95. 
97. 


99. 


101. 


103. 
105. 


107. 


109. 


115. 


121. 
127. 


Answers to Odd-Numbered Exercises and Tests A25 


1 
2 °2 

(a) = arcsin > (b) About 0.13, about 0.25 
(a) About 32.9°  (b) About 6.5 m 

(a) 0= aresin © (b) 30°; about 59.0° 


m_, arcsin(-—1) _ -a/2_ 1 
4 © arccos(—1) 1 2 


False. arctan(— 1) = 


Sa. F : ‘ 
False. — is not in the range of the arcsine function. 


6 


52. . : : 
a is not in the range of the arcsine function. 


Domain: (—©, 00) 
Range: (0, z) 


y 


Domain: (— 00, — 1] U[1, 00) 
Range: [—7/2, 0) U (0, 2/2] 


, 


+ +t + $+—> x 
> 1 2 
1 3n 1 
7 OWL 3. & 
2 
E47. 9. 1.17 
3 3 
—0.12 123.019 125. 0.54 
(a) fof ! 
2 
-2 
flef 
2 
-2 


(b) The domains and ranges of the functions are restricted. 
The graphs of f°f—! and f~! °f differ because of the 
domains and ranges of f and f~!. 


129. (a) 7 (b) . (c) About 1.25. (d) About 2.03 
131.4.,/5 133. 4/2 — 135. cos 40° 


ae 
137. tan 40° = 2 
Cc 


Section 1.8 (page 196) 
1. bearing 3. No 


5. a = 10.39 7. b= 14.21 
b=6 c =~ 14.88 
B = 30° A = 17.2° 

9c=5 11. a = 52.88 
A = 36.87° A = 73.46° 
B = 53.13° B = 16.54° 


13. 3.00 15. 2.50 17. About 214.45 ft 
19. About 19.7 ft 21. About 20.5 ft 23. About 11.8 km 
25.98 

d 


25. (a) About 25.98 ft —(b) arctan 


(c) 45.0 ft < d < 55.7 ft 
27. About 56.3° 29. About 75.97° 31. N 56.31° W 
33. (a) About 429.26 mi north, about 2434.44 mi west 

(b) 280° 
35. (a) About 4820.7 ft (b) About 124.5 sec 
37. (a) N58°E_  (b) About 68.82 m 39. About 29.4 in. 
41. About 35.3° 43. d = 4sinzt 45. d = 3 cos am 
47.0 =524r 49. (a2)9 (2 |9 WF 
51. (a) 7 (6) 3. ()O M5 


Ew 
53. (a) OF OF 


i+ 


55. (a) s 


Average sales 
(in millions of dollars) 
oO 


t 
2 4°68 10 12 
Month (1 © January) 


1 _({m , a 
(b) S=8 4 6.3 cos Ft or S 8 + 6.3 sin( 21 + x) 


The model is a good fit. 
(c) 12. Yes, sales of outerwear are seasonal. 
(d) Maximum displacement from average sales of $8 million 
57. False. The scenario does not create a right triangle because 
the tower is not vertical. 
59. 2r(317 + 5t — 1) 61. (Sy + 1)(2y — 3) 
63. (522 + x)(5z2 — x) 


65. (a) vb o)/5 @4 @./5 


67. x2 + (y — 3)? = 49 69. (x + 2)? + (y+ 1)? = 25 
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A26 


Review Exercises (page 202) 


1. 


2 rad 3. 60° 


5. (a) 


(b) Quadrant IV 


It 1 
ea 

9. (a) 
i 


85° 


(b) Quadrant I 
(c) 445°, —275° 


7. (a) 


4n 


(b) Quadrant II 


2n 102 
(c) 37 3 
11. (a) 
i 


—110° 


(b) Quadrant III 
(c) 250°, —470° 


13. About 48.17 in. 
. 1 Y3 J3 ) 
2 a Ee aN 
15. About 523.60 in. 17. ( 79 19. ( 779 
. 30 J/2 Tm 
21. sin 4 3 csc = /2 
cos 3% = V2 eee 2 
4 2 4 
3m 3m 
tan a 1 cot 4 1 
23. 2 25. 3 27. 3.2361 29. — 75.3130 
31. ee ees rr eee 
41 4 
@= SV41 sec 0 = Vv4l 
41 5 
ae =o 
tan 0 = 5 cot 8 = ri 
33. 0.6494 35. 3.6722 
Qf 2, 3/2 2 
37. (a) 3 (b) 22 ) 3v3 (d) 2 
39. About 73.3 m 
41. sind =% csc 9 = 3 
cos@ = sec 0 = 3 
tan @ = 3 cot 8 = 3 
43. sind = 3 csc @ = 3 
cos 0 =? sec 9 = 2 
tan @ = 3 cot @ =; 


its Rese 


Answers to Odd-Numbered Exercises and Tests 


45. sin@ = —— csc 8 = Ah 
5 
(a) =F 
cos 6 
tan 0 = a 
_5 
47. sin@ = V2 
5 
tan 0 = aaah 
2 
49. 0’ = 84° 
264° 
9 
53. sin(— 150°) = * cos(— 150°) = 3, tan(— 150°) = 3 
ot. 93.. 0 1 #_ « 
55. sin 3 5 5 COS 3 5: tan 3 J3 
57. 0.9613 59. —0.4452 
61. y 63. y 


65. 


69. 
71. 


i 67. 1 
10 + 4+ 
al T 
Al 
Le ae erat i 
oe ee a or a 
(a) y=2sin5282x (b) 264 cycles/sec 


, 73. y 


>t 


cS) 
eioceeee Geb oc ee 
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Answers to Odd-Numbered Exercises and Tests A27 


75. 8 


-6 


As x +00, f(x) oscillates. 


77, = 79. - 81. —0.92 83. 0.06 
85. = 
2 
-4 4 
A a. 
87.4 392 9 91 vine 
93. 
70m 
6 
30m 
0 ~ 66.8° 


95. About 1221 mi, about 85.6° 
97. False. For each 6 there corresponds exactly one value of y. 
99. The function is undefined because sec 0 = 1/cos 0. 
101. The ranges of the other four trigonometric functions are 
(—90, 00) or (—90, — 1] U[1, 2). 
103. Answers will vary. 


Chapter Test (page 205) 
1. (a) y 


A 
5a 
4 
13x 32 3 
(b) ae (c) 225 
2. 3500 rad/min 3. About 709.04 ft? 
bien 1 x _ _ V3 
- sin 5 cos = 5 
tan Ut V3 
6 3 
5 nese aon 
13 3 
cos @ = asrds sec 9 = a 
13 2 
cot 8 = = 


3/10 


6. sin? = 9 esc 8 = “3 
/1 = 
ey em ae sec 9 = —./10 
10 
tan 6 = —3 cot @ = —5 
7. Quadrant IIT 8. 150°, 210° 
9. sind = —3 10. sind = 3% 
tan@ = —% cos @ = —# 
esc 0 = —} tan@ = a 
sec 9 = 3 esc 8 = 31 
cot @ = —3 cot @ = —3t 
11. i 12. i 
4+ | 
3 2+ 
t 
3 fn an 
: 2 2 2 
=o 1 
=4cb 
1 1 
14. a 2,b re 4 
15. 7 16. 160 
-6 6 
0 32 
—4 -80 
Period: 2 Not periodic; 
As x > ©, y oscillates. 
i 
3 
18. 3a 
3 3 


-30 


19. About 309.3° 20. d = —6cos zt 


Problem Solving (page 207) 


1. (a) us rad or 990° —_ (b) -About 816.42 ft 


3. h = 51 — 50 sin( 8m de 2 


(b) About 3705 ft 
w + 3705 
3000 


5. (a) About 4767 ft 
(c) w = 2183 ft, tan 63° = 
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A28 Answers to Odd-Numbered Exercises and Tests 


7. (a) 3 (b) 7 29. (csc x — 1)(csc x + 2) 31. sec 0 33. cos? ¢ 
35. sec B 37. sin?x 39, 2csc?x = 41. — 2 tan x 
43. —cotx 45. 1 + cosy 47. sinx 


2 2a “2a, on 49.0<0<7 51. 3 sin @ 53. 2 tan 0 
=I a 55. 2.08 @ = /;sind = =~: cos 9 =~? 
Even Even 3 
57. 6cos@ = 3;sind = + 5 >cos @ = 
1 


59. uw = tand 61. True. sin 0 = 


csc 0 

63. True. csc x = 2 sec x = : ,tanx = Sm cot x = = 
70 sin x cos x co! sin x 

: 3 seo . = /) — <an20 

(b) Period = a sec; This is the time between heartbeats. 65. cos @ = +,/1 — sin’ 6 

(c) 20 mm; The blood pressure ranges between 80 mm and tan @ = + sind 

120 mm. J/1 — sin? 6 

F : 15 32 ery) 
(d) 80 beats/min (e) Period = — sec; salle cot 8 = sav Sain 
16 15 sin 0 
(b) Period of f: 27 een. s 1 
Period of g: J/1 — sin? @ 
csc 8 = i 
: sin 0 


67. asec 0 69. - 


(c) Yes, because the sine and cosine functions are periodic. 


13. (a) About 40.5° os Gir" cms 
(b) x ~ 1.71 ft; y ~ 3.46 ft 77. : 
(c) About 1.75 ft val 
(d) As you move closer to the rock, d must get smaller and 4+ 
smaller. The angles @, and @, will decrease along with the aL 
if 


distance y, so d will decrease. 


Chapter 2 


Section 2.1. (page 215) 31 oy 
1. cot u 3. csc? u 81. (x" + y")(x" — y”) 
: V21 5/21 . 
5. sin = ~ ose x = Section 2.2. (page 222) 
__2 je 1. identity 
cosx = — sec x = — 
5 2 3. Sample answer: Actual equivalence of two expressions can 
__V2i _ 2/21 only be verified algebraically. 
tanx = —~—— cotx = ———— 
2 21 5-41. Answers will vary. 
a eee. a 43. (a) 3 
7. sin@ = 4 csc 9 = 3 
es 4/7 
cos 8 = ~— sec 9 = —— 
4 Hi -20 Qa 
tan 6 = 37 cot 6 = v7 4 
7 3 
bi ie i 2/13 7 JB (c) Answers will vary. 
» sinx = 3— esex = “5 45. (a) 
3/13 VJ 13 
cos x = — sec x = ~~ 
13 3 
tanx = . cot x = = 
3 oS 


Not an identity 
ll. c 12. b 13. f 14. a 5. e 16. d 


17. cos 0 19. sin? x 21. secx + 1 23. sin* x 
25. csc? x(cot x + 1) 27. (3 sinx + 1)(sinx — 2) 


= 


(c) Answers will vary. 
47-49. Answers will vary. 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


51. (a) Answers will vary. 


Answers to Odd-Numbered Exercises and Tests 


81. (a) 2 (b) = ~ 1.0472 
(b) Sample answer: 3 
51 
@} 5° | 15° | 30° | 45° | 60° | 75° | 90° ° a 5 
s | 57.15 | 18.66 | 866 | 5 | 289 | 1.34] 0 : 
-2 nm =~ 3.1416 
(c) Minimum: 90° (d) Noon Maximum: (1.0472, 1.25) 
53. False. (1 + csc x)(1 — esc x) = 1 — csc x + csc x — esc? x Maximum: (5.2360, 1.25) 
= 1 — csc? x = —cot?x Minimum: (0, 1) 
55. cot(—x) = —cotx Minimum: (3.1416, —1) 
57. The equation is not an identity because tan 8 = +./sec? 0 — 1. n 
3 83. (a) 3 (b) 4 = 0.7854 
Sample answer: — 
: > .. 3.9970 
59.x=-2,17 61. x = —-9,7 : a a 
63. (a) 0 = 0° = 0,0 = 180° =z 
3 -3 
(b) 0=45°=2 6 = 135°=— 
4 4 Maximum: (0.7854, 1.4142) 
1 
1. isolate 3. quadratic 5. cos0 = 1 ae (b) 4 Oe 
7-11. Answers will vary. 5 
1 Qn ° Qn An 0 o a ~ 3.9270 
13. = + 2nnz, — + 2nr 15. — + 2nnx, — + 2nn 
; ? . 2 Bas 2.3562 
1 51 1 Qn 2 4. 
1}. & + nn, + nn 19. 7 + nn, + nm 7 
Ss - . fe Maximum: (0.7854. 0.5) oi ~ 5.4978 
21. nz, 3 + 2nn 23. 2 25. nz, 6 + nn, ra + nt Maximum: (3.9270, 0.5) 
” Sm Minimum: (2.3562, —0.5) 
27. 3 2nn,m + 2nr, 3 2nn Minimum: (5.4978, —0.5) 
# Se 87. 1 89. 0.04 sec, 0.43 sec, 0.83 sec 
29. a + 2nz, 3 + 2n7, 3 2nn 91. January, November, December 
31. 2 51 33, 2 3n 2n 4 nm 2n 4n Sa 93. (a) and (c) 
"44 "9 273" 3 "37 37 373 ‘i 
. 1 1 51 
; o .ot+na,—+ 
37. No solution 39. 5) 41 6 nn, 6 nit 
1 nt 1 71 1 
43. 1 Si 3 45. > + 4nz, 7 + 4nn 47. 3 + 2nt ; 7 
49.3 + 4n 51. 3.553, 5.872 53. 1.249, 4.391 Theanedel Hike ca walk: 
55. 0.739 57. 0.955, 2.186, 4.097, 5.328 


59, 1.221, 1.921, 4.362, 5.062 
61. arctan(—4) + nz, arctan 3 + nz 


65. BS: og. 2nr, om + 2nnt 


63. 7 + nz, arctan 5 + nt 3 


67. arctan} + nz, arctan( —+) + nn 


69. arccos } + 2nt, arccos } + 2nt 

71. = + 2nn aresin( —1} + 2n7, arcsin . + 2nn 
2 : 4 ; 4 

73. 0.3398, 0.8481, 2.2935, 2.8018 

75. 1.9357, 2.7767, 5.0773, 5.9183 

77. —1.154, 0.534 

79. 1.110 


(b) C = 26.55 cos( = 7) + 57.55 
(d) Above 72°F: June through September 
Below 72°F: October through May 
95. (a) 


° 
DI 
nis 


A ~ 1.12 
(b) 0.6<x< 1.1 
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99. 
101. 


103. 
105. 
109. 


113. 
117. 


Answers to Odd-Numbered Exercises and Tests 


(a) 3 

0 Qa 

= 

Graphs intersect when x = 7 and x = 7. 
(b) = 


-2 


x-intercepts: (z 0), (z, 0) 


(c) Yes; Answers will vary. 

1 

True. The first equation has a smaller period than the second 

equation, so it will have more solutions in the interval [0, 27). 

Answers will vary. 

x=2+4273 

x=6+42./5 

EB 
x 


107. x = -—1+ 22 
111. x = +1 


0 <2 115. 


x 
rage 


xO0S5x<2 


Section 2.4 (page 240) 


tan u + tanv 


1. sinucos v — cos usin v 3.2 
1 — tan u tan v 
5. cosucosv + sinu sinv 
7. Sampl si (2 +2) 
. Sample answer: sin 60 a 
2- /6 2+1 
9, (a) W272 o) 2, 
+ A os 
u.@ Vt gw 2-8 
4 2 
ia 97: 
13. sin 2 Z (V3 1) 
lla /2 
cos 7, See, ory) 
llz 
ee SS 
tan 2 2 J3 
17x /2 
15. sin 2 4 (V3 t 1) 
ln 2 
cos 2 4 (1 /3) 
17 
tap side, Sees te 
tan 2 2 J3 
17. sin 105° = 25 +1) 


cos 105° = 2 = J3) 
tan 105° = —2 — 3 


1 


21. 


23. 


25. 


27. 


29. 


37. 


47. 


57. 
69. 


75. 


77. 
79. 


81. 


83. 


89. 
93. 
95. 


97. 


99. 


»” 


sin(— 195°) = 25 -1) 


4 
V2 7541) 


4 
tan(— 195°) = -2 + /3 


ae = 24, _ J3) 


cos(— 195°) = 


12 4 
137 J/2 
== —-~*(1+ 
cos D2 4 (1 V3) 
I3m 
a = J3 
5 


sin 285° = —~=(/3 + 1) 


cos 285° = 25 -1) 


4 
tan 285° = -(2 + J3) 


sin(— 165°) = 4 
cos(— 165°) = (1 + ,/3) 


tan(— 165°) = 2 — /3 


sin 1.8 31. cos 170° 33. tan a 35. cos(3x — 2y) 
J3 1 13 1B 
5) 39 41. 0 43 35 45. -@ 
85 3 44 125 
36 49.5 51. -ip 53. - ay 55. 1 
0 59-65. Answers will vary. 67. —sin@ 


—sec 0 71-73. Answers will vary. 


(a) V2 sin( 6 + a (b) eos( 0 = 4 
(a) 13 sin(3@ + 0.3948) 


/2 sind + /2cos 6 


ot GS. 5 1 
(a) y= 1D sin(2t + 0.6435) (b) 12 ft (c) Z cycle/sec 


(b) 13 cos(3@ — 1.1760) 


n Si 5x 71 1 51 
ee Megrg Slag 
n 70 1 30 
Pa pha 


True. sin(u + v) = sinucosv + cosusinv 
; 1 
The denominator should be 1 — tan x tan 4 = 1 —tanx. 
2 
Y2 
yy 
-2 


No, y, # y> because their graphs are different. 
Proof 
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101. (a) All real numbers h except h = 0 


Answers to Odd-Numbered Exercises and Tests 


b 
© 8 0.5 0.2 0.1 
f(r) | 0.267 | 0.410 | 0.456 
g(h) | 0.267 | 0.410 | 0.456 
h 0.05 0.02 0.01 
f(h) | 0.478 | 0491 | 0.496 
g(h) | 0.478 | 0.491 | 0.496 
(c) 2 (d) Ash->0*, f-0.5 and 
g 05. 
4 : 
“8 
103. sing = —2 105. sin = SG 
1K 
tang = —2 cos @ = ~2¥5 
5 
csc 9 = —13 esc 0 = /5 
sec 9 = 2 ee ow 
P 
cot @ = —% cot @ = —2 
ix soy ie“ toe tee 
. 2 6 3 


Section 2.5 (page 250) 


1. cos 2u 


3. Sample answer: Product-to-sum formulas are used in 
calculus to solve problems involving the products of sines 


and cosines of two different angles. 


5 2 
5. nm, + 2nz, = + 2nr 7. = 9, . 
5 
11. - + nm, + nq, + nq 13. 3 sin 2x 
15. 3 cos 2x 17. 4 cos 2x 
19. sin 2u zo cos 2u = x, tan 2u = 4 
21. sin 2u = 3, cos 2u = S tan 2u = iS 


23. 8 cos*x — 8cos*x + 1 
25. $(3 + 4cos 2x + cos 4x) 


27. £(3 — 4cos 4x + cos 8x) 29. 


(3 — 4cos 4x + cos 8x) 


31. ¢(1 — cos 8x) 
33. sin 75° = 


2 
cos 75° = 5/2 — /3 


35. sin 112° 30' = 5 


37. sin = 5/2 - afd 


cos 112° 30’ = —5 
tan 112°30'= -1— /2 


(3 + 4cos 4x + cos 8x) 


39. (a) Quadrant I 
_u_ 3 u_ 4 u_ 3 
(b) sin 7 cos 73 774 


41. (a) Quadrant II 


(yan u_ 26 see a 5/26 wa = 1 
2 26’ 2 26 ’ 2 5 
43. 1 45. = T, 7 47. $(cos 20 — cos 80) 


49. 4(cos(—20) + cos 60) 51. 2 cos 46 sin 0 


/6 


53. 2 cos 4x cos 2x 55. 7 57. —./2 
an 30 5a 3n 70 na Sa 
Beg ag gg PGs 


63-65. Answers will vary. 


67. (a) cos @ = “ z 


69. Answers will vary. 


(b) a (c) 1520 mi/h 


71. True. sin(—2x) = 2 sin(—x) cos(—x) = —2 sin x 
73. B = 63° 75. B= C= 45° 77. 0.8829 
79. — 1.4945 


81. (a) About 104.95 nm south, about 58.18 nm west 
(b) S 36.7° W; about 130.9 nm 


Review Exercises (page 254) 


A31 


COS X. 


1. cotx 3. cos x 
; J21 5/21 
5. sin@ = —~— csc 9 = ——~— 
5 21 
cos 8 = ~~ sec 8 = ~3 
tan 0 = ee cot 8 = als 
2 21 
7. sin? x 9.1 11. tan u sec u 13. cot? x 
15. —2 tan’ 0 17. 5 cos 6 19-25. Answers will vary. 
27. a + 2nrz, = + 2nr 29. A + nt 
ee 44,0 35. 0x 
°3 ni, 3 n 6 Ma 5 * Up 
na 3m 9n Iln 1 
37. eB? 8g 39. 5 
41. 0 na 3a 5a 7a On In 13a 150 


"8? 8° 8° 8° 8’ 8° 8° 8 
45. arctan(—3) + nz, arct 


47. sin 75° = V2(, + /3) 


aa’ 


43. nz, arctan 2 + nw 


12 4 


5. v2 On J2 
cos 75° = a (V3 1) cost, = 4 
tan 75° =2+ /3 tan = 9 


51. sin( 0) - /2( 3 + 1) 


53. sin 15° 55. —55 57. —1 
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an 2 + nt 


49. a a 1) 


@ WHLdVHO 


A32 Answers to Odd-Numbered Exercises and Tests 


i .utve=w; 
59-61. Answers will vary. 63. a re ETE: ae 9 
: = eam aE 
65. Sample answer: 4 sin x cos x — 8 sin? x cos x 7. @) A= 100 sin 7 O85 (b) A = 50 sin 0; 6 2 
1 — cos 6x 
Bee Be : oo eR 0.6W cos 0 
67. 8 cos’ x sinx — 4cos x sin x 69. ie dae Ge 9. (a) F = ery ae 
71. sin(—75°) = =e [> + 3 (b) 952 (c) Maximum: @ = 0° 
Minimum: @ = 90° 
cos(—75°) = 5./2 — /3 
tan(—75°) = -2 — 3 oa e 
73. (a) Quadrant II 11. (a) High tides: 6:12 a.M., 6:36 P.M. 
we OS ow IS. Low tides: 12:00 a.m., 12:24 p.m. 
(b) sin , COS , tan 2 
2 5 2 ) 2 (b) The water depth never falls below 7 feet. 
75. (a) Quadrant I (c) 7 
én 2 = 3/14 Asis /70 ae 3/5 
2 14° 2 14’ 2 5 
77. [sin 100 — sin(—20)] 
110 0 ot IE 0 24 
79. 2 cos ~~ cos 5 81. 0 = 15 or t5 0 
83. False. If (1/2) < @ < 1, then 6/2 lies in Quadrant I. 13. (a) n= (cot $ ~ V3) (b) 0 ~ 76.5° 
- 0a aaa 
85. False. 4 sin(—x) cos(—x) = 4(—sin x) cos x 
a : 1 Sn 2n 4n 
= —4sinx cos x 15. (a) —~><x< (b) <x< 
= ; 6 6 3 3 
= —2(2 sin x cos x) 
= —2 sin 2x ©) F<x< am <x< dn 
87. Yes. Sample answer: sin x =4 has an infinite number of 
solutions. (d) O<x< 7 =m <x<27 


Chapter Test (page 256) 
Chapter 3 


1 nee aces 
, 5 2 Section 3.1 (page 268) 
V21 5/21 
St a= See Sy 1. oblique 3. AAS or ASA, and SSA 
2 pt 5. A = 30°,a ~ 14.14, c ~ 27.32 
aR aa COL Bs 7. C = 105°, a ~ 5.94, b ~ 6.65 
2. 1 3. 1 4. csc 6 sec 6 5-10. Answers will vary. 9. B= 60.9°, b ~ 19.32, ¢ ~ 6.36 
11. 2(sin50 + sin@) 12. —2sin0 Ll. B= 42°4',a ~ 22.05, b ~ 14.88 
3n 37x anu 5x 30 a 5x 7a l11n 13. C = 80°, a ~ 5.82, b ~ 9.20 
13. 0, re 1, es 14. 6 > rt oF 15. 6 6° “6° 6) 15. B 83°, a 0.51,¢ 0.62 
pene J2- Jb 17. B ~ 21.55°, C ~ 122.45°,c ~ 11.49 
16 epg: ATO 506" ABI 19. B ~ 9.43°, C ~ 25.57°, c ~ 10.53 
19. sin 2u = -3, cos 2u = — >> tan 2u = or oe ne ay ee pies . 
20. Day 30 to day 310 23. B= ase »C = 21.26°, c = 48.23 25. No solution 
21. 0.26 min, 0.58 min, 0.89 min, 1.20 min, 1.52 min, 1.83 min Bh lwo SOlunOnS: 
B = 72.21°, C = 49.79°, c = 10.27 
Problem Solving (page 259) B = 107.79, C ~ 14.21°, c ~ 3.30 
a ce er 29. No solution oe B= 45°,C = 90°,c a. 
/y — 2 3 b<5,b= 7 b <b<- 
tan@ = +¥1 = cos’ 8 aa 5) 2 sin 36° re sin 36° 
cos 6 5 
b> = 
esc 8 = a ©) sin 36° 
1 — cos? 0 35. (a) b < 80 (b) Not possible (c) b = 80 
ae eve 37. 22.1 39.944 41.2180 43, 223 
cos 6 45. From Pine Knob: about 42.4 km 
cot 6 = fia CONT From Colt Station: about 15.5 km 


V1 — cos? @ 47. About 77 m 


3. Answers will vary. 
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Answers to Odd-Numbered Exercises and Tests 


h 40 
49. (a) sin 30° = sin 56° (b) About 24.1 m 
51. (a) 1% (b) 16 — A 
sin 70° sin 32° 
—— D (c) About 9 m 
= 
16" 


—— 


53. (a) a = arcsin(0.5 sin 8) 


(b) 1 Domain: 0 < 6B < a 
Range: 0 < a < 2 
0 7 
0 
Gee 18 sin[x — B — arcsin(0.5 sin B)] 
sin B 
(d) 2 Domain: 0 < B < 2 
Range: 9 < c < 27 
0 T 
(0) 
ol. iy 0.8 12 1.6 
a 0.1960 | 0.3669 0.4848 0.5234 
G 25.95 23.07 19.19 15.33 
Bp | 20 2.4 25 
a 0.4720 0.3445 0.1683 
C 12.29 10.31 9.27 


As f increases from 0 to 7, a increases and then decreases, 
and c decreases from 27 to 9. 
55. True. If an angle of a triangle is obtuse, then the other two 
angles must be acute. 
57. False. When just three angles are known, the triangle cannot 


be solved. 
59. False. The sine of the angle included between the sides is 
needed. 
61.3 63.0 
65. (a) 5 = (b) Even multiplicity (c) 1 
(d) 30 
4 12 


67. (a) —3, 0,4 
(b) —3, 5, odd multiplicity; 0, even multiplicity 
(d) 48 


(c) 3 


A33 


Section 3.2 (page 275) 


enn = 


61. 


63. 
69. 


73. 


. alternative 


a + Ce — b? 
2ac 
A = 38.62°, B ~ 48.51°, C = 92.87° 


3. cos B = 


. A = 17.61°, B = 28.96°, C = 133.43° 
. B~ 23.79°, C = 126.21°, a = 18.59 

11. 
13. 
15. 
17. 
19. 
21. 
23. 
25. 
29. 
31. 
33. 
35. 
37. 
45. 
49. 
53. 
59. 


A = 43.31°, B = 28.69°, c ~ 13.87 

A = 30.11°, B ~ 43.16°, C ~ 106.73° 

A = 132.77, B = 31.91°, C = 15.32° 

B = 27.46°, C ~ 32.54°, a = 11.27 

A = 141° 45’, C = 27° 40’, b = 11.87 

A = 27° 10’, C = 27° 10’, b = 65.84 

A = 33.80°, B ~ 103.20°, c ~ 0.54 

12.07; 5.69; 135° 27. 13.86; 68.2°; 111.8° 
16.96; 77.2°; 102.8° 

Law of Cosines; A ~ 102.44°, C = 37.56°, b = 5.26 


Law of Sines; No solution 

Law of Sines; C = 103°, a = 0.82, b ~ 0.71 

23.53 39. 5.35 41. 0.24 43. 1514.14 

About 373.3 m 47. About 103.9 ft 

(a) N59.7E  (b) N72.8°E 51. 41.2°, 52.9° 

72.3° 55. About 46,837.5 ft? 57. $83,336.37 

False. For s to be the average of the lengths of the three sides 


of the triangle, s would be equal to (a + b + c)/3. 


c? = a’ + b?; The Pythagorean Theorem is a special case of 
the Law of Cosines. 


Proof 65. (a) $ (b) 65. ~—s67. (a) —¢— (b)~V/17 
(a) 0 (b) 6 71. (a) 2 (b) 461 
(a) sing = 2 csc = ./2 
cos 9 = ~~? sec 0 = —/2 
tan@d = —1 cot@ = —1 
(b) sing = —~2 csc 8 = —./2 


cos 9 = “2 sec = ./2 
—1 


tan 0 = cot@ = —1 


Section 3.3 (page 287) 


. directed line segment 


3. multiplication; addition 


. Two vectors are equivalent if they have the same magnitude 


and direction. 


. Equivalent; u and v have the same magnitude and direction. 
. Not equivalent; u and v do not have the same direction. 

. Equivalent; u and v have the same magnitude and direction. 
. v= (1, 3), 
- v= (~8, 6); [lvl] = 10 
. v= (16, —26); 


vl= /10 15. v = (0,5); |v] = 5 
19. v = (—9, —12); [lv] = 15 


y|| = 2/233 
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A34 Answers to Odd-Numbered Exercises and Tests 


23. , 25. ' 33. (a) (1, —9) (b) (—1, —5) 
a +—+++_++++ + > x 
v 12345678 espe pete pains 
¥ ~7 6-5 =4=3 23 
-v 
u 
a a 
27. : es 
u 
0-8 6-4 3 _ 
2u —-3v 
-3v | 
=145 
29. (a) (3, 4) (b) (1, —2) al 
A | DJ 9: 
A A 35.10 37.9/5 39. (1,0) 41. 7 x2) 
J37 6/37 
47 uty 27 43. eee ~ 6x37) 45. v = (-6, 8) 
3+ I+ ou _—— 
18/29 4529) 
| " a a aor _ eG eee tee 
++Ht fit 47. v ( 29° 229 49. Si — 3j 51. —6i + 3j 
u elie a 53. v = (3, —3) 55. v = (4, 3) 
t {+$—}——}+- +> + 4 
-1 12 3 4 5 u-v y y 
-i4t 34 A A 
i+ all 
(c) (1, —7) 34 
, ; ; : 5% u+2w 
A “~ 2 3 27 
27 Qu Fi se 1+ 2w 
a i u 
same ea ee a a ™. —— 
_o1 ul: zu 3.4 ~=°5 
mal —3v iy 8 
-6+ = — 
nice 57. v = (0, “5) 
104 : ; : ; ; a 
oa Pe 
31. (a) (—5, 3) (b) (—5, 3) u-2w 
4 4 -2 
3 —2w 
-4 
59. |lv|| = 6./2;0 = 315° 61. ||v|| = 3; 6 = 60° 
te x 7 7 
63. v = (3,0) Gee (3 2) 
(c) (10, 6) ; i k 
i 24 ail 
10+ 37 
4+ i+ 
2u = 2u —3v . 2+ 
eT + 150° 
| —_———— 
1 2 3 : ; : ; ; 
ete |-3v ad 4-3-2 -1 ice 
“2-10 -8 -6 -4 -2 | a =i 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


69. 
75. 
77. 
79. 
81. 


83. 
89. 
91. 
95. 
97. 
101. 


103. 
111. 


115. 
117. 


Answers to Odd-Numbered Exercises and Tests 


-(2.2) 
Vv" '\5' 5 
( 
34 
a+ 
14 
{+> + 
-1 1 2 3 
aiid 
(2,4+2/3) 71. 90° 73. About 62.7° 
Vertical ~ 2.30 ft/sec, horizontal ~ 21.88 ft/sec 


About 12.8°; about 398.32 N 
About 71.3°; about 228.5 Ib 

T, ~ 15,484 Ib 

Trp ~ 19,786 lb 

J/21b;11b 85. About 20.8 Ib 
N 21.4° E; about 138.7 km/h 

93. True.a =b=0 


87. About 19.5° 


True. See Example 1. 


u, = 6 — (—3) = Yandu, = —1 — 4 = —5,sou = (9, —5). 
Proof 99. (1,3) or ( —1, —3) 
(a) 5./5 + 4cos 0 
(b) 
0 2a 
0 


(c) Range: [5, 15] 

Maximum is 15 when 6 = 0. 

Minimum is 5 when 0 = z. 
(d) The magnitudes of F, and F, are not the same. 
8.49 105. 3.16 107. 6.08 109. 17.09 


et nx =—s-:113. 1 


A = 21.00°, B = 18.57°, C = 140.43° 
A = 37°,a = 12.10, b = 17.24 


Section 3.4 (page 297) 


1. 
3. 


13. 
19. 


25. 


35. 


43. 
47. 
53. 
57. 
61. 
67. 


Sample answer: us (v+w) =urvtu-w 


(Gaz) 5. —19 7. 0 9. 6 11. 18; scalar 


(24, — 12); vector 


10 — 1; scalar 


5/41 27.6 29. 5 


About 0.93. 37. -= ~—-39.. About 91.33° 


26.57°, 63.43°, 90° 45. 41.63°, 53.13°, 85.24° 
—20 49. 12,500./3 51. Not orthogonal 
Orthogonal 55. Not orthogonal 

79(84, 14), (10,60) 59. (0, 0), (4, 2) 
(3,2) 63. (0,0) 65. (—5,3), (5, -3) 
Si +5j,-fi1-Fj 69. 32 


15. 0; vector 
21. —12; scalar 


17. 60; scalar 
23. 17 


31. About 2.50 33. 0 


41. 90° 


71. 


A35 


(a) $35,727.50 
This value gives the total amount paid to the employees. 
(b) Multiply v by 1.02. 


73. (a) Force = 30,000 sin d 
(b) 
Force | 0 | 523.6 | 1047.0 | 1570.1 | 2092.7 | 2614.7 
6° cia 8° 9° 10° 
Force | 3135.9 | 3656.1 | 4175.2 | 4693.0 | 5209.4 
(c) About 29,885.8 lb 
75. 735 N-m 77. About 779.4 ft-lb 
79. About 1174.62 ft-lb 
81. False. Work is represented by a scalar. 83. 4 
85. The dot product of two vectors is a scalar, not a vector. 
(5,8) * (—2,7) = 5(—2) + 8(7) = —10 + 56 = 46 
87. l;usu=|lul? 89. Proof 91. (a) 5b) (3,11) 
93. (a) /74 — (b) (0,0) 95. 3n? + 3n — 1 
97. 5x? + Ix + 4 
99. No symmetry 101. y-axis symmetry 


103. 


Review Exercises 


ene» 


No x-intercepts 


x-intercept: (3, 0) 
y-intercept: (0, 2) 
(b) (—7, 5) 


y-intercept: (0, 1) 
(a) (1, -1) 


FN WwW FHM DANA 
fag 
t—_—_+—_—__ ++ 


(page 302) 


. C= 72°,b = 12.21, c ~ 12.36 


A = 26°, a ~ 24.89, c ~ 56.23 
C = 60°,a ~ 2.53,b ~ 9.11 
B = 108°, a = 11.76, c = 21.49 


. A = 20.41°, C = 9.59°, a = 20.92 
11. 
13. 
21. 
23. 
25. 


B ~ 39.48°, C ~ 65.52°, c ~ 48.24 
19.1 15. 47.2 17. 3204.5 

A = 27.81°, B = 54.75°, C = 97.44° 
A = 16.99°, B ~ 26.00°, C ~ 137.01° 
A = 29.92°, B ~ 86.18°, C ~ 63.90° 


19. About 31.01 ft 
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A36 


27 


. A = 36°, C = 36°, b ~ 17.80 


Answers to Odd-Numbered Exercises and Tests 


55. (a) Tit 


2j 


(b) —3i — 4j 


29. A =~ 45.76°, B = 91.24°, c = 21.42 | i 
31. Law of Sines; no solution ral 34 
33. Law of Cosines; A ~ 28.62°, B ~ 33.56°, C ~ 117.82° 13S ll 
35. No; A = 161°, b ~ 102.18, c ~ 59.89 i 
37. About 8.57 ft, about 25.27 ft 39. About 615.1 m f a, }—> x 
41.7.64 43. 8.36 Ke = 
45. Not equivalent; u and v have a different direction. ~T 
47. (7,-5), /74 49. (7, -7); 7/2 nat 
51. (a) (—4, 3) (b) (2, —9) 
y (c) 8i — 4j (d) 251 + 4j 
A : 7 
6+ +—t i A 
6 -4 -2 6 al ‘al 
4+ 
u¢v | ot 107 3v Su 
ei N rs ai pe (ae 
“6 -4 \u ans ~ 8 =5 5 10 15 20 25 
ay sal “gil. 
-44+ -12 -107 
-4+ 4u -ist 
(d) (— 14, 3) 
i 
$+} > x By 18 
2 4 6 T 
Su 12+ 
3v+5u i 2 ~* 
- -2 -6 [6 2 
53. (a) (—1, 6) (b) (—9, —2) 
i A y y 
10+ oy A 4 
8+ 
8+ ai 6+ 
abe 4+ 
y T t x a7 u 4u 
uty ete 
[ 2 4 6 8 10 12 14 16 
u -2+ 
a = + -4t : 
-6 -4 -2 2 4 6 : 
a4 mal -6+ 
-8+ 
(c) (—20, 8) (d) (— 13, 22) 59. -i+5j 61. 61 + 4j 
i i 63. (30, 9) 65. (22, —7) 
5 4o+ y y 
sf. A 
24 
15 307 20 fe 
n 10 3v+5u il 15 ie 
u 3Vv 
Oe ; 3v v ae Qu+y 
~~ = 10 20 30 
-20 -15 -10 -5 t _ t FA +> x - 
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Answers to Odd-Numbered Exercises and Tests A37 


67. (—10, —37) 11. (—4, 12) 12. (8, 2) 
i h i 
a NV ie wey 12+ ae 
ae 
-10 jal -v 
| Su u 24+, u-v 
+ ane }—} » x 
4 ee 2 4 6 8 10 12 
Su — 4v Ve —4v er ee ae \ ee wie 
-40 + =10 -8 -6 -4 -2 ae i 
1 -2+ -6- 
69. |lv|| = /41; 8 ~ 38.7° 71. ||v|| = 3/2; @ = 225° 13. (28, 20) 14. (—4, 38) 
i 1 
304 54 vail 
| —3v 4u + 2v pt oy 
4u 
12 
> x 6 
oh hh ‘ ; 2 4 
4 a6 


15. (33,5) 16. About 14.9°; about 250.15 1b 17. 1 
18. 135° 19. Orthogonal 20. Orthogonal 
75. 180 lb each 77. 45 79. —2 81. 40; scalar 21. 715, 1); = —1,5) 22. About 104 Ib 
$3. 4 — 2./5; scalar 85. (72, —36); vector 
87. 38; scalar 89. 165° 91. About 160.5° 
93. Orthogonal 95. Not orthogonal 1. (a) 7 (b) 240° 
97. — 44,1), 7-14) 99. 3(-1, 1), 31, DD 
101. 48 103. 72,000 ft-lb 
105. True. Using the Law of Cosines, there is exactly one solution. 
107. True. sin 90° is defined in the Law of Sines. 
109. A and C — 120° 
111. For k > 0, the direction is the same and the magnitude is k 
times as great. 
For k < 0, the result is a vector in the opposite direction and 
the magnitude is |k| times as great. (ey anl== me) csc(— 120°) = 
113. Direction and magnitude 2 


Cumulative Test for Chapters 1-3 (page 306) 


(c) -" 
(d) 60° 


oO} _ _ = oy; — _ 
Chapter Test (page 305) a ale a 
1. Law of Sines; C = 88°, b ~ 27.81, c = 29.98 tan(— 120°) = /3 cot(— 120°) = a 
2. Law of ag A = 42 2 = 21.91,c ~ 10.95 2. —83.079° 3. a 
3. Law of Sines; Two solutions: 4” 5 > 


B = 29.12°, C = 126.88°, c = 22.03 

B = 150.88°, C = 5.12°,c = 2.46 
. Law of Cosines; A ~ 19.12°, B ~ 23.49°, C = 137.39° 
. Law of Sines; No solution 
. Law of Cosines; A ~ 21.90°, B = 37.10°, c = 78.15 
. 2052.5 m? 8. 606.3 mi; 29.1° 9. (14, —23) 
(i834 20/54) 


7 = 17 


NINA Sb 


nly 


1 


> 


its Rese 
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A38 Answers to Odd-Numbered Exercises and Tests 


6. y 7.a=-3,b=17,c=0 11. (a) u = (0, —120), v = (40, 0) 
4 U 
(b) i 
140+ 
120 >- 
100 +- 
as 80+ lus 
60 + 
40+ 
20+ y 
W~+++4+++4++4++4++4+++> E 
-60 -20 | 20 40 60 80100 
8. 9, 4.9 Down 
10. 3 (c) About 126.5 miles per hour; The magnitude gives the 
11. 1 — 4x actual rate of the skydiver’s fall. 
12. 1 (d) About 71.57° 
13. 2 tan 0 (e) 
og 14-16. Answers will vary. 
am 3n 5n 
ae oe = 
a 5a 7a lI\n 3n 16 4 
18. 19. 20. —= 21. — 
ee 6 6 2 0. 3 3 eo) tae eee 
22. V5 23. 9(in oe a. sin r) 24. —2 sin 8x sin x aye ee eceeee ne 
5 2 2 Down 
25. Law of Sines; B ~ 26.39°, C ~ 123.61°, c = 14.99 About 123.7 mi/h 
26. Law of Cosines; B ~ 52.48°, C =~ 97.52°, a = 5.04 13. Answers will vary. Sample answers: 
27. Law of Sines; B = 60°, a ~ 5.77, c = 11.55 (a)b=4 (b)b=7 (c) b= 10 
28. Law of Cosines; A ~ 26.28°, B =~ 49.74°, C = 103.98° 15. (a) 
29. Law of Sines; C = 109°, a ~ 14.96, b ~ 9.27 6 0.5° 1.0° 15° 
30. Law of Cosines; A~ 6.88°, Be 93.12°, c = 9.86 IIv|| sin 0 0.873 1.745 2.618 


31. 41.48 in.” 32. 599.09 m? 33. 7i + 8j 


V2 v2) 1 21 l|v|cos@ | 99.996 | 99.985 | 99.966 
34. ( a) 35. —5 36. 1315) Be 1) 
37. About 395.8 rad/min; about 8312.7 in./min 0 2.0° 2.5° 3.0° 
38. 427 yd? ~ 131.95 yd? 39. 5 ft 40. About 22.6° Iv|| sin 6 3.490 4.362 5.234 


us fe} 
41. d= 4cos at 42. About 543.9 km/h; about 32.6 | cos 6 99.939 | 99.905 | 99.863 


43. 425 ft-lb 
(b) No. Find the square root of the sum of the squares of the 


Problem Solving ( page 311 ) vertical and horizontal components. 


1. About 2.01 ft (c) G@) 150 mi/h = (ii): 150 mi/h 


3. (a) A 75 mi B_ (b) Station A: about 27.45 mi; 
A ee ae Station B: about 53.03 mi Chapter 4 
' 60° Lost par ! i: ° “ 
¢ party ' — (c) About 11.03 mi; $ 21.7° E Section 4.1. (page 319) 
5. i) /2 ii) /5 iii) 1 
‘) ag S “e S ‘ L J-i-1 3@i ii @i 5-244 
(b) @) 1 i) 3/2 Gi) /B 7.a=9,b = 8 27 + 4 «11 13. 3-3 /2i 
Gv) 1 (v1 (vi) 1 15.-12+9% 17.5+i 19. 108+12i 21. 11 
5 JB 23. -13+84i 25.85 27.6 29.20 31.7 
(©) @) ~- Gi) 13 (iii) “S~ 33. $+: 35.4+ fi 37. -4-91 
(iv) 1 (v) 1 (vi) 1 39. -7e- Bia. -23 43. - 15 45. 72 
(d) (i) 2/5 Gi) 5/2 ii) 5/2 47, (214+ 5./2)+(7/5-3V10)i 4%. 1+i 
(iv) 1 (v) | (vi) 1 12 3 : 
7. (a) 0 (b) 180° 51. -2+ ab 53, -2+~ i 55. 2 + J/2i 
(c) No. The magnitude is greatest when the angle is 0°. 57 3 5a 13, 
9. Proof “7 7 
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59. 


61. 
63. 


65. 


67. 
69. 
75. 
79. 
83. 
87. 


Answers to Odd-Numbered Exercises and Tests 


; . 53 33. 

Z =5 + 2i,z, =3 MZ = s0 34! 
False. Sample answer: (1 + i) + (8+ i) =4+42i 

True. xt+— 3x? + 14 = 56 

(i V6)* - (-i V6) + 14 2 56 

36+ 6+ 14 As 56 

56 = 56 


i, —1, —i,1,i, —1, —i, 1; The pattern repeats the first four 
results. Divide the exponent by 4. 

When the remainder is 1, the result is 7. 

When the remainder is 2, the result is — 1. 

When the remainder is 3, the result is —i. 

When the remainder is 0, the result is 1. 


—6/—-6 = /6i,/6i = 6i? = —6 
Proof 71. 3x2(x + 4)(x — 4) 73. (x — 3)(x? + 3) 
3x(2x + 3)(x — 6) 77. (x + I — 1)? - 2) 
(3x + 1)(3x — 1)(x + 2)(x — 2) 81. (a) 4 (b) 2 
(a)0 (b)0 85. (a) 25. (b) 25 
(a)0 (b)0 89 (a)0 (b) 4 


Section 4.2 (page 326) 


Ui Ge 


11. 
15. 
23. 
29. 


31. 


33. 
35. 
37. 
39. 
41. 
43. 
45. 
47. 
49. 
55. 
59. 
61. 
63. 
65. 
67. 


. Fundamental Theorem; Algebra 
. a — bi; Complex solutions occur in conjugate pairs. 


3 7. 4 9. Two imaginary solutions 
One repeated real solution 13. Two real solutions 
2/5 Wealeys Is. 2-1 sa 
eee B/E 7. 6 Ft 
(a) 12 (b) +J/2i 

10 10 

-2 

(c) They are the same. 
(a) bd (b) 4, +7 

6 10 


(c) They are the same. 

(x + 6i)(x — 6i); +6i 

(x + 3)(x — 3)(x + 3i)(x — 30; +3, +37 
(x-—1-4)@-1+4 4);1 +4 4: 

(x -—3 + /19)(x — 3 — /19);3 + /19 
(x + D(x — (x + 30(x — 3’); +i, +3i 

(x 3)(x V3)(x J/3); 3, +73 

(2x — 1)(x + 3/2i)(x — 3/23); 3, +3. /2i 


x(x — 6)(x + 4i)(x — 42); 0, 6, +4i 


1,42) 51. 42i,1,-5 53. -4,3+i 
2,342) 57. +211 + /3i 

f(x) = 08 — x? + 25x — 25 

f(x) = x* — 6x3 + 14x? — 16x + 8 

f(x) = 3x4 — 17x3 + 25x? + 23x — 22 


fd) =-P4+x-4e +4 
f(x) = 2x4 + 2x3 — 2x? + 2x - 4 


69. 
71. 
73. 
75. 


77. 


79. 


A39 


f(x) = +x? — 2x + 12 
f(x) = 8 — 6x? + 4x + 40 
f(x) = x3 — 6x? + 17x — 18 


(a) ; No 
t | 0 1 2 3 4 2) 


h | 5 | 68 | 99 | 98 | 65 | 0 


(b) When h = 110, the resulting equation yields imaginary 
roots. So, the baseball does not reach a height of 110 feet. 

(c) 140 The graphs do not intersect, 

so the baseball does not reach 


110 feet. 


(d) The results show that it is not possible for the baseball to 
reach a height of 110 feet. 

(a) P = —0.0001x? + 60x — 150,000 

(b) $8,600,000 (c) $115 

(d) Not possible; When P = 10,000,000, the solutions are 
imaginary. 

False. The most imaginary zeros it can have is two, and the 

Linear Factorization Theorem guarantees that there are three 

linear factors, so one zero must be real. 


81. Answers will vary. 
83. The function should be f(x) = (x + 2)(x — 3.5)(x + d(x — i). 
85. 1), 1,13 87.5 4+7,5+%,5 +7; 
89. The zeros cannot be determined. 
91. Multiplicative Inverse Property 
93. Associative and Commutative Properties of Multiplication 
95. Distributive Property 
' | 3n\ V2. 
97. sin 330° = 5) 99. sn in) = ) 
ale ( | 3/2 
cos 330° = > cos 4) 5) 
be we ( | 7 
tan 330° = 3 tan r? 1 
lin wa 
101. sin ai 5) 
is * 
cos 5 
lla 
tan ——— = —/3 
an 
103. 2i — 4j 105. —9i + 5j 


Section 4.3 (page 334) 


1. 
3. 


5. 


real; imaginary 

Reverse the sign of the imaginary part of the complex 
number. 

b 6. d 7.f 8. a ae 10. c 
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A40 Answers to Odd-Numbered Exercises and Tests 


11. Imaginary 13. Imaginary . 4 . 5/26 
x os _ + 55. sin @ = 5 57. sin@ = 76 
1 1 1 ea e@ (—6, + 
48 ie . tan 6 = a cos 8 = Pica) 
-2+ i oI 3 26 
~ oF 5 /26 
-4+ ‘ =—- — SS 
wot esc 8 = 4 esc 8 = 5 
-67 \ ' F Pom; ,_» Real 5 
f O-7 “8-6 -4 2 2. ae sec 9 = —> sec 0 = — \/26 
—g+ ot 3 
1 
7 10 a cot 9 = = 
15. Imaginary 4 5 
a Tn lla 1 51 
pM ee fa __, Real 59. — + 2nn, — + 2nt 61. — + nn,— + na 
Swe ttt axis 6 6 6 6 
oh Section 4.4 (page 340) 
aot \ 
-at % 1. trigonometric form; modulus; argument 
—s+ ‘ 
-Zill ‘e(4,-6) 3. Find a value of 6 for which tan 0 = - Find the modulus 
“ih r= Ja? + Bb’. A trigonometric form is r(cos 9 + isin 6). 
: o . ; ; Ry a TE 5a... St 
17. 5 + 61 19. 10 + 4: 21.1+7i 23. —2 — 2i 5. 3\ cos 5 + isin > 7.3/2 cos] + isin 7 
25. 10 — 31 27. —6i 9, Imaginary 11. Imaginary 
29. teraginaty 31. rea a ore 
A 
44+ 3+ 27 t t a 
a7 ees) (1,2) @24 — 
2+ . 
+ hell p++ +4» Real poy yy | jy > Real 1+ siti -1+ % 
-2-1,, 12345 6 mis -4 -3 -2 -1 ii? axis na - 
eT 1,-2 —— jhe at ee 
-3+ © (2,-3) Ch eye H 7 axis 
ra 234 
; i mn... sa... Sa 
2— 3i -1+2i /2( cos — + i sin — 2| cos — + isin —— 
4 4 3 3 
33. Imaginary 
° 13. Imaginary 15. Tnaatnaiy 
8@ (0,8) “ f 
=); n 1 1 I = Real n n t —_s Real 
4y ee ee axis -4 -2 a 
a hal , 4, 1 1, Real Pa a =7ete 
-8-6-4-2,, 2468 mis ue : il 
-44 - @-5i 
-6> ut =34 -6+ 
-8@ (0,-8 
ee -2(1 +¥3i) fh -34 
—8i 
od = 4 4 
35. 2/2 ~2.83 37. /109~ 1044 39. (4,3) 4{cos 2b. dea =) 5(cos ee =) 
41 (3 —3) 3 3 2 
+ la 2, 
43. (a) Ship A: 3 + 4i, Ship B: —5 + 2i 17, tmasinary 19. naeieery 
(b) Sample answer: Find the modulus of the difference of the 4 744i 4 
complex numbers. i+ he “y 
45. False. The modulus is always real. TS 27 
47. False. {1 + i] + |1 — i] = 2/2and|(1+i)+(1-a)| =2 ; 3 Real tL eat 
49. A circle; The modulus represents the distance from the origin. ' % pe <= Gn abe Oe = 
Sie 2iae ~~ SA 915 all 77 
- al 
2(cos 0 + isin 0) /65(cos 2.62 + isin 2.62) 
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Answers to Odd-Numbered Exercises and Tests A41 


Imaginar Imaginary 
ah mi * = os : 51. cos = r isin 53. 6(cos 330° + i sin 330°) 
5+ —— = hel 1 1 Tn Tn 
a+ tet Ne te - 55. (a) | 22(cos — + isin AH /2( cos — + isin 7) 
3 -- -1+ 4 4 4 4 
cll oe “ana P| (b) ae i sin 0) ; 4 (c)4 
ee + isinZ) || a(eosF + sin§)| 
| a ese ee el al 57. (a)  2(<0s 5) + isin 5) J2 cos 7 + isin 7 
-1 PD. B45 
a seit (b) 2VA{ cos = + isin a) =2-2i 
2V3{c0s ; + isin 2) /10(cos 3.46 + i sin 3.46) (c) —2i- 2? = -28+2=2- 21 
5. sina re ere 59. (a) [5(cos 0.93 + isin 0.93)] + | 2(cos = + isin 2) 
oe ta 5 
s+ ST a ney (b) =(cos 1.97 + isin 1.97) ~ —0.982 + 2.299: 
Pl -10 -8 -6 -4 -2)7 _ 2 
ey (c) About —0.982 + 2.299 
4] pe ae meeill 61. (a) [5(cos 0 + isin 0)] + [Vv 13(cos 0.98 + isin 0.98)| 
ye Fa -67 5 
tT eee a b cos 5.30 + isin 5.30) ~ 0.769 — 1.1547 
ee a ar 
“aie -8-SV3i 10+ 10 1 
: Cle ai ~ 0.769 — 1.154: 
/29(cos 0.38 + isin 0.38) /139(cos 3.97 + isin 3.97) 63. —1 65. —10./2 + 10,/2i 
29. 1+ J3i 31, -2Y2 4 2v?; 67. E = 24(cos 30° + i sin 30°) volts, E = 12./3 + 12i volts 
8 8 69. True. sin 7 = 0 71. Answers will vary. 
— eas 73. Answers will vary; (a) 7 (b) cos 26 + isin 20 
{ { 75. (a) 94cm? (b) 60 cm 
27 . il 77. (a) 308.82 ft? — (b) 365.366 ft? 
pitv3i _9V2 , 92; ot 7 
doy ar Section 4.5 (page 346) 
/ Sly 2 125, 12 
nd *S 1. DeMoivre’s 3. . 5. 2 + 5v/3, 
t t ee ‘S Real n 2 2 
Hl 3 axis >—_——_——_— 
24 as - axis 1 1 
= > 7. —1 9, 608.0204 + 144.6936 11. a pe 3; 
7 pie 2/31 oe : 13.32; 15. -4-4i 17.8% 19. 1024 — 1024/3: 
imaginary imaginary 
a a 21..=597 = 122i 23, —43,/5 + 4: 
3+ at 25. Imaginary 
ie oe 
‘ 4 > Real al 7 2 =, 
rofss2 345 67° 38 Real Ja 
GLP en a=2cisi Y Basi 
“37 we “7 ; 
—4+ 6-2V3i 44 = = ; one 
al. 2 gta 
37. —4.7347 — 1.6072i al 
ora The absolute value of each is 1, and the consecutive powers of 
Bil z are each 45° apart. 
ot 27. Answers will vary. 29. 1+i,-1-i 
if 31 V6, /6. /6 6. 
Ps jas. Ne : ee me) 9 
ge eae 33. —1.5538 + 0.6436i, 1.5538 — 0.6436i 
4.7347 = 1.60721 ~2F 35 fb 2, _ fb 2. 
3 ae ae aes aR 


39. 4.6985 + 1.71013 41. —1.8126 + 0.8452: 


43. 12{cos 4 + isin 2) 45. (cos 150° + isin 150°) 


47. cos 50° + isin 50° 49. (cos 30° + i sin 30°) 
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A42 


37. (a) \/5(cos 60° + isin 60°) 
/5(cos 240° + i sin 240°) 


ei af lS 5 15. 
eee ee 2° 
(c) Tnaenery 

gl. 


39. (a) 2( cos an isin 2) 


Real 
axis 


(b) 1.5321 + 1.2856i, 


8 8 — 1.8794 + 0.6840i, 
2( cos = + isin =) 0.3473 — 1.9696i 
2( cos Ah + isin Mn) 
9 9 
(c) Imaginary 


axis 


t = Real 
-3 3 axis 
41. (a) 10(cos 0 + isin 0) (b) 10, -5 + 5/33, 

10{ cos 2 + isin 2) —-5 —5/3i 
3 3 
4 4 

10{c0s = + isin =) 

(c) Imaginary 


axis 


(b) 1+i,-1 +i, 
Sif 1—7 


/2| cos — + isin — 
4 4 
(c) Imaginary 
axis 
A 
a4 
1 ; » Real 
3 2 axis 
24 
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Answers to Odd-Numbered Exercises and Tests 


45. (a) cos & + isin 


5x 51 


cos —— + isin — 
8 


= ONE 

cos “3- + i sin= 
eae ee 
8 8 


Imaginary 
(c) " a : 


47. (a) 3{cos Z + isin 2 (b) 2.7716 + 1.14813, 
— 1.1481 + 2.7716i, 
3(cos = — + isin =| —2.7716 — 1.1481i, 
1.1481 — 2.7716: 
3(cos 7 — + isin — li 
8 
- a : rd 
3| cos —— + i sin —— 
8 
Imaginary 
A 
ral 
, es i 
-4 4 axis 
-44 
7 
49. (a) V2 cos 2 + isin (b) 0.6420 + 1.26011, 
20 20 af aa 
VA cos BF isin =) — 1.2601 — 0.6420i, 
a : : 0.2212 — 1.3968i, 
SOT 4 eT, 1.3968 — 0.2212i 
VA(cos 20 isin 20 
31n .. 3la 
VA cos 20 isin an) 
39n «390 
JA cos 70 isin ot) 
(c) Tagen 
on 
ot 
i Real 
3 2 axis 
24 
51. (a) s{co + isin =) (b) 0.8682 + 4.9240i, 


(b) 0.9239 + 0.3827, 
— 0.3827 + 0.9239, 
— 0.9239 — 0.3827, 
0.3827 — 0.9239: 


— 4.6985 — 1.7101i, 


s{cos POE ie sie Yn) 3.8302 — 3.21391 
9 9 
s{cos ich + isin sn) 
9 9 


Answers to Odd-Numbered Exercises and Tests A43 


(c) Imaginary 7 . 7 Imaginary 
a" 63. £/2| cos 7 + isin a pi 
a 5 5 ail 
¢/2( cos > + isin =) 
; 237 231 , 
i i » Real 6 Loot t t >» Real 
4 ae ¢/2( cos 2 7 sina a + axis 
-6- -24 
34 ag Tinagtiary 65. Prisoner set 67. Escape set 
53. cos eo isin cS ans 69. True. The modulus of the nth roots is 2/r. 
In 71. cos 10m” + isin 107 = 1, noti. 
RES ig: isin 8 73-75. Answers will vary. 
lin |. Un Os ; a ' 
cos —— + isin —— 
8 + 4 
cos ae isin tals 
8 8 
Imaginar 
55. cos : +i sin ais 
Te 
cos 5 + isin 5 
om clflcs, 8 Sa i Real 
cos 6 isin 6 = 7 axis 
Tt ._. In 
cos — + isin — 
6/6 
3m a 
cos ~ isin, 
cos Lue isin ay 
6 6 
1 2 TE Imaginary 
57. 2(cos = + isin 2) = 83. (—2,0) 85. (8, 6) 
2(cos = + isin 2 aap ; y 


2(cos m + isin z) 


2(cos ae isin a 


5 a 
2{ cos + isin =) 4 20-1 ae: -§-6-4-2,| 2 4 6 8 
BS) 5 - mi 
59. 3(cos 0 + isin 0) meeay 4 64 
( an. , 2m) A -2+ -8+ 
3| cos — + isin — 4+ 
3 3 87. Answers will vary. 
3{ cos + dain ; : 
ar eee Review Exercises (page 350) 


1642) 3. -1+3i 5 114+7i 744+ 6i 
9% 10+11/6i 1.11444) 13. —4 - 46: 
15.15+6i 17.50 19-56-90: 21. $+ 8 


oe 23.1-% 25.8438: 27.1433 
Imaginary l 6 
61. 2(cos eee m va 29. > =a cs 31. 6 33. Two real solutions 
8 8 6+ jaa 
5a. . Sa 35. Two imaginary solutions 37. 0,2 39. 2 ae a 
2{ cos “.~ + isin , aa 2 2 
J39i ; : 5 
| OAs. _ . = 41-7 tS 438. Fi, VTi 45. 16.8°C 
cos —— + isin — ; 1 > axis 
8 8 - : 1 ee ee ce 
( Br in) 47. 5 (2 +1- JS5i)(2x + 1+ /5i); rk. 
2\ cos —— + i sin —— ; ag ; 
8 8 49. (2x — 3)(x + 5i)(x — 51); 5, +5i 
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A44 


5 


-_ 


_ (e+ VI 2" — VUle+ Vaile — V3: °F, 2 Vi 


Answers to Odd-Numbered Exercises and Tests 


53. —7,2 55. 2, +47 S15 33 5, Dee it 95. —8i 97. = f 025.V3, 99. 2035 — 828i 
59. f(x) = 3xt — 14x39 + 17x? — 42x + 24 . 
: ; 101. —8 — 8i 
61. f(x) = x* + 27x? + 50 3/2 3/3 
63. f(x) = 2x3 — 14x? + 24x — 20 103. (a) 3(cos * + isin a (b) roe + 5 i, 
65. Imaginary 67. Imaginary F 
- Fy 3{cos 71 ak i) — 0.7765 Tr 2.8978i, 
ns i me 
saul ait 12 12 —2.8978 + 0.7765i, 
at at In In bye. 32. 
2 «l Pia, 3{cos 2 + isin 12 a ene a. 
ll ge 3(c0s es sn) 0.7765 — 2.8978i, 
ot iP. we 3 4 4 2.8978 — 0.7765i 
ia th 4 tt i 1 il 
=24 
7 /34 3{cos ee. isin 21) 
12 12 
69.3 +1 71. -2 +i — 
(c) Imaginary 
73, ‘Imaginary axis 
axis A 
at 
3 
2 
1 B,D @ , 
4 > Rea’ = ‘ sis 
-1 ie ae a as 
-1 (3,-1)® 
-2 
=3 =i de 
3-j 105. (a) 2(cos 0 + isin 0) (b) 22= 1 +997, 
in 5 eae : 
75. 10 77. (3, 2) 2( cos ot isin 2) 1- V3i 
79. Imaginary 81. Imaginary 3 3 
{ ‘{ 2( cos BE 4 sin =) 
ail San TE emf 
sy eligi oe oe cate | Real 3 3 
4@ 4: wa i 2345678. mis (c) Imaginary 
all. =o nee g axis 
2+ at S, ai 
i —s+ ‘ 
; f ' ec Real 64 _ 
23,29) “ta 1 2 73° 28 a wage + ; er 
1 1 Tn Tt 
TE pa te ET ii da 
4(cos ) isin =) 7VA{ cos 4 isin 4 
83. Imaginary 85. /3 +i - 
- a : 107 a(cos 1 fo etn =) 3/2 ; 3/2 ‘ 
-8 6-4-2 |, 2 4 6 one sg is i a : | S 
io 3(co Bit pi ‘2 32, 3V2, 
i; 27 4 4 20° 2 
= gl ‘, 3 5x... Sa 3/2 3/2. 
sigill ‘ 14 0 V34i cos 4 7sim 4 2 2 1 
sot ‘gS = 12 ae Sh ese ea, 3/2 32. 
44k uo os He cos 4 isin ra oe 7 i 
13(cos 5.107 + isin 5.107) : La 
87. 1 -i 89. — /3 +i a 
Imaginary Imaginary 
i‘ A 
p> Real 2+ p> Real 
. 1 2 axis 24 4 axis 
_— -J3 +i 
-14 el-i oe 1+ 
The all 
ad ae Real 
2 “1 axis 
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91. 


( 


Tn ce. ATE 2 ° wos ° 
COS 75 + isin rn) 93. ;(cos 45° + i sin 45°) 


109. 


111. 


113. 


115. 


117. 
119. 


Answers to Odd-Numbered Exercises and Tests 


2{ cos % + isin 2 = 2i 


a 


.. a 
isin = 


isin ut) = /3-i 


2{ cos id t 


Imaginary 
axis 


False. /—18./—2 = 3./2i./2i = 67? = —6 and 
J (= 18)(—2) = /36 = 6. 
False. A fourth-degree polynomial with real coefficients has 
four zeros, and complex zeros occur in conjugate pairs. 
(a) 4(cos 60° + isin 60°) (b) —64 
A(cos 180° + i sin 180°) 
4(cos 300° + i sin 300°) 


cos 20 — isin 20 


4,“ 
£12 > Z 
Answers will vary. 


Chapter Test (page 353) 


—14 2. —65 + 72i 


8 16. 1. J5. 
i Boo ae i 
5 5 2~ 2 


3. 43 


6. 5 


(x — O(x + SSi)(x — /5i); 6, + /5i 
. (x t 


V6 )(x + 2i)(x 


» 3 
10. 2+ i, 5 


v6) (x 


£21 = 2 


2i); +/6, +2i 


« f(x) = x4 — 2x3 + 9x? — 18x 
. f(x) = x* — 6x3 


. No. Ifa + bi, b # 0, is a zero, its complex conjugate a — bi 


16x? — 18x + 7 


is also a zero. 


14.5 15. 4V/2(cos + isin i) 16. —3 + 3/3i 
17, —9561 _ 9561/3; 4g. 5939; 
2 2 
19. 4(cos 0 + isin 0) 
Tee GE. 
4{cos oy + isin x) 
A(cos 1 + isin 7) 
4{cos suis + isin =) 
2; 2 
20. 3 a(cos Z —+ isin 2 “xs 
at 
5a 
3(cos isin 6 ) 
3(cos = — + isin =) Bea 


21. 
Problem Solving 
1. 


A45 


No. When hh = 125, the solutions are imaginary. 
(page 355) 


(a) 23 = 8 for all three complex numbers. 
(b) z? = 27 for all three complex numbers. 
(c) The cube roots of a positive real number a are: 


Va —Sa + Ja /3i and 4 — /av3i 
, 2 2 2 ; 


3. (a) Sample answer: f(x) = —2x3 + 3x? + 11x — 6 
(b) i 
ae 
(c) Infinitely many 
5. Proof 7(aya 0O<k<4 (bb k<0 (c)k>4 
9. c; f has (0, 0) as an intercept, the degree of g is 2, and k has 


11. 


13. 


(—1, 0) as an intercept. 

(a) —2,1,4  (b) The graph touches the x-axis at x = 1. 

(c) 4; There are at least four real zeros (1 is repeated); no; 
Imaginary zeros occur in conjugate pairs. 

(d) Positive. The graph rises to the left and to the right. 

(e) Sample answer: f(x) = x* — 4x3 — 3x? + 14x — 8 

(f) (-2, 0) i 


Answers will vary. 15. Answers will vary. Circle 


Chapter 5 


1. 
3. 
7. 
13. 


Section 5.1 (page 366) 
transcendental 
Horizontal translation one unit to the left 5. 0.863 
1767.767 9d 10. c ll. a 12. b 
BG —2 -1 0] 1 2 
f(x) | 0.020 | 0.143 | 1 | 7 | 49 
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Answers to Odd-Numbered Exercises and Tests 


15. 35. 
x =) -1 ]0} 1 2 G —2 —1 0 1 2 
f(x) | 0.063 | 0.25 | 1 | 4 | 16 f(x) | 4.037 | 4.100 | 4.271 | 4.736 | 6 
34 
74 
1. 
-3 -2 -1 12 3 pty pt tt > x 
= t+ -3-2-1 L 2 3-4. 3) 6: 27 
17. 37. 5 39. 4 
x —2 —1 0 1 |} 2 
f(x) | 0.016 | 0.063 | 0.25 | 1 | 4 
; -4 4 
) 3 3 
=a 0 
41.3 43. 3,-1 
45. 
n 1 2 4 12 
A | $1828.49 | $1830.29 | $1831.19 | $1831.80 
n 365 Continuous 
19. A | $1832.09 $1832.10 
a —3 —2}|-11] 0 1 
f@) |) 325] 35] 4]5]7 n | : = as 
y A | $5477.81 | $5520.10 | $5541.79 | $5556.46 
n 365 Continuous 
A | $5563.61 $5563.85 
as 49, 
al t 10 20 30 
Saaaa,)133°° A | $17,901.90 | $26,706.49 | $39,841.40 
21. 2 23. —5 25. Shift the graph of f one unit up. t 40 50 
27. Reflect the graph of f in the y-axis and shift three units to the 
right. A | $59,436.39 | $88,668.67 
29. 6.686 31. 7166.647 
33. a 10 20 30 
x 8 7 6 | -5 | -4 d 
fi) | 0.055 | 0.149 | 0.406 | 1.104 3 A | $22,986.49 | $44,031.56 | $84,344.25 
1 t 40 50 
gt 
a A $161,564.86 | $309,484.08 
pal 53. $104,710.29 55. $44.23 
34 57. (a) 16g = (b) 1.85 ¢ 
al © fF 
a ae 
0 150,000 
0 
59. (a) V(t) = 52,490(3)’ (b) About 30,769 infections 
Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Answers to Odd-Numbered Exercises and Tests 


61. True. As x > — 00, f(x) > —2 but never reaches — 2. 


63. f(x) = h(x) 65. f(x) = g(x) = A(x) 
67. 7 


As the x-value increases, y, approaches the value of e. 
69. (a) 


yyax” [y1=2* (0) y=3"| fy 
8 3 


= = 
In both viewing windows, the constant raised to a variable 
power increases more rapidly than the variable raised to a 
constant power. 

71. (a) 5 


-1 
Decreasing: (— ©, 0), (2, co) 
Increasing: (0, 2) 
Relative maximum: (2, 4e~*) 
Relative minimum: (0, 0) 
(b) § 


-2 
Decreasing: (1.44, 00) 
Increasing: (—©, 1.44) 
Relative maximum: (1.44, 4.25) 
73. c,d 
75. (a) f(g(x)) = f(x) =x 
(f(x) = g(x) = x 


(b) 


A47 


77. @) 80) =4(5) = ayy = 


sts0o) = o(2) = Gay = 
(b) i 


gil 


i) 


ape 


79. (a) Alela)) = (22 1-x = 
+1 
KD 
jue! 
2x +1 Bae 
ei) = (224) = —* _* 


(b) 


81. f-'Q@Q) =x-2 
The domain of f and the range of f~! are all real numbers x 
such that x = —2. The domain of f~! and the range of f are 
all real numbers x such that x 2 0. 

83. f(x) = /x -—6 
The domain of f and the range of f~! are all real numbers x 
such that x = —6. The domain of f~! and the range of f are 
all real numbers x such that x 2 0. 


85. f(x) = ale =a! 


The domain of f and the range of f~! are all real numbers x 
such that x = 0. The domain of f~! and the range of f are all 
real numbers x such that x < 5. 

87. f (x) =x +3 
The domain of f and the range of f~! are all real numbers x 
such that x = 4. The domain of f~! and the range of f are all 
real numbers x such that x 2 1. 


Section 5.2 (page 376) 


1. logarithmic 3. natural; e 5. (a) x (b) y’ 


7.47=16 9972=% 11. log,125 =3 
13. log,g=—-3 15.6 17.1 195 21. 1.097 
23. -0.058 25.1 27.2 295 31. 42 
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Answers to Odd-Numbered Exercises and Tests 


35. y 69. y Domain: (—©d, 0) 
x-intercept: (— 1, 0) 


Vertical asymptote: x = 0 


1 
37. a; Upward shift of two units 38. d; Right shift of one unit 1. 3 73. 8 75. —2,3 
39. b; Reflection in the y-axis and a right shift of one unit 
40. c; Reflection in the x-axis 
41. : Domain: (0, 00) ° . 

Pal x-intercept: (1, 0) 
Vertical asymptote: x = 0 -3 
77. (a) 30 yr; 10 yr 


(b) $323,179; $199,109; $173,179; $49,109 
(c) x = 750; The monthly payment must be greater than $750. 


79. (a 
(a) r | 0.005 | 0.010 | 0.015 | 0.020 | 0.025 | 0.030 
4B. Domain: (0, 00) t | 138.6 | 69.3 | 46.2 | 34.7 | 27.7 | 23.1 
: . (i 
aHietcent (3, 0) As the rate of increase r increases, the time f in years for 
Vertical asymptote: x = 0 the population to double decreases. 
(b) 150 
z 
(0) 0.04 
0 
45. y Domain: (—2, 00) 81. (a) 1% (b) 80 (c) 68.1 = (d) 62.3 
x-intercept: (— 1, 0) 
Vertical asymptote: x = —2 
0 12 
0 
83. True. y 
47. Domain: (0, ©) 
ral x-intercept: (7, 0) 
acl Vertical asymptote: x = 0 
Dicks 
gs. i 87. y = log, x, so y is a logarithmic function of x. 
9 ». 3) x fo 


(b) g(a) 
49, e003. --= 5 51, 25521. -- = 250 
53. In 7.3890. ..=2 55. In} = —4x 57. 23.123 
59. 6.438 61. 4 63. 0 65. | 
67. | Domain: (4, 00) 
7 x-intercept: (5, 0) 
“7 Vertical asymptote: x = 4 
a+ 
hes f 
[2 30,000,000 
ec As n increases, n = 2,3,4,...,y = x!/" increases at a 
-4y slower rate. 
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Answers to Odd-Numbered Exercises and Tests 


3 
OL. xy5,x#0 93 m#0 95. Sx t3,x #4 
n 


21 
97. —x> — 6x? — 36x — 36 g 
x—6 


99. (a) 4x -—2 (b) 4x-11 (c) l6ox+5 


101. (a) /5-9 (b) 3 (c) xx #0 


Section 5.3 (page 383) 


In 24 
1. change-of-base 3. log, 24 = = 
° In3 
log 16 In 16 log i In 
oi) log 5 (b) In5 (a) log x (b) In x 
9. 2.579 11. —0.606 13. log, 5 + log; 7 


15. log, 7 — 2 log, 5 


19.2 21. -} 
3 


17. 1 + log, 7 — log, 5 


23. —2 is not in the domain of log, x. 


25.3 27.7 29.2 31.3 33. 1.1833 

35. —1.6542 37. 1.9563. 39. —2.7124 

41. In7 + Inx 43. 4 log, x 45. 1 — log; x 

47.5Inz 49. Inx+Iny+2Inz_— 51. Inz + 2In(z - 1) 


53. Slog, (a + 2) + Slog, (a = 2) _— log, 7 


55. 2log;x — 2log;sy —3log,z 57. Inx — $Iny 


59.2Inx+5iny—4inz 61. ¢Inx + $In(x? + 3) 


63. In3x — 65. log, (z — 2)?/7 67. logs 


xz? 
69. log x(x + 1)? 71. ee 73. In 


ee 

(x + 1)(x — 1) 

2 

95 inf 

x= 1 

79. Iny = —0.14Inx + 5.7 
81. (a) and (b) 


80 


| 
Pate ° 
0 
0 30 
0 


T=21 + e 9.0371 + 3.997 


The results are similar. 


77. Iny = —tInx + In3 


(d) 0.07 
fet] 
0 
T=214 : 


0.001t + 0.016 
83. False; In 1 = 0 85. False; In(x — 2) # Inx — In2 
87. False; u = v? 
89. The Power Property cannot be used because In e is raised to 
the second power, not just e. 


91. 


A49 


y, = Inx—In@— 3) No; > O when x < 0. 


xX 
x= 3 


93. log, e = log, 32 — log, 4; Property 2 
_ logx — Inx logx _ Inx 
95. f(x) = log2 in2 97. f(x) ae int 
3 2 
-3 6 -1 5 
=3 -2 
99. In1 = 0 In 9 = 2.1972 
In 2 ~ 0.6931 In 10 ~ 2.3025 
In3 ~ 1.0986 In 12 ~ 2.4848 
In 4 = 1.3862 In 15 ~ 2.7080 
In5 ~ 1.6094 In 16 ~ 2.7724 
In 6 ~ 1.7917 In 18 ~ 2.8903 
In 8 ~ 2.0793 In 20 ~ 2.9956 
101. x = —8,x =3 103. x=1,x =9 105. 4 
107. —3 109. 0,5 111. —1,4 113. —4 
115. (a) Yes _(b) Yes 117. (a) Yes (b) No 
119. (a) Yes (b) No 
Section 5.4 (page 393) 
L(ax=y ()x=y |x Wx 
3. Rewrite 125 as 5°. By the One-to-One Property, x = 3. 
5. (a) No (b) Yes 7. (a) Yes (b) No 
9. 2 11. 2 13. In2 ~ 0.693 15. ec! = 0.368 
17. 64 19. (3, 8) 21. 2,-1 23. ne = 1.465 
25. In 39 ~ 3.664 27..2.— me —3.454 
In3 
29. sles ~ 0.059 31. ~2~0928 33.0 
Inf in4 
3 
35. 3in ae a 0.805 37. 0, ina 0.861 
39. In5~ 1.609 41. In¢ ~ —0.223 
43, ——l04 ___ 21.330 45. e~? = 0.050 
365 | (1 + we 
"365 
2.1 
47. a = 1.361 49. e-?2~0.135 51. 2(3''/6) = 14.988 
53. No solution 55. No solution 57, 2 59. 3.328 
61. —0.478 63. 20.086 65. 1.482 
67. (a) 27.73 yr (b) 43.94 yr 69. —1,0 
71. 1 73. e | = 0.368 75. e '/2 = 0.607 
77. (a) y = 100and y = 0; The range falls between 0% and 100%. 
(b) Males: 69.51 in. Females: 64.49 in. 
79. 5 years 81. 2013 
83. For rt < In2 years, double the amount you invest. For 


rt > In2 years, double your interest rate or double the 
number of years, because either of these will double the 
exponent in the exponential function. 
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85. 


87. 


89. 
91. 


93. 


log, uv = log, u + log, v 
True by Property 1 in Section 5.3. 


log,(u — v) = log, u — log, v 


False. 


1.95 = log(100 — 10) # log 100 — log 10 = 1 
Yes. See Exercise 55. 


Vertical asymptote: x = 1 


Horizontal asymptote: y = 1 


+ 
i= ge getees » 
In2 4 x 


Section 5.5 (page 403) 


1 y=a+binxy=a+blogx 


3. An exponential growth model increases over time. An 


exponential decay model decreases over time. 


a in ) 
5. P= t= —— 7. 19.8 yr; $1419.07 
9. 8.9438%; $1834.37 11. $6376.28; 15.4 yr 
13. (a) 7.27 yr = (b) 6.96 yr = (c) 6.93 yr = (d) 6.93 yr 
15. @) |, | 2% | 4% | 6% | 8% | 10% | 12% 
t | 54.93 | 27.47 | 18.31 | 13.73 | 10.99 | 9.16 
(b) 
r 2% 4% 6% 8% 10% | 12% 
t | 55.48 | 28.01 | 18.85 | 14.27 | 11.53 | 9.69 
17. The values given by the model are close to the original data 
values; November 
19. y = €0-7675x 21. y = Se 04024 
23. 6.48 g 25. 2.26 g 
27. (a) Bulgaria: y = 8.1e~°-°074!; 6.1 million 


29. 
31. 


33. 
35. 


Canada: y = 32.9¢°-967", 42.8 million 
China: y = 1359.5e%!15 1421.9 million 
United Kingdom: y = 60.4¢°-°4!%; 71.1 million 
United States: y = 291.1¢9-0°%5'; 377.3 million 
(b) b; The greater the rate of growth, the greater the value of b. 


About 800 bacteria 
(a) V= —150r + 575 (b) V = 575e7~ 93688 
(c) 609 

o 5 


0 


The exponential model depreciates faster. 
(d) Linear model: $425; $125 

Exponential model: $397.65; $190.18 
(e) Answers will vary. 
About 12,180 yr old 


0.04 


37 


39 


41 
43 
45 


47 
51 
55 


57 


59 
61 


65 
69 


Answers to Odd-Numbered Exercises and Tests 


. (a) 1998: 64,770 sites 
2008: 240,797 sites 
2015: 312,340 sites 

(b) 350,000 


0 40 
0 


(c) and (d) 2007 


. (a) 203 animals = (b) 13 mo 
(c) 1200 
0 40 
0 


Horizontal asymptotes: p = 0, p = 1000. The population 
size will approach 1000 as time increases. 


. (a) 20dB (b) 70dB_ (c) 40dB_  (d) 90dB 
. 95% 
. (a) 107 ~ 39,810,717 (b) 1056 ~ 398,107 


(c) 10&° ~ 3,981,072 


. 4.64 49. 1.58 x 10-° moles/L 
. 10°! 53. 3:00 A.M. 
. (a) ty = 0.27295 — 6.0143 


ty = 1.5385e9-9!3s or 4, = 1.5385(1.0296)° 


25 


(b) 
8 30 | 40 | 50 60 70 80 90 


fy 3.6 | 4.6 | 6.7 | 9.4 15.9 | 19.6 


i 3.3 | 49 | 7.0 | 9.5 12.5 | 15.9 | 19.9 
ty 2.2 | 4.9 | 7.6 | 10.4 | 13.1 | 15.8 | 18.5 
3.7 | 4.9 | 66 | 8.8 11.8 | 15.8 | 21.2 


(c) Model ¢,;: Sum = 2.0, Model t,: Sum = 1.1 
Model t,: Sum = 5.6, Model t4: Sum = 2.7 
The quadratic model (7,) fits best. 
. False. The domain can be the set of real numbers for a logistic 
growth function. 
. True. The graph of a Gaussian model will never have a zero. 


. Gaussian 63. Exponential growth 
r+4x-—9 x1 
P 67. : —1,0 
(x — 3)(x + 1) _z 
. Quadrant III 71. Quadrant IV 
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Ab1 


11. 
x —2 -1;0}; 142 
f(x) | 3.25 | 35 | 4]5)7 
i 
>> 
Reflection in the x-axis Vertical shift one unit 
and a vertical shrink downward and a horizontal 24 
shrink ; aoe 
77. All real numbers x -4 0-2 2 4 
79. All real nD x such that x # 0 and x # —3 B. 1 15. 4 17. Shift the graph of f one unit up. 
81. i 19. Reflect f in the x-axis and shift one unit up. 
“y 21. 29.964 23. 1.822 
25. 
x —2 —1 0 1 2 
- h(x) | 2.72 | 1.65 | 1 | 0.61 | 0.37 
Review Exercises (page 410) 
1. 0.164 3. 1.587 5. 1456.529 
7. 
x —-1]0 1 2 3 
f(x) | 8 | 5 | 4.25 | 4.063 | 4.016 
y 0 1 
7.39 | 20.09 
t +t }+—> x 
-4 -2 2 4 
9. 
x —i 0 1! 2|3 -6 -5 -4 -3 -2 -1 1 2 
f(x) | 4.008 | 4.04 | 4.2 ] 5 | 9 
29. (a) 0.283 = (b) 0.487 —s (c) 0.811 
; 31. 
n 1 2 4 12 
A | $6719.58 | $6734.28 | $6741.74 | $6746.77 
n 365 Continuous 
74 A | $6749.21 | $6749.29 
42 2 4 33. log;27=3 35. 1n2.2255.. . = 0.8 
37. 3 39. —2 41. 7 43. —5 
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45. Domain: (0, 00) 47. Domain: (—5, 0) 115. (a) 10-° W/m? (b): 10.10 W/m? 
x-intercept: (1, 0) x-intercept: (9995, 0) (c) 1.259 x 107-!2 W/m? 
Vertical asymptote: x = 0 Vertical asymptote: x = —5 117. True by the inverse properties. 119. Answers will vary. 


Chapter Test (page 413) 


1. 0.410 2. 0.032 3. 0.497 4. 22.198 


5. 1 
x —1 a) 


0 1 


ei 


f(x) | 10 | 3.162 | 1 | 0.316 | 0.1 


49, 3.118 51. 0.25 
53. Domain: (0, 00) 55. Domain: (6, 00) 
x-intercept: (e~°, 0) x-intercept: (7, 0) 
Vertical asymptote: x = 0 Vertical asymptote: x = 6 
A i +++ x 
10+ 8 1 ae eee 
6+ 
4+ 6 
of x -1 0 1 a 
| 


f$——+ +> x 
8 10 12 14 16 


f(x) | —0.005 | —0.028 | —0.167 | —1 | —6 


57. About 14.32 parsecs 59. (a) and (b) 2.585 
61. (a) and (b) —2.322 63. log, 5 — log, 3 
65. 2 log, 3 — log, 5 67. log 7 + 2 log x 

69. 2 — 5 log, x 71. 2inx + 2Iny + Inz 


x /x 

73. In 7x 75. log —= 77. log; ——,> 

gs Jy 23 a 8)? 

7. 
79. . a h < 18,000 = at 0 : 1 
f(x) | 0.865 | 0.632 | 0 | —1.718 | —6.389 
0 20,000 x 
0 


Vertical asymptote: h = 18,000 
(c) The plane is climbing at a slower rate, so the time 
required increases. 


(d) 5.46 min 
81. 3 83. In3 ~ 1.099 85. e+ ~ 54.598 87. 1,3 
In 32 _ 1 _ 
3 /9 + de 9. Domain: (0, 0) 10. Domain: (5, 00) 
93. 2 = 2 ~ 3.729 95. No solution x-intercept: (1074, 0) x-intercept: (6, 0) 
97. 0.900 99. 2.447 101. 9.182 103. 73.2 yr Vertical asymptote: x= 0 Vertical asymptote: x = 5 
105. e 106. b 107. f 108. d 109. a 110. c 7 i 
T11. y = 2¢0-1014x al 
113. °% 37 
if 
-1 
| a ol 
3 eal 
-5-+ 1 
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11. Domain: (—6, 00) 
x-intercept: (e~! — 6, 0) 
Vertical asymptote: x = —6 


12. 2.209 13. —0.167 14. —11.047 
15. log, 3 + 4 log, a 16. SInx —In7 
17. 1 + 2logx — 3 logy 18. log, 13y 


xy? In 44 


x4 
19. In yt 


20. In 75 2-1 22, = -0.757 
23, vl ~ 1321 24. e-'/2~ 0.607 25. e-!"/4 ~ 0.064 
26.1 27. y = 27452157 28, 55% 
29. (a) 
x F 1 2 4 5 6 
H_ | 58.720 | 75.332 | 86.828 | 103.43 | 110.59 | 117.38 


Height (in centimeters) 


12 3 4 5 6 
Age (in years) 


(b) 103 cm; 103.43 cm 
Problem Solving (page 415) 
1. i 


12 3 4 


—4 -3 -2 -1 
-1+ 


y = 0.5* and y = 1.2* 
O0<asell 


3. As x00, the graph of e* increases at a greater rate than the 


graph of x”. 
5. Answers will vary. 
(b) 


Answers to Odd-Numbered Exercises and Tests 


ll. c 


15. (a) y, = 252,606(1.0310)' 
(b) y, = 400.882 — 1464.61 + 291,782 


(c) 2,900,000 


200,000 


A53 


(d) The exponential model is a better fit. No, because the 


model is rapidly approaching infinity. 
17. 1, e? 
19. y, = (x — 1) — 3 — 1)? + 3@ — 13 - G@ - 14 
4 


The pattern implies that 
Inx = (x — 1) -— 30-1)? + 4x - 18 
21, 7 


1500 
0 


17.7 ft?/min 
23. (a) 


(b)-(e) Answers will vary. 


Chapter 6 


Section 6.1 (page 422) 
m,—-m 3 

1. inclination 3. tand = | 4 : 5. v3 
1+ mm, 3 

7. —-1 9 /3 11. 0.4111 13. 3.2236 

15. —4.1005 17. trad, 45° 19. 0.5880 rad, 33.7° 


21. = rad, 135° 23. 2.1588 rad, 123.7° 
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(b)-(e) Answers will vary. 
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Ab4 


27. oT ge 150° 


1 
25. —rad, 30° 
rad, 30 6 


6 
31. 2.1112 rad, 121.0° 


29. 1.0517 rad, 60.3° 
33. 1.6539 rad, 94.8° 

39. 7 rad, 150° 

43. 2.4669 rad, 141.3° 

47. 0.1974 rad, 11.3° 

51. 0.9273 rad, 53.1° 


3 6 1 7 
35. g fad, 135 37. 4 rad, 45 


41. 1.2490 rad, 71.6° 
45. 1.1071 rad, 63.4° 
49. 1.4289 rad, 81.9° 
53. 0.8187 rad, 46.9° 
55. (1,5)<(4, 5): slope = 0 
(4, 5) <> (3, 8): slope = —3 
(3, 8)<9(1, 5): slope = 3 
(1, 5): 56.3°; (4, 5): 71.6°; (3, 8): 52.1° 
57. (—4, -1)<9(3, 2): slope = 3 
(3, 2)<o(1, 0): slope = 1 
(1, 0)<>(—4, -1): slope = + 
(—4, —1): 11.9°: (3, 2): 21.8%; (1, 0): 146.3° 
v2 61. 25 = 0.8944 


59. a = 0.7071 
65. ~ 


63. 2./2 = 2.8284 
71. (a) 


73. (a) 


= 2.5298 67. 1 69. 


OF i Oe 
Pall Cc 
44 B 
i" 
I+ A 

a [ias«s 
5 
(b) od On 
Ti 22 79. 0.1003, 1054 ft 
81. (a) 0.3456 rad, 19.8° (b) 57.6 ft (c) y = 0.36x 


qd) j 


+—> x 
160 


nl 


Answers to Odd-Numbered Exercises and Tests 


83. 
85. 


87. 


89. 


101. 


103. 


107. 


. (x + 5)(x + 7) 
. Wa - 4)(x + 1) 


OH Gao) H5 


True. tan0 = 0 

False. Substitute tan @, and tan 0, for m, and m, in the formula 
for the angle between two lines. 

The inclination of a line measures the angle of intersection 
(measured counterclockwise) of a line and the x-axis. 
The angle between two lines is the acute angle of their 
intersection, which must be less than 7/2. 


4 
(a) d= = 
m+ 1 
d 
(b) 4 
6+ 
54 
24 
14 
——— +—}+—_}+—_+-> 
-4 -3 -2 -1 1 2. 3.4 
24 
(c) m=0 


(d) The graph has a horizontal asymptote of d = 0. As the 
slope becomes larger, the distance between the origin and 
the line, y = mx + 4, becomes smaller and approaches 0. 


93. (x — 12)(x — 8) 


99. f(x) =(x+ 3) —4 


y y 


“a+ 


-4+ © -25-20-15-10-5 | 5 
Vertex: (2 —3) Vertex: (-2%, —3) 
Axis of Symmetry: x = a 
x-intercepts: (5, 0), (8, 0) 


Axis of Symmetry: x = — 2 
x-intercepts: (— 16, 0), 


(— 13, 0) 
f(x) =(x + 2? - 2 
t > xX 
16+ 
Vertex: (-2, —%) 
Axis of Symmetry: x = -} 


x-intercepts: (- a 0), Z 0 


(a) /34 
(b) (4,9) 


JiA 


aa 


105. (a) /445 


(b) (—18, 3) 
15 
(b) (1 -1) 
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Section 6.2 (page 430) 


. conic 


eae 


c 10. a 
15. x° = 2y 
21. y? = 4x 
27. y2 = A(x + 4) 
31. x? = —8(y — 2) 
35. (x — 3)? = 3(y + 3) 
37. Vertex: (0, 0) 
Focus: (0, 5) 


Directrix: y = — 


11. b 
17. y= Pa 
23. x2 = Sy 


L 
2 


+t T 
Sse cea --1--2--3- 


41. Vertex: (0, 0) 
Focus: (0, —3) 


Directrix: y = 3 


45. Vertex: (3, -7) 
Focus: @, —7) 


Directrix: x = 5 
A 
pap |g ey 
-4 -2 1 2 4 6 8 
241 
1 
-4+1 
1! 
-671 
' e 
=gitt 
i) 
-10 +} 
if 
-12-+1 
, 
49. Vertex: (—2, —3) 
Focus: (—4, —3) 
Directrix: x = 0 


3. parabola; directrix; focus 


13. x? = 4y 
19. x7 = —8y 
25, ~ = —2x 


29. (y — 3) = 7 < 6 
33. (y — 2)? = 8x 


39. Vertex: (0, 0) 
0) 


2 
F : 3 
Directrix: x = 5 


Focus: (-3 = 


Answers to Odd-Numbered Exercises and Tests 


5. Focal chord 
. Find the midpoint between the focus and the directrix. 
12. d 


43. Vertex: (1, —2) 
Focus: (1, —4) 
Directrix: y = 0 

i 
4+ 
3-4 
24 
if 
S21 [ia345 
734 
-41 @ 


47. Vertex: (1, 1) 


Focus: (1, 2) 
Directrix: y = 0 


A55 


51. Vertex: (—2, 1) 53. Vertex: (}, —5) 


Focus: (-2, 3) Focus: (0, —1) 
Directrix: y = -4 Directrix: x = 5 
5 4 
—10 2 
-8 4 
=3 -4 
55.y=3x-5 Si. y=—-4x-8 5% y= 442 
61. y? = 6x 63. y? = 640x 
65. (a) x? = 12,288y (in feet) (b) About 22.6 ft 
67. 2 = —2(y— 48) 69. About 19.6 m 
71. (a) (0,45) (b) y = TX? 


73. (a) 17,500./2 mi/h ~ 24,750 mi/h 
(b) x? = —16,400(y — 4100) 

75. (a) x7 = —49(y — 100) (b) 70ft 

77. False. If the graph crossed the directrix, then there would exist 
points closer to the directrix than the focus. 


a 
79. Slope: m = 2p 
x-intercept: (a =e; 0) 
2py, — x; 
-int t: 
y-intercep [022 op a) 


81. Both (a) and (b) are parabolas with vertical axes, while (c) is 
a parabola with a horizontal axis. Equations (a) and (b) are 
equivalent when p = 1/(4a). 

83. Center: (0, 0), r = 8 85. Center: (5, —1),r = 5/2 


+ >< 


x AA — 
~12+ 
87. 2x37,x #0 89. 165" b #0 
91. y=(x- 4)? +2 93. y= |-x+3|-1 
Section 6.3 (page 440) 
1. ellipse; foci 3. Major axis, minor axis; major axis 
2 2 
Bb 6c Ta &d %GtD=1 
32 y ey 
ll. = + = 1 13. 5>+5=1 
TP ( /45)? 5? 3? 
e 2 y 
15. 5+5=1 17. = = 
32 62 62 (3/./5)° 
(x- 2? | (y— 3? G@- 6» 
19, P t 32 = 1 2. pt a! 
2 _— 4/2 _— 1)2 _ 3/2 
ea Og og = =1 
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Ab56 Answers to Odd-Numbered Exercises and Tests 


@=1P .W=4) @-2P | (y= 2P a >.) : (; 
27. ( Dp t p =1 29. 2 + 2 =1 43. Center: 7 45. Center: > 1 
31. Center: (0, 0) 33. Center: (0, 0) Vertices: (-33 + 23) Vertices: (3 ae Ds -1) 
Vertices: (+5, 0) Vertices: (0, +6) 52 : 
Foci: (+3, 0) Foci: (0, +4,/2) Foci: (-3. aa 22) Foci: (3 +t V2, — : 
ees, seats 6 1 
Eccentricity: 5 Eccentricity: 3 Eccentricity: a Eccentricity: ae 
6+ T+ a4 
1 
t tx +—+t t—+—> x “3 =2 i455 
-6 6 =6. =A 4 6 
x =34 
-44 
-6+ 
s+ 
35. Center: (4, —1) 49. 2 
Vertices: (4, —6), (4, 4) 6+ 
Foci: (4, 2), (4, —4) : ° 
Eccentricity: = <s > 
ii > xX = £ 
Center: (0, 0) Center: (5, —2) 
Vertices: (0, + /5) Vertices: (2, —2), (8, —2) 
Foci: (0, + /2) Foci: (5 + 2./2, —2) 
37. Center: (—5, 1) y 
7 13 ft it a Og 
Vertices: (-4 i) (-8 : 34 * 25 16 : 45 81 
ot 2 2 
; 5 ‘i q 7 47 = ; 
Foci: (-s + as : € > if | 55. (8) 536995 + 599 ~ 1 ~—-(b) About 85.4 ft 
J5 -7-6-5-4-3-2-1 | 1 ° 57. About 229.8 mm 59. e = 0.0520 
Eccentricity: —=— all 61. y 63. 4 
3 c A ah 
=34 7 
4+ 2,77 9 V7 4 
— iE 2a) 
39. Center: (—2, 3) 41. Center: (4, 3) — oe =e 
Vertices: (—2, 6), (—2, 0) Vertices: (14, 3), (—6, 3) -4 4 et =e 2. 4 
Foci: (2,3 + J5) Foci: (4 + 4/5, 3) (3,-v1) (2,-v1) (235, -v2) Ne (2. -v2) 
45 a 
sp, see sigh eS sty 
Eccentricity: —— Eccentricity: —— 
= , 5 65. False. The graph of (x?/4) + y+ = 1 is not an ellipse. The 
A ad degree of y is 4, not 2. 
6+ 12+ (x = 6)? ‘ (y = 2) = 
oT 67. 324. 308 1 69. Proof 
71. f(x) = (x — 3)? 73. B = 67°, b = 11.45, c ~ 8.00 
= ~ ae 75. A = 98.25°, B ~ 48.80°, C ~ 32.96° 
x Soot oe 10” 4 77. (2, —6) 79. No solution 
-6 -4 -2 2 -44 
-~6+ . 
-2+ 8t Section 6.4 (page 450) 
-104 
1. hyperbola; foci 3. transverse axis; center 
5. Center 7. b 8. d ae 10. a 
2 2 _ «2 _ 4) 
ieee eg 4a DS ea 


22 (JDP 42 32 
an _ (x- 2? (y+ 3P _ 
3.3 Gop =! I pe (ap 


its Rese 
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Answers to Odd-Numbered Exercises and Tests A57 


19. Center: (0, 0) 21. Center: (0, 0) 35. 2. Center: (1, —3) 
Vertices: (+1, 0) Vertices: (0, +6) -8 10 Vertices: (, —3+ Jf?) 
Foci (V3.0 Foci: (0 = 2V3) Foci: (1, —3 = 2) 
Asymptotes: y = +x DS: y= +25 e 
1 -10 
2 42 2 2 
37. -5=1 39, —* = 
ros (32/ /17)?_— (8/17) 
; (= 2) (y= 2 (y= 2? = 3) 
; al. “5 ie ee z=! 
—4 2 +1 2 
45. e Bp ) &y 32 ) =1 47. Ellipse 49. Hyperbola 
51. Ellipse 53. Parabola 55. Circle 
23. Center: (0, 0) 57 x y = 
Vertices: (0, +1) * 98,010,000 13,503,600 
Foci: (0, + /5) 59, (a) x~ 1103 mi (6) 570 mi_— (©) y= 


93 
61. True. For a hyperbola, c* = a? + b*. The larger the ratio of 
b to a, the larger the eccentricity of the hyperbola, e = c/a. 


Asymptotes: y = +x 


63. False. The graph is two intersecting lines. 


3 65. ? (a) C>2andc < -4¥ 
A 
“ st (b) C=2 
=— 2 
25. Center: (2, —6) y i. Re < : <2,C=—- 7% 
: 17 19 eo 
Vertices: (2 -¥), (2. -¥) x + 7 (e) -v <€ < =2 


2 


Foci: (2, -6 


ewe 


Asymptotes: y = —6 + Ae — 2) 
67. The equations of the asymptotes should be y = k + oe —h). 


27. Center: (2, —3) 29. Center: (—1, 1) 69. —3,5 71. 8+2/3 73, aw Vil 
Vertices: (3, —3), (1, —3) Vertices: (—2, 1), (0, 1) — = 
—9 + /53 —3+ /57 
Foci: (2 + ./10, —3) Foci: (—1 + \/5, 1) 75. = 77. -10+ /87 79. eel 
Asymptotes: Asymptotes: a Sn 9n 137 naam 3n 5a Tn I1n 
y = —3 + 3(x — 2) y=1+2@+ 1) 81. Proof 83. eg? gt 85. 62’ 2° 6’ 6’ 6 
Section 6.5 (page 459) 
nes 1. rotation; axes 
8 3. A(x’? + C(y'? + D'x' + Ely’ + F'=0 5. (0, —2) 
Hipp 7 (bid wt), 9, (3 2, -~?) 
° 2 2°? 2 
a (=! 4203 24 v3) 
° 2 ; 2 
31. 8 33. 8 ia (y'? 7 (x'? _ 
* 6 6 
—12 12 -12 12 y 
<8. -8 
Center: (0, 0) Center: (0, 0) 
Vertices: (+ J3, 0) Vertices: (0, +3) 
Foci: (+ /5, 0) Foci: (0, + /34) 
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Abd8 Answers to Odd-Numbered Exercises and Tests 


pel (od 


15. 


12 12 


(POP _ 


17. 6 3/2 


25. 7 
-9 9 
-6 
0 ~ 37.98° 
29. ig 
=13 2 
0 
@ = 45° 


GE 2 Oo) 
19, Sen = 1 


¥ 
y A 
, 34 
* 
\ vn 
at 
nN 
— — 
-3 -2 J 2 3 
aa 
gx 
—2 \ 
x 
3+ \ 


23. (x' — 1)? = 6(y’ + 4) 


y 


27. 4 


31. ¢ 32. a 33. d 34. c 35. f 36. b 


37. (a) Parabola 


(b) y 
(c) u 


OF = 5 /(8x — 5)? — 4(16x? — 10x) 


2 


39. (a) Ellipse 
6x + ./36x2 — 28(12x2 — 45) 
(b) y= 


14 
(c) 8 


-3 
41. (a) Hyperbola 
6x + \/36x2 + 20(x?2 + 4x — 22) 
(b) y= 


—10 
(c) 


43. (a) Parabola 
—(4x — 1) (4x — 1)? — 16(x? — 5x — 3) 
(b) y= 


8 
(c) 2 


53, (./2,/2), (=3/2,= 7) 

55. (a) (y’ + 9)? = 9x’ — 12) 

57. True. The graph of the equation can be classified by finding the 
discriminant. For a graph to be a hyperbola, the discriminant 
must be greater than zero. If k 2 i then the discriminant would 
be less than or equal to zero. 


(b) 2.25 ft 


59. Answers will vary. 
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Answers to Odd-Numbered Exercises and Tests A59 


61. No symmetry 7. 


+> x 
The curve is traced from The curve is traced clockwise. 
Intercepts: (—4, 0), (0, 0) left to right. 
63. y-axis symmetry 11. 
5 
4+ 
34 


The curve is traced from right to left. 
Intercepts: (—3, 0), (3, 0), (0, —3) 13. (a) . 15. (a) 

65. cotx 67. 1 69. (3a, a — 3, a) 

Section 6.6 (page 467) 


1 


3. Solve for ¢ in one equation. Then substitute for ¢ in the other 
equation. The result is the rectangular equation. 


plane curve 


t + 4 {|—_> x 
-2 -1 1 2 
5. @) a 1 3 3 4 eel 
mo | dl | V2] V3] 2 Oy = ie 
y | 3 2 1 0 -1 19. (a) | 
h 
(b) : 
Ti + +> x 


7 > xX 
(b) y= 1—-2x7,x20 
(c) 23. (a) 
i k 
ot 4 
s+ ae 
+> x 47 2+ 
4 3+ 7 
The graph of y = 3 — x* shows the entire parabola rather 
than just the right half. (b) y = (x + 3)§, x = -3 (b) y = (= 1) 


Copyright 202 
Copyright 2¢ 
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A60 


Answers to Odd-Numbered Exercises and Tests 


25. (a) : 27. (a) 53. x = 3t 55. x =3 + 4cos0 
A A y=6t y=2+4sin@ 
a AT 57. x = 5cos 6 59. x =5+4sec 0 
y = 3sin0 y = 3 tan@ 
61. x = —5t 63. x = 3 sec 0 
y = 2t y = 4tandé 
+—+—+ 1 3m 
= -3-2 -1 O<t<il qs G< 
-44 65. (a) x=ty = 3t-—2 (b) x= -t+2,y=—-3t+4 
e392 @= 42 67. (a) x=ty=5(t-1) &) x=-t+2,y= -4(t-1) 
Oigt4a7} 0) > / 69. (a x=t,y=P+1 (bo) x=-t+2y=P—4t4+5 
29. (a) . 31. (a) ; 71. (a) x= ty = 1-27 
h 1 (b) x=2—-t.y=-20+ 8-7 
at a Ot ee (b) x= -t+2,y= : 
T : t , $= 2 
It 75. (a)x=ty=e! (b) x= -t+2,y=e't? 
re = fe 77. % 79, 14 
a “ || ee 
x2 0 51 
(b) 4 y=1,xs (b) Pe + y= ) -6 
81. 4 83. 4 
33. (a) 35. (a) , 
3 
2 
‘ 4 =4 
+—+ x 85. b 87. d 
aac Domain: [—2, 2] Domain: (—©, ©) 
-2 Range: [—1, 1] Range: (— 00, 00) 
4 7 87. d 88. a 
= 7 3 = Domain: (— 00, 00) Domain: (— 00, 00) 
(b) y=x7,x>0 (b) y= Inx Range: (—©0, 00) Range: [—2, 2] 
37. 5 39. z 89. (a) 190 (b) 220 
: 7 : a a 
-1 -1 0 250 0 500 
0 10) 
41. : 43. 7 Maximum height: 90.7 ft Maximum height: 204.2 ft 
- Range: 209.6 ft Range: 471.6 ft 
ae -12 12 (c) 100 (d) 200 
5 = 
45. 8 
0 300 ie) 600 
0 0 
~12 12 Maximum height: 60.5 ft Maximum height: 136.1 ft 
Range: 242.0 ft Range: 544.5 ft 
= 91. (a) x = (146.67 cos 6)t 
47. Each curve represents a portion of the line y = 2x + 1. y = 3 + (146.67 sin 6)t — 167? 
Domain Orientation (bo) ® (©) * 
(a) (—00, co) Left to right 
(b) [-1, 1] Depends on 0 
(c) (0, 00) Right to left 
(d) (0, 00) Left to right en eee ars ie 
_ 72 _ 2) 
49. y — y, = m(x — x) si, & =» , 9 2 = és a Yes 
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93. 


95. 


97. 


99. 


101. 


103. 


105. 


113. 


Answers to Odd-Numbered Exercises and Tests A61 


(a) x = (cos 35°)voft 
y =7 + (sin 35°)vot — 161? 
(b) About 54.09 ft/sec 


(c) 24 22.04 ft (d) About 2.03 sec 
0 90 
0 

x = a0 — bsin@ 

y=a-—bcosd 

True 

x= 

y=Prl => y=rrl 

x = 3t 


y=9P +1 SS y=rH1 

False. The parametric equations x = f* and y = f give the 
rectangular equation x = y?, so y is not a function of x. 

The parametric equation for x is defined only when t = 1, so 
the domain of the rectangular equation is x 2 0. 

Parametric equations are useful when graphing two functions 
simultaneously on the same coordinate system. For example, 
they are useful when tracking the path of an object so that 
the position and the time associated with that position can 
be determined. 

Center: (0, 0),r = 9 107. Center: (0, 0), r = 4/2 


y 
A 


-10 
Center: (2,8),r=2./6 111. 
, 
A 
44+ 
ta [34680n 
lla 132 
Sample A ee 
‘ample Answer 6° 6 


y 


A 


115. Sample Answer: Sera 
3x 
8 
4n 5x nm 4n 
117. — 119. 3° 
3° 3 3° 3 


Section 6.7 (page 475) 


1. pole 3. x =rcos6,y =rsin9@, tand = 


5. 


11. 


aS 


sraHxrt+y 
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A62 Answers to Odd-Numbered Exercises and Tests 


13. 5 99. The graph is a circle with center (0,1) and radius 1; 
et(y-1?=1 


a 101. (a) r = 30 
¥e h\\ 0 (b) (30. =), 30 represents the distance of the passenger 
KL! 2 BB Sn 

Rey, car from the center, and 6 150° represents the angle 


to which the car has rotated. 


3E (c) (—25.98, 15); The car is about 25.98 feet to the left of the 
center and 15 feet above the center. 
Sample answer: (0 v2 (0 =) (0. i) 103. True. Because r is a directed distance, the point (7, @) can be 
6 6 6 represented as (r, 9 + 27:7). 
15. x 
2: 105. (, - /3) is in Quadrant IV, so 0 = =o 107. (5, 0) 
109. y 111. y 
h A 
ot 10+ 
r 0 4 1 | | | $< xX T 
1/2 ]3 /4 246 8 WD T 
=2-4 . 
-44+ {| 
-6 7 ++ t+—+—+—+ * 
y -gt -4-2 | 246 8 012 
(/2, -3.92), (— /2, —0.78), (— 72, 5.50) ater =ay 
17. maa a 


A The curve is traced The curve is traced from 
clockwise. left to right. 
; Section 6.8 (page 483) 
* U1 )2 3 Ja 
ee 1. lemniscate 


3. Determine whether replacing (r,@) with (r,2 — @) or 
(—r, —8@) yields an equivalent equation. 


3n 
2 5. Circle 7. Limagon with inner loop 
(—3, 4.71), (3, 1.57), (3, —4.71) 9. Rose curve with four petals 11. Polar axis 
19. (0, 0) ae (0, 3) 23. (- </2, /2) 25. (V3, 1) 13. 0 = 5 15. 0 = a polar axis, pole 
3 3/3 
2. (-3 28) 29. (—1.85,0.77) 31. (0.26, 0.97) 17. Maximum: |r| = 20 when 6 = = 
33. (—1.13,-2.23) 35. (—2.43, -0.60) Pe eer ae 
1 Sa 
37. (0.20, — 3.09) aes (v2, “) se (32 4 19. Maximum: |r| = 4 when 6 = 0, ei 2 
43. (3,0) 45. (s. *) 47. (ve. =) 49. (2. wt) mm Sn 
2 4 6 Zeros: r = 0 when 0 = 62 6 


51. (3.61,5.70) 53. (5.39,2.76) 55. (4.36, — 1.98) ea 


N 
~ 
NIA 


57. (2.83,0.49) 5%r=3 61.0 =] 


pa 
63. r = 10sec 0 6 42— = 
3 cos 0 — sin @ pies er 
67. r2 = 16 sec 0 csc 6 = 32 csc 20 69. r = asec 0 C2): _— oe 
7lr=a 73. r = 2acos 0 75. r? = cos 20 


77. r = cot? 6 csc 0 79. x2 + y? = 25 


81. /3x+y=0 83. y=4 85. x2 + y+ 2x =0 3a 
87. xP + y-— 23 =0 89. (2 + y?)? = 6x*y — 2y3 25 : 8 - : 
91. 4x? — 5y? — 36y — 36 = 0 ; 2 ° 2 


93. The graph consists of all points six units from the pole; + 
x? + y? = 36 

95. The graph consists of all points on the line that makes an 
angle of 7/6 with the polar axis and passes through the pole; . a 
—\/3x + 3y =0 ——— f#$i—1> 0 


97. The graph is a vertical line; x — 3 = 0 He Ae 8 
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Answers to Odd-Numbered Exercises and Tests 


A63 


29. z 31. 7 57. th 59. 2 
-16 5 -3 3 
mn +> 0 
7 ary 
a4 ee 0<0<27 0<0<4r 
4 ie t 61. 2 63. 4 
an 31 
2 2 U 
33. x 35. x ~ ; = : . 
2 2 i 
7 7 -4 
37. 
(b) O radians 
o 
41. 
Cardioid 
69. True. The equation is of the form r = a sin nO, where n is odd. 
71. Answers will vary. 
P 73. (a) 7 (b) * 
-8 16 
~9 18 
45. = . 
(c) 14 
T -12 15 
ul -4 
T The angle ¢ controls rotation of the axis of symmetry. 
an r= 6(1 + sin @) 
2 J/2 
49 4 51. ‘ 75. (a) r=2- “5 (sin @—cos@) (b) r=2+cosé 
(c) r=2+sinQ0 (d) r=2-—cos0é 
-6 6 -4 14 77. Center: (0, 0) A 
Vertices: (+5, 0) 6+ 
3 = Foci: (+3, 0) 
Eccentricity: 2 
53 4 55. 3 : 
=6 o— 
-11 10 
-4 5 
6+ 
7 = 79. Hyperbola 81. Ellipse 
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A64 


Section 6.9 (page 489) 
1. conic 3. Vertical 
5. (a) r= a parabola 
(b) r= on ellipse 
(c) r= T+ 15 cos 6’ hyperbola 
7. (a) r= —, parabola 
(b) r= pope ellipse 
(c) r= To 15sin0’ hyperbola 
9.¢ 10. d ll. a 12. b 


13. Parabola 


21. Hyperbola 


NIA 


25. L 


Parabola 
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15. Parabola 


Hla 


2 
19. Ellipse 
3 
1 + > 0 
4 6 
3a 
2 


23. Hyperbola 


NIA 


z—+— +> 0 
1 
3x 
27. 2 
=A) 2 
2 
Ellipse 


Answers to Odd-Numbered Exercises and Tests 


29. 3 31. i 
=4 5 
-8 
_3 3 
Ellipse Hyperbola 
33. 12 
6 18 
—4 
35. 3 
~9 6 
-7 
37. r= o_o 39, r = ———__ 
1 = ton 8 72+ cos 
2 4 
Ue Tae canes ey 
i 10 _ 10 
oT re ceae eT Sob cos 
_ 20 _ 9 
se a eal TTS aca ee ee 
53. Answers will vary. 
; 
55. >= 9.2931 x 10 


57. r 


59. r 


61. 


63. 
65. 


67. 
69. r 


1 — 0.0167 cos 0 
Perihelion: 9.1405 x 107 mi 
Aphelion: 9.4509 x 107 mi 

1.0821 x 108 


~ 1 — 0.0067 cos @ 
Perihelion: 1.0748 x 108 km 


Aphelion: 1.0894 x 108 km 
_ 1.4038 x 108 

1 — 0.0935 cos 6 
Perihelion: 1.2838 x 108 mi 
Aphelion: 1.5486 x 108 mi 


3 a 3/2 ae 1 
2+sin0 1+ (1/2)sin@’ 2 
ellipse. 


True. The graphs represent the same hyperbola. 


False. Every term in the fraction needs to be divided by 3. 


This yields 
2 


a ee 
1 — 3 cos @ 


The eccentricity is z so the graph is an ellipse. 
Answers will vary. 


24,336 7144 
tA I 25 cos? @ — 9 


2 — 


~ 169 — 25 cos? 6 


and the conic is an 


Answers to Odd-Numbered Exercises and Tests A65 


73. If e remains fixed and p changes, then the lengths of both the 35. Center: (4, —2) 37. Center: (1, —1) 
major axis and the minor axis change. For example, graph Vertices: Vertices: 
sy (-3, -2), (11, -2) (5, —1), (-3, -1) 
1—%sin0 Foci: (4 + /74, —2) Foci: (6, —1), (—4, —1) 
with e = 2 and p= Be and graph Asymptotes: : Asymptotes: ; 
6 y= —247(x — 4) y= 144-1) 
= — oa y y 
1 —  3sin@ 
with e = 7 and p = 9, on the same set of coordinate axes. 
a 
ea A Oe) at 
3 3° 3 toes p> x x 
06 9 $015 18 
81. (a) h = 7, vo = 40, 8 = 45° Bee 
(b) 2 i. 
30) Y= “ai, Hypeibat 
ob 60 * 10,890,000 16,988,400 eee 
(c) Maximum height: 19.5 ft as a ne 
Range: 56.2 ft 45. (y) _ (x'? asf 


10 10 


y 


Review Exercises (page 494) 


1. Trad, 45° 3. 1.9513 rad, 111.8° 5. 0.4424 rad, 25.3° 
9, 45 


7. 0.6588 rad, 37.7° 11. Hyperbola 
13. x? = 12y 15. (y — 2)? = 12x 


6 

54 

4+ 

te ee 

at 47, +5 =1 
NA 3 2 

I= y 
$4334 ]13345 f 


17,.y=-4e-2 19. 6/5m 
@=2" , y= 8)? _ 


9 = 


21. 9 6A 1 2 a i 1 
25. 3 feet from the center of the arch at ground level 
27. Center: (—2, 5) 29. Center: (1, —4) 
. : 49, (a) Parabola 
Vertices: (—1 Vertices: (1,0), (1, — 
parame aie Rs 24x + 40 + /Odx + 402 — 36162 — 30x) 
Foci: (—2 + 2,/7, 5) Foci: (1, -4 + 7) (b) y= 18 
Eccentricity: e = a Eccentricity: a (©) : 
i i 
mall + > x 
12+ a : -3 9 
A 
10x + /100x? — 400? + 1 
51. (a) Hyperbola (b) y = — : aaa 


(c) 


y2 x2 x2 y? 
12-5 =1 .2-F=1 
mae 6 9 i 
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A66 


Answers to Odd-Numbered Exercises and Tests 


53. (a) 67. 
t | —-2]|-1] 0 1 2 
ca) —8 | —5 | -2)] 1 4 
y | 15) 11 7 |3)-1 


(b) 


55. (a) 


| (b) y = 2x 


57. (a) 


= 4 
(b) y= x oe 
83. 
87. 
91. 


59. (a) (b) Pr + y= 
at 
z os 
=, 93. 
61. (a) x=ty=2t+3 
(b) x=t-—1l,y=2t+1 
(c) x =3-ty=9-2t 
63. (a) x=ty=r?t+3 
(b) x=t-l,y=e?-—2t4+4 
(c)x=3-ty=f— 6t+ 12 
65. (a) x=ty=1- 40 
(b) x=t-l,y 4t? + 8 — 3 
(c) x =3-ty 4t? + 24t — 35 
Copyright 2022 Cengage Learning. All Rights Reserved. Ma 


71. 


y not be copied, sca 


NIA 


NIN A ONY 


2/4 /6 /8 


3n 
2 
(7, —5.23), (7, 1.05), (—7, —2.09) 


(0,0) 73. (-3 -4) = (2.2.2) 


2 2 
3m 
v 10,7 79. r=9 81. r = 5 sec 0 
r? = 10 csc 20 85. x? + y= = 16 
x? + y? = 3x 89, x2 + y? = y?/3 
Symmetry: 6 = o polar axis, pole 


2 
Maximum value of |r|: |r| = 6 for all values of 6 
No zeros of r 


Lia 


+> 0 


vig 


Symmetry: polar axis 
Maximum value of |r|: |r| = 4 when 6 = 0 
Zeros of r: r = 0 when 6 = 7 


NIA 


sig 


nned, or duplicated, in whole or in part. WCN 02-20 
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Answers to Odd-Numbered Exercises and Tests A67 


95. Symmetry: @ = us polar axis, pole 109. r= = 111. r= = 
2 si Ae Se ay 1 — cos 0 3 —2cos0 
Maxi lue of |r|: = 4 when 6 = —, —, —, — : 
aximum value of |r|: |r| when aa a ite 7961.93 - 10,980.11 mi 
ae Be 1 — 0.937 cos 6 
Zeros of r: r = 0 when 6 = 0, pea 115. False. The equation of a hyperbola is a second-degree equation. 
z 117. False. (2 a) (-2 =) and (2, 2) all represent the 
q 4 4 4 
1 same point. 
119. (a) The graphs are the same. 
z++t+4 Fe (b) The graphs are the same. 
i Chapter Test (page 497) 
E 1. 0.5191 rad, 29.7° 2. 0.7023 rad, 40.2° 3. a 
97. Symmetry: 6 = S 4. Parabola: y? = 2(x — 1) | 
2 
ad fect ee ee Vertex: (1, 0) 
aximum value of |r|: |r| = 8 when 6 = 7 Pecac: (3 0) 
Zeros of r: r = 0 when @ = 3.4814, 5.9433 
5 x 
— 9)2 
= 5. Hyperbola: eo -y=] 
: > 
T Center: (2, 0) 
z Vertices: (0, 0), (4, 0) 
99. Symmetry: 6 = > polar axis, pole Foci: (2 + J, 0) 
‘- Asymptotes: y = ae = 2) 
Maximum value of |r|: |r| = 3 when 6 = 5 , 7 
Zeros of r: r = 0 when 0 = 0,7 at 
2 
m4 @ +> 0 
3 4 
e : 
. : x+ 3)? (y—- 1) 
oa 6. Ellipse: IP 4 = A 
101. Limagon 103. Rose curve Center: (—3, 1) 
S Vertices: (1, 1), (—7, 1) 
Foci: (-3 A/T, 1) 
—16 8 -12 12 y 
A 
6+ 
-8 -8 
105. Hyperbola 107. Ellipse 
5 5 > x 
-44 


| 
nvl¥ 4 
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A68 Answers to Odd-Numbered Exercises and Tests 


7. Circle: (x — 2)? + (y - 1)? = 5 18. Limagon with inner loop 19. Rose curve 
Center: (2, 1) 


y 


NIA 
Hla 


A 
34+ 
at ™—+—+t t+—+-> 0 
3 
‘} (-) | 
n—t Q t—> 0 a 
+ + + }—> x 4 
-1 1 2 3 3a 3x 
2 2 
-i1+ 
1 


20. A ill LF lee. = 
nswers will vary. For example: r = 755 aaa 


2 3 
Dis _ 2 eee = : j : an : 
8. (y + 4) 12(x — 3) 9. 2/41 162/41 1 21. Slope: 0.1511; Change in elevation: 789 ft 22. No; Yes 
n2 N2 . 
10. (a) oe a ie = Cumulative Test for Chapters 4-6 (page 498) 
(b) 1.-2-3) 2-21-28 34 45+ 
5. ; + i 6. -2,425 7% +/3,+ /Ti 
8. f(x) = x4 + x3 — 33x? + 45x + 378 
: 9. Imaginary 
va 
ail 
2+ e (3,2) 
Pel p++ ++ + > Real 
u ¥ eo eee ee 
: A 2+ @ (3,-2) 
44 =3+ 
at 
3+ 2i 
} tx 3n—,s«wsC3 
-2 © 10. /37 11. 2./2 COs + isin = 
12. 24(cos 150° + isin 150°) 13. -8 + 8/3i 14. —64 
“4y 15. cos0 + isinO 
2 2 
(@- 2°  y_, cos = + isin 
: i 4n An 
12. (a) x=ty=3-P cos -3- + isin-> 
(b) x=t-2,y=-2P+4+4t-1 
13. (/3, a 1) 16. s{cos 4 + isin a) “s 
— 7 
14. (2v2. 7), (-2v2, =), (2v2 7), ( 5/7, =) 30 3 Zi 
4 4 4 4 5{cos [> + isin] 
15. r=8 5 5 
16. Parabola 17. Ellipse 5{cos + isin =) __.. Real 
: 4 4 6 > axis 
2 ( Tn 


+—++> 0 


17. Reflect f in the x-axis and y-axis, and shift three units to the 
right 

18. Reflect f in the x-axis, and shift four units up. 

19. 1.991 20. —0.067 21. 1.717 22. 0.390 


a 
rf $+ nis 
Y 
Co 
a 
mn 
fo) 
[o) 
n 
~ 
B | 3 
| 
T 
2. 
5 
s| 
inca 


2 23. 0.906 24. -1.733 25. —4.087 
x2 
26. In(x + 5) + In(x — 5 4inx 27. In ,x>O0 
( ) + In( ) rea 
In 12 In9 64 


28. 
31. 5e8 ~ 1490.479 


= 1, .—— +5 ~6, . = = 12. 
1.242 29, 77 +5 ~ 6585 30, = = 12.8 
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Answers to Odd-Numbered Exercises and Tests A69 


32. 1200 


—20 40 


—200 


Horizontal asymptotes: y = 0, y = 1000 


33. 6.3h 34. 2028 35. About 1.43 rad; about 81.87° 
36. U5 
5 
37. Ellipse; i 
@- 9 +I _, of 
4 9 


Center: (2, —1) 
Vertices: (2, 2), (2, —4) 


Foci: (3, = 5) 


y? 
38. Hyperbola; x? — az 1 
Center: (0, 0) 
Vertices: (1, 0), (—1, 0) 
Foci: is. 0), (- a 0) 


Asymptotes: y = +2x 


39. Circle; 40. Parabola; y? = —2(x + 1) 
(x + 1)? + (y — 3)? = 22 Vertex: (—1, 0) 
Center: (— 1, 3) Focus: (—3, 0) 


y y 


A A 


t t t t t+ x 
=i <4 -3 =2 1 


44.0 
: = 
«- 3 
ee ee 2 

16 : 


45. (a) x=ty=1-t 


46. 


51 Tn 1 
( . | (2, 7) (2 7) 
47. r = 16sin0 48. 9x? — l6y* + 20x +4 =0 
49, (a) iii =(b) i (Cc) ii 


50. Ellipse 


51. Parabola 


P+ NIA 
Nia 


nt +—+> 0 
a ae 
2 2 
Problem Solving (page 503) 
4a?b? 
1. (a) 1.2016 rad = (b) 2420 ft, 5971 ft 3. A=——> 
a+ b? 


5. (a) Because d, + d, © 20, by definition, the outer bound that 
the boat can travel is an ellipse. The islands are the foci. 


(b) Island 1: (—6, 0); Island 2: (6, 0) 
(c) 20 mi; Vertex: (10, 0) 


a a 
ie 100 64 
7. Proof 9. Proof 


11. Answers will vary. Sample answer: 
x = cos(—t) 


y = 2sin(—2) 
Wet 2 — 2 (2 — 217) 
2 — 72 = _ 
ey (5) Oa TEP Tae 
(c) a 
-3 3 
2 
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A70 Answers to All Checkpoints 


Il 
o 

H 

a o 
o 


The graph is a line between —2 and 2 on the x-axis. 


(b) 


Il 
o 

Il 

a o 
o 


The graph is a three-sided figure with counterclockwise 
orientation. 


(c) 


Il 

o 
+ | 

a 


Hl 
a 


The graph is a four-sided figure with counterclockwise 
orientation. 


(d) 


1 

o 
cs | 

o 


i 
o 


The graph is a 10-sided figure with counterclockwise 
orientation. 


(e) 


i 
o 

Il 

a o 
o 


The graph is a three-sided figure with clockwise orientation. 


(f) 


i 
o 

i 

a o 
a 


The graph is a four-sided figure with clockwise orientation. 
2 


17. 


I 
a 
| 
o o 
z 
| 
o 
o 


-2 


r= —cos( /26), 


. (50 
r= 3sin( 2) 
—2Qn 50<2n 


Sample answer: If n is a rational number, then the curve has 
a finite number of petals. If 7 is an irrational number, then the 
curve has an infinite number of petals. 


Technology 
Chapter P (page 27) 


160 


2013 2019 
100 


(page 81) 


The graph in dot mode illustrates that the range is the set of all 
integers. 


Chapter 1 (page 160) 


The graph is poorly visible because it crashes with the x-axis. 
—nm Sx <a and —0.55 = y < 0.5 display a good view of the 
graph. 


Chapter 5 (page 397) 


S = 44.73(1.147)! 

The exponential regression model has the same coefficient as 
the model in Example 1. However, the model given in Example 1 
contains the natural exponential function. 


Chapter 6 (page 466) 


8 


0 12.6 
0 


Checkpoints 


Chapter P 
Section P.1 


1. (a) Natural numbers: {§, 8} 
(c) Integers: {$ =1,8, —22} 
(d) Rational numbers: { : g 7.5, —1, 8, 22} 


(e) Irrational numbers: { —T, el 


(b) Whole numbers: {§, 8} 


2.16 -2 07 3 
Neve er ey tes 
2-1 0 12 3 4 
3. (a) 1>-5 (b)2<7 ( -}>-3 
4. (a) The inequality x > —3 denotes all real numbers greater 
than —3. 


(b) The inequality 0 <x <4 denotes all real numbers 
between 0 and 4, not including 0, but including 4. 
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5. (a) [—2, 5) denotes the set of all real numbers greater than or 


equal to —2 and less than 5; -2 S$ x < 5 


-2 0 2 4 6 


(b) [—2, 4); -2 s x < 4; 


-2 0 2, 4 6 
6. (a) 1 (b) -; ()% Gd) -07 
7. (a) 1 (b) -1 
8. (a) |-3| < [4 (&) -|-4| = -|4] 


(©) |-3] > -|-3 
9. (a) 58 =(b) 12) (ec) 12 
10. Terms: — 2x, 4; Coefficients: —2,4 
12. (a) Commutative Property of Addition 
(b) Associative Property of Multiplication 
(c) Distributive Property 


11. -5 


13. (a) (b) 


Section P.2 


1. (a) -—4 (b) 8 2. —18 3. No solution 
4.-1,2 5. (@) +273 @1+J/10 62+ S55 
73481 og 1.3L og 4 9, 9 223 
3 3 3 3 3 3 
11. (a) 5,+/2 (b) 0,-3,6 12. -9 13. —59, 69 
14. —2,6 
Section P.3 
1. y 
at 
(-3, 2) T 
27 (3, 1) 
+ e 
+++ ++ + +++ > x 
=4 -22 JL 4 
(-1,-2) @ @(0,-2) e@ 
als (4, -2) 
44 
i 
2. N 
A 
800 + 
780+ e 
8 760 + e 
2 740+ ° 
5 720 e 
E 700 
2 60+ ° 
a e 
A—+ + + + + $+$—> f 
2014 2015 2016 2017 2018 2019 


Year 
3. /37 ~ 6.08 
4. d, = \/45, d, = \/20, d, = \/65 
(/45)° + (./20)" = (465) 
5. /709 ~27yd 6. (1, -1) 


7. $66.4 billion 


its Rese 


8. (a) y 


Answers to All Checkpoints A71 


(b) ‘ 


Nw F 
}—+ 4 


i +> x 
24 
4 
ee aer ce ae 
9. x-intercepts: (0, 0), (—5, 0), 
y-intercept: (0, 0) 
10. 4 11. 
ae 
4 > Xx 
12. (x + 3)? + (y + 5)? = 25 
Section P.4 
1. (a) i (b) i 
ab 14 
= i 2 oy ae 
=e 
=e 
. (0, -3) 
ey el 
=54 
(c) 
2. (a) 2 (b) -$ = (c) Undefined (d) 0 
3. (a) y=2x- 13 (b) y=—-2x+2 CW y=l 
4. (a) y=2x +3 (b) y= -2x-2 5. Yes 
6. The y-intercept, (0, 1500), tells you that the initial value of 


7. 


a copier at the time it is purchased is $1500. The slope, 
m = —300, tells you that the value of the copier decreases by 
$300 each year after it is purchased. 

y = —4125x + 24,750 8. y = 0.06r + 3.12; $4.56 billion 


Section P.5 


1. 
2. 
3. 
4. 


(b) Function 
(b) Function 
(c) —3x? + 6x + 7 
1, f(3) =2 5. 44 6. —4,3 


(a) Not a function 
(a) Not a function 
(a) —2 (b) —38 
f(—2) =3, 72) 
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A72 Answers to All Checkpoints 


7. (a) {—2, —1, 0, 1, 2} 6. (a) The graph of g is a horizontal shrink of the graph of f. 
(b) All real numbers x except x = 3 (b) The graph of / is a horizontal stretch of the graph of f. 
(c) All real numbers r such that r > 0 . 
(d) All real numbers x such that x = 16 Section P.9 
8. (a) S(r) = 107 ~~ (b) S(h) = jah? 9. No i. @2¢223- &2Pee-1sil Sea 
10. 2010: $0.77 trillion Fz 
2013: $0.641 trillion 4, (A) = ee Domain: [3, 4) 
2018: $0.826 trillion 
1. 2x +ht+2,h#0 5. (a) 8x7 + 7 ~~ (b) 16x? + 80x + 101 (c) 9 
6. All real numbers x 7. f(x) = £3/x, g(x) = 8 — x 
Section P.6 8. (a) (N° T)(t) = 32 + 36 + 204 = (b) About 4.5 h 
1. (a) All real numbers x except x = —3 Section P.10 
b) f(0) = 3; f(3) = —6 c) (—0, 3 
2. See oI re 1. fx) = 5x, f(F'@) = 560) = xf FQ) = 5Gx) = x 
3. (a) x= -8.x=3 ()f=25 (x= +V2 2. g(x) = 7x + 4 | 
4. 1 Increasing on (— 00, —2) and 3. i an 4.0 
L (0, 20) 
(-2, 3) 34 Decreasing on (—2, 0) 


(0, -1) 


5. (—0.88, 6.06) 6. (a) —3 (b) O 
7. (a) 20 ft/sec (b) +4" ft/sec 

8. (a) Neither; Nosymmetry  (b) Even; y-axis symmetry ny Qari 
Chapter 1 
Section 1.1 


Tt 5a 7a 
b 
4 (b) 3° B38 


5. (a) Yes (b) No 6. f—'(x) = 


(c) Odd; Origin symmetry 
Section P.7 


1. f@) =—-3x+1 2 ¢(-3) = 0, FQ) = 3, f(-3) = -1 
3. y 1. (a) 7, 


2. (a) Complement: . Supplement: 7 


eo (b) Complement: none; Supplement: = 
1 
3. (a) : (b) OE 4. (a) 30° (b) 300° 
=o 5. 247 in. ~ 75.40 in. 6. About 0.84 cm/sec 
7. (a) 48007 rad/min (b) About 60.319 in./min 
Section P.8 8. About 1117 ft? 
1. (a) y (b) Section 1.2 
si 1. (a) sin = = 1 csc = 1 
a ° 2, 2 
24 cos : = 0 sec A is undefined. 
A _ tan . is undefined. cot s =0 
7 (b) sind = 0 csc 0 is undefined. 
PROS =1. 3.46)= Reo os ee 
tan 0 = 0 cot 0 is undefined. 


4. (a) The graph of g is a reflection in the x-axis of the graph of f. 
(b) The graph of / is a reflection in the y-axis of the graph of f. 
5. (a) The graph of g is a vertical stretch of the graph of f. 
(b) The graph of h is a vertical shrink of the graph of f- 


its Rese 
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. sr\_ 2 
(c) sin( -=2) oa eso = 2 
cos( -22) a _v3 seo( -) = _2V3 
6 2 6 3 
tan( -22)} = 3 co(-) = We 
(d) sin( -22) = 2 eso( -22) =-/2 
cos( -=2) = — seo( -*4) = = /2 
3n\ _ _ 30 7 
tan( -*7} =1 coi =) 1 
2 (a0 ) -~ © 03 


3. (a) 0.78183148 
Section 1.3 


oe ee 
1. sind = 5 
cos 8 = V3 
2 
3 
tan @ = —>- 
an 3 
2. cot 45° = 1, sec 
3. tan 60° = /3, tan 30° = 
5. (a) 0.28 = (b) : 0.2917 
7. Answers will vary. 
9 


Section 1.4 


(b) 1.0997502 


csc 9 =2 
2/3 
sec 9 = —— 
3 
cot@ = 3 
45° = \/2, csc 45° = \/2 
V3 4. 17650601 


6. (a); (b) V5 


8. About 40 ft 


. 60° 10. About 17.6 ft; about 17.2 ft 


; 3/13 2/13 3 
1. sin@ = B , cos 8 B ,tand = 3 
2. cos 6 = 2, tan 6 = -4 
3.-1:0 4. (a) 33° (b) = (c) 2 
/2 1 V3 3 4 
5. (a) 5) (b) 5 (c) 3 6. (a) 5 (b) 3 


7. (a) —1.8040478 
Section 1.5 
L ? 

A 


a+ 


(b) —1.0428352 


y=3sinx 


y 


(c) 0.8090170 
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Answers to All Checkpoints 


4. Period: 27 
Amplitude: 2 


na Sa 
PD corresponds to one cycle. 


; 1 3m 
Key points: (4 2), (x, 0), ( >? 2), (2x, 0), ( 7 
5. in 6. y 


51 


) 


7. y = 5.6 sin(0.524t — 0.524) + 5.7 
Section 1.6 


A73 


1. i 2. ; 
| i q 
1 U 
: t > x 
f Zoifx 
! 21 
1 fi 
1 1 
| 1 
H q 
y 
3. ) 
1 1 1 1 
1 tee pd 
t—t+—t ~—t+—1+—_}+— + 
'-nr 1 | a 1 2a 
1 1 1 1 
5. 6. | f(x) = x?sin 4x 
1 1 
1 1 
t t+—t > x : 
1 2n 1 bs 
1 1 
1 1 
| 1 


SINIOdMOWHO 


A74 Answers to All Checkpoints 


Section 1.7 


1 
1. = 2: 1 
(a) 5 
(b) Not possible 


nia, 
nr 


3n 1 
3. (a) “A. (b) 3 
4. (a) 1.3670516 (b) Not possible (c) 1.9273001 


6 ss 7 Sx? +1 


5. (a) -14 (b) 3 (c) 0.54 A 


Section 1.8 


1. a ~ 5.46, c ~ 15.96, B = 70° 2. About 16 ft 
3. About 15.1 ft 4, 3.58° 
5. Bearing: N 53° W, Distance: about 3.2 nm 
6. d = 6sin = ; cycle per second 
7. (a) 4 (b) 3cycles per unit of time (c) 4 (d) b 
Chapter 2 
Section 2.1 
1. sinx = eee Ss DD aie ee = /10 
10 10 3 
_ _v10 _ 
sec x = — 3 ,cotx = 3 
2. —sinx 
3. (a) (1 + cos @)(1 — cos 8) = (b) (2 csc 8 — 3)(csc 6 — 2) 
4. (tan x + 1)(tan x + 2) 5. sinx 6. 2 sec? 6 
7. 1+ sin@ 8. 3 cos 0 
Section 2.2 
1-7. Answers will vary. 
Section 2.3 
1 3n 
1. "i + 2nz, ae 2nit 
2. ze + 2nr, = 2nn, 2 + 2n7, 3 + 2nt 3. nt 
mm 50a T 3m 3m 
46 6 5. tam, tan 6. 0,5 
1 Pt PUR 8. 5 + Inn 


9. arctan 3 + nz, arctan(—2) + na 10. 0.4271, 2.7145 


11. 6 ~ 54.7356° 
Section 2.4 


; J/2+ J6 ; J/2+ J6 3, 93 

: 4 : 4 "65 
[Poe 

4. aT 5. Answers will vary. 


Sx 


1 
: - 6 b) —tan 0 Y Plies taal 
6. (a) —cos (b) an 373 


8. Answers will vary. 


Section 2.5 


= 


3 + 2nt, 7m + 2nm, = + 2nn 


2. sin 20 = a cos 20 = 5, tan 20 = 2 


ee cos 4x — 4cos 2x + 3 
3. 4 cos’ x — 3 cos x i cos 4x + 4cos 2x + 3 


-J/2- /3 n 50 1 4 


5. 5 6. 37% 3 7. 7 sin 8x t 7 Sin 2x 
J/2 nm , 2nt nm , 2nt e 

8. 5 6 55 3 nn 10. 45 

Chapter 3 


Section 3.1 


C = 105°, b = 45.25 cm, c ~ 61.82 cm 
B = 12.39°, C = 136.61°, c ~ 16.01 in. 
. sinB ~ 3.0311 > 1 
. Two solutions: 

B = 70.4°, C = 51.6°,c = 4.16 ft 

B = 109.6°, C ~ 12.4°,c = 1.14 ft 
6. About 213 yd? 7. About 1856.59 m 


Section 3.2 


1. A = 26.38°, B ~ 36.34°, C = 117.28° 
2. B =~ 59.66°, C ~ 40.34°, a = 18.26 ft 


2. 13.40 m 


i 


3. About 202 ft 


4. N15.37°E 5. About 19.90 in.” 
Section 3.3 
1. \|PO|| = |RS|| = /10, slopezg = slopegs = i 
PO and RS have the same magnitude and direction, so they are 
equivalent. 
2. v = (—5, 6), |lvl] = /61 
3. (a) (4,6) (b) (—2,2) (©) (-7, 2) 
4. (a) 3V17_—s (b) 2V/13—s (c) SV/13 
6 1 
5. (& -) 6. —6i — 3j 7. Wi- 14j 
J37 /37 : ’ 


8. (a) 135° (b) About 209.74° —- 9. (— 96.59, — 25.88) 
10. About 2405 Ib 11. |v|| ~ 451.8 mi/h, @ ~ 305.1° 


Section 3.4 


1. (a) -6 =(b) 337. WO 

2. (a) (—36, 108) (b) 43 (c) 2/10 3. 45° 

4. Yes 5. 75(64, 16); (— 13,52) 6. About 38.8 Ib 
7. About 1212 ft-lb 


Chapter 4 
Section 4.1 


l(a) 12-i ()-2+71 @i WO 
2. (a) -15 + 10i (b) 18-6 (©) 41 (d) 12 + 16: 
3. (a) 45 (bs) 29 4248) 5, -27 
os 

8 8 
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Section 4.2 


1. 3 
2. (a) 16; two distinct real solutions 

(b) 0; one repeated real solution 

(c) —32; two imaginary solutions 
3.24% 4.4,/2,431 5.344) 
6. f(x) = x+ + 45x? — 196 
7. f(x) = 2x3 — 10x? + 18x — 10 


Section 4.3 


1. Imaginary 
axis 


34 \ 
4+ ‘o3-4i 
54 
-64 
5 
2.44 31 3. 1 - Si 
4. Imaginary 
: * (2, 3) 
1 


2 + 3i 
5. /82~9.06units 6. (4, -2) 


Section 4.4 


7 


yi 7 
1. 6VA( cos 7 + isin 7) 2. 5(cos 53.1° + isin 53.1°) 


3.-J/3+i 4.-44+4/3i 5. 12i 
J3 1, 
, WE += _ 
6 5 7! 7. —8 
Section 4.5 
1. -4 21 Bei 
3. ./23/3(cos 45° + isin 45°) 
/23/3(cos 165° + i sin 165°) 
J2.3/3(cos 285° + i sin 285°) 
Chapter 5 
Section 5.1 
1. 0.0528248 
2.0 =OF A yao y 
2 [s@=9 3 Ga) =9 y 


\ / 


Answers to All Checkpoints 


4. (a) 2 (b) 3 
5. (a) Shift the graph of f two units to the right. 
(b) Shift the graph of f three units up. 


A75 


(c) Reflect the graph of f in the y-axis and shift three units 


down. 
6. (a) 1.3498588 
7. y 


(b) 0.3011942 (c) 492.7490411 


8. (a) $7927.75 — (b) $7935.08 
9. About 9.970 Ib; about 0.275 lb 


Section 5.2 


1. (a) 0 (b) -3 (c) 3 
2. (a) 2.4393327 (b) Error or complex number 
(c) —0.3010300 


(c) $7938.78 


3. (a) 1 (b) 3 (c) 0° (dd) 25 

4. i 5. , 
+ 4 

\ 

fa) =8* 3 

1 

g(x) = log gx a 

-1 


(b) if 


7. (a) —4.6051702 (b) 1.3862944 
(d) Error or complex number 


(c) 1.3169579 


8 (a); ()0 | yz G7 9% (-3,00) 
10. (a) 70.84 (b) 61.18  (c) 59.61 

Section 5.3 

1. 3.5850 2. 3.5850 


3. (a) log3 + 2log5 = =(b) 2log3 — 3 log5 4.4 


1 (x + 3)? 
5. log, 4 + 2 log, x — 3 logs 6. log G@— 2) 
7. Iny= $Inx 
Section 5.4 
1. (a) 9 (b) 216 (c)In5— (d) -3 
2. (a) 4,-2 3. (a) 1.723. (b) 3.401 = 4. —3.415 
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A76 Answers to All Checkpoints 


5. 1.099, 1.386 
7.0513 8& 2 9% 10 


6. (a) e2/3 


(b) 7 (c) 12 


10. About 13.2 years; It takes longer for your money to double at 


a lower interest rate. 


11. 6 days 

Section 5.5 

1. 2021 2. 400 bacteria 
4. 0.004 


200 800 


Haxiraure 
HEfEL0000e  Y=.0038 
—0.001 


531 
5. About 7 days 


Chapter 6 
Section 6.1 
1. 0.6747 = 38.7° 


3. ni = 3.79 units 


f IO 


5. (a) Bg, 3.58 units 


J5 
Section 6.2 


1. x2 = fy 
4. y=6x-3 


Section 6.3 


( ee We 
an; "16 


1 


Center: (0, 0) 
Vertices: (—9, 0), (9, 0) 


4. Center: (—1, 3) 
Vertices: (—4, 3), (2, 3) 
Foci: (—3, 3), (1, 3) 

1 
mall 


+ + t t +—> x 


6. 30 decibels 


2. (y + 3)? = 8@ — 2) 


3. About 38,000 yr 


2. About 85.0° 
4. — = 0.51 unit 
34 


(b) 12 square units 


3. (2, —3) 


. Center: (—2, 1) 


Vertices: (—2, —2), (—2, 4) 


Foci: (-2,1 ae 5) 


. Aphelion: 


4.080 astronomical units 
Perihelion: 


0.340 astronomical unit 
2 


Section 6.4 


1 (y+ 1? @= 2) 
an) 7 
2. y 3. 


1 


— 6)2 — 9) 
pea ED, 

9 4 
5. The explosion occurred somewhere on the right branch of the 


hyperbola 
2 


x 2 


4,840,000 
6. (a) Circle 


Section 6.5 


1, OF _ GF, 2 


y = 
2,129,600 
(b) Hyperbola 


1. 


(c) Ellipse (d) Parabola 


12 12 1 9 


4. Parabola; 
_ 2x = /—6x — 10 


y 4 


-6 0 


Section 6.6 


1. The curve starts at (—4, 18) and 


ends at (4, 18). 
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4. (a)x=ty=P+2 
5. x = a(@ + sin 8), y = a(1 + cos 6) 


Section 6.7 
1. (a) 


NIA 


(c) = 


|x 


(b) x =2 


(-n 2) (na) 


3.(-2,0) 4 (2 ) 


5. (a) The graph consists of all points seven units from the pole; 


x? + y? = 49 


(b) The graph consists of all points on the line that makes an 
angle of 2/4 with the polar axis and passes through the 


pole; y =x 


(c) The graph is a circle with center (0,3) and radius 3; 


r+(y-3P= 


Copyright 2022 Ce 


ty 


Answers to All Checkpoints 


Section 6.8 


A77 


1. 2. x 
2 
6+ 
nm t= 0) 
ve 
ig 3 
ae 
2 
3. x 4, x 
2 2 
4+ ar 
ot 
an } { +» 0 
1 2 
3x 3x 
2. 2 
5. 6. x 
2. 
ot 
it 
n+ +> 0 mt 
4 3 
3x 
2 
Section 6.9 
1. Hyperbola 
2. Hyperbola 
2 
1 
7 —|—}_ 9 gt: +> 0 
T234 
2 
aia 1 — cos@ 
0.625 


~ 1 + 0.847 sin 6’ 


; about 0.340 astronomical unit 


sr in part. W 
or in part. W 
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A 


Absolute value(s) 
of a complex number, 329 
equation, 23 
properties of, 6 
of a real number, 6 
Acute angle, 123 
Addition 
of complex numbers, 315, 330 
of fractions 
with like denominators, 11 
with unlike denominators, 11 
vector, 280 
parallelogram law for, 280 
properties of, 281 
resultant of, 280 
Additive identity 
for a complex number, 315 
for a real number, 9 
Additive inverse, 9 
of a complex number, 315 
of a real number, 9 
Adjacent side of a right triangle, 139 
Algebraic expression(s), 8 
evaluate, 8 
term of, 8 
Algebraic function, 358 
Algebraic tests for symmetry, 33 
Alternative definition of conic, 485 
Alternative form 
of dot product, 293 
of Law of Cosines, 271, 308 
Ambiguous case (SSA), 264 
Amplitude of sine and cosine curves, 161 
Angle(s), 122 
acute, 123 
between two lines, 419 
between two vectors, 292, 310 
central, 123 
complementary, 124 
conversions between degrees and 
radians, 125 
coterminal, 122 
degree measure of, 125 
of depression, 144 
direction, of a vector, 284 
of elevation, 144 
initial side of, 122 
measure of, 123 
negative, 122 
obtuse, 123 
positive, 122 
radian measure of, 123 
reference, 152 
of repose, 188 
standard position, 122 
supplementary, 124 
terminal side of, 122 


vertex of, 122 
Angular speed, 126 
Aphelion distance, 438, 490 
Apogee, 438 
“Approximately equal to” symbol, 2 
Arc length, 126 
Arccosine function, 182 
Arcsine function, 180, 182 
Arctangent function, 182 
Area 

of an oblique triangle, 266 

of a sector of a circle, 128 

of a triangle, Heron’s Area Formula, 

274, 309 

Argument of a complex number, 336 
Arithmetic combination of functions, 94 
Associative Property of Addition 

for complex numbers, 316 

for real numbers, 9 
Associative Property of Multiplication 

for complex numbers, 316 

for real numbers, 9 
Astronomical unit, 488 
Asymptote(s) 

of a cotangent function, 172 

of a hyperbola, 445 

of a tangent function, 170 
Average rate of change, 72 
Average value of a population, 400 
Axis (axes) 

conjugate, of a hyperbola, 445 

imaginary, 329 

major, of an ellipse, 434 

minor, of an ellipse, 434 

of a parabola, 426 

polar, 471 

real, 329 

rotation of, 453 

transverse, of a hyperbola, 443 


B 
Base, natural, 362 
Basic conics, 425 
circle, 425 
ellipse, 425, 434 
hyperbola, 425, 443 
parabola, 425, 426 
Basic Rules of Algebra, 9 
Bearings, 192 
Bell-shaped curve, 400 
Book value, 47 
Bounded intervals, 5 
Branches of a hyperbola, 443 
Butterfly curve, 504 


C 
Cardioid, 481 
Cartesian plane, 26 


Center 
of a circle, 35 
of an ellipse, 434 
of a hyperbola, 443 
Central angle of a circle, 123 
Change-of-base formula, 379 
Characteristics of a function from set A 
to set B, 53 
Circle, 34, 481 
arc length of, 126 
center of, 35 
central angle of, 123 
classifying 
by discriminant, 457 
by general equation, 449 
involute of, 503 
radius of, 35 
sector of, 128 
area of, 128 
standard form of the equation of, 34, 35 
unit, 132 
Circular arc, length of, 126 
Classification of conics 
by discriminant, 457 
by general equation, 449 
Coefficient of a variable term, 8 
Cofunction identities, 210 
Cofunctions of complementary angles, 141 
Combinations of functions, 94 
Common logarithmic function, 370 
Commutative Property of Addition 
for complex numbers, 316 
for real numbers, 9 
Commutative Property of Multiplication 
for complex numbers, 316 
for real numbers, 9 
Complementary angles, 124 
cofunctions of, 141 
Completing the square, 17 
Complex conjugates, 317, 323, 331 
Complex number(s), 314 
absolute value of, 329 
addition of, 315, 330 
additive identity, 315 
additive inverse, 315 
argument of, 336 
Associative Property of Addition, 316 
Associative Property of Multiplication, 
316 
Commutative Property of Addition, 316 
Commutative Property of 
Multiplication, 316 
conjugate of, 317, 323, 331 
difference of, 315, 331 
Distributive Property, 316 
division of, 317, 338 
equality of, 314 
imaginary part of, 314 
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modulus of, 329, 336 

multiplication of, 316, 338 

nth root of, 343, 344 

nth roots of unity, 344 

polar form of, 336 

powers of, 342 

product of two, 316, 338 

quotient of two, 317, 338 

real part of, 314 

standard form of, 314 

subtraction of, 315, 331 

sum of, 315, 330 

trigonometric form of, 336 
Complex plane, 329 

Distance Formula in, 332 

imaginary axis, 329 

Midpoint Formula in, 333 

real axis, 329 


Complex solutions occur in conjugate 


pairs, 323 
Complex solutions of quadratic 
equations, 318 


Component form of a vector v, 279 


Components, vector, 279, 294 
horizontal, 282 
vertical, 282 
Composite number, 11 
Composition of functions, 96 
Compound interest 


compounded n times per year, 363 
continuously compounded, 363 


formulas for, 364 


Condensing logarithmic expressions, 381 


Conditional equation, 14, 217 


Conic(s) or conic section(s), 425, 485 


alternative definition, 485 
basic, 425 

circle, 425 

ellipse, 425, 434 

hyperbola, 425, 443 

parabola, 425, 426 
classifying 

by discriminant, 457 

by general equation, 449 
degenerate, 425 

line, 425 

point, 425 

two intersecting lines, 425 
eccentricity of, 485 
polar equations of, 485, 502 
rotation of axes, 453 


Conversions between degrees and 
radians, 125 
Convex limagon, 481 
Coordinate(s), 26 
polar, 471 
Coordinate axes, reflection in, 87 
Coordinate conversion, 473 
polar to rectangular, 473 
rectangular to polar, 473 
Coordinate system 
polar, 471 
rectangular, 26 
Correspondence, one-to-one, 3 
Cosecant function, 133, 139 
of any angle, 150 
graph of, 173, 176 
Cosine curve, 159 
amplitude of, 161 
Cosine function, 133, 139 
of any angle, 150 
of common angles, 153 
domain of, 135 
graph of, 163, 176 
inverse, 182 
period of, 162 
range of, 135 
of special angles, 141 
Cotangent function, 133, 139 
of any angle, 150 
graph of, 172, 176 
Coterminal angles, 122 
Co-vertices, 436 
Cross multiplying, 16 
Cubic function, 80 
Curtate cycloid, 469 
Curve 
bell-shaped, 400 
butterfly, 504 
cosine, 159 
logistic, 401 
orientation of, 462 
plane, 461 
rose, 480, 481 
sigmoidal, 401 
sine, 159 
Cycle of a sine curve, 159 
Cycloid, 466 
curtate, 469 


Damping factor, 175 
Decreasing function, 70 


Denominator, 9 

rationalizing, 220 
Dependent variable, 55, 61 
Depreciation 

linear, 47 

straight-line, 47 
Difference 

of complex numbers, 315, 331 

of functions, 94 

quotient, 60 

of vectors, 280 
Dimpled limagon, 481 
Directed line segment(s), 278 

equivalent, 278 

initial point of, 278 

length of, 278 

magnitude of, 278 

terminal point of, 278 
Direction angle of a vector, 284 
Directrix of a parabola, 426 
Discrete mathematics, 55 
Discriminant, 322, 457 

classification of conics by, 457 
Distance 


between a point and a line, 420, 500 


between two points 
in the Cartesian plane, 28 
in the complex plane, 332 
on the real number line, 7 
Distance Formula, 28 
in the complex plane, 332 
Distributive Property 
for complex numbers, 316 
for real numbers, 9 
Division 
of complex numbers, 317, 338 
of fractions, 11 
of real numbers, 9 
Divisors, 11 
Domain 
of the cosine function, 135 
of an equation, 14 
of a function, 53, 61 
implied, 58, 61 
of the sine function, 135 
Dot product, 291 
alternative form, 293 
properties of, 291, 310 
Double inequality, 4 
Double-angle formulas, 243, 257 
Drag, 312 


Conjugate axis of a hyperbola, 445 Defined, 61 E 
Conjugate, complex, 317, 323, 331 Degenerate conic, 425 e, the number, 362 
Conjugate pairs, 323 line, 425 Eccentricity 
complex solutions occur in, 323 point, 425 of a conic, 485 
Constant, 8 two intersecting lines, 425 of an ellipse, 439, 485 
function, 54, 70, 79 Degree of a hyperbola, 447, 485 
term, 8 conversion to radians, 125 of a parabola, 485 


Continuous compounding, 363 
Continuous function, 461 
Contradiction, 14 


fractional part of, 125 
measure of angles, 125 
DeMoivre’s Theorem, 342 


Effective yield, 394 
Eliminating the parameter, 463 
Ellipse, 434, 485 
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center of, 434 
classifying 

by discriminant, 457 

by general equation, 449 
co-vertices of, 436 
eccentricity of, 439, 485 
foci of, 434 
latus rectum of, 442 
major axis of, 434 
minor axis of, 434 


standard form of the equation of, 435 


vertices of, 434 
Ellipsis points, 2 
Endpoints of an interval, 5 
Epicycloid, 470 
Equal vectors, 279 
Equality 
of complex numbers, 314 
properties of, 10 
Equation(s), 14, 31 
absolute value, 23 
circle, standard form, 34, 35 
conditional, 14, 217 
of conics, polar, 485, 502 
contradiction, 14 
domain of, 14 
ellipse, standard form, 435 
equivalent, 15 
generating, 15 
exponential, solving, 386 
graph of, 31 
hyperbola, standard form, 444 
identity, 14 
of a line, 40 
general form, 48 
graph of, 40 
intercept form, 50 
point-slope form, 44, 48 
slope-intercept form, 40, 48 
summary of, 48 
two-point form, 44, 48 
linear, 31 
in one variable, 14 
in two variables, 40 
logarithmic, solving, 386 
parabola, standard form, 426, 501 
parametric, 461 
polar, graph of, 477 
quadratic, 17, 31 
of quadratic type, 227 
radical, 22 
rational, 16 
second-degree polynomial, 17 
solution of, 14, 31 
solution point, 31 
solving, 14 
trigonometric, solving, 224 
in two variables, 31 
Equivalent 
directed line segments, 278 
equations, 15 
generating, 15 


fractions, 11 
generate, 11 
Evaluate an algebraic expression, 8 


Evaluating trigonometric functions of any 


angle, 153 
Even function, 73 
trigonometric, 135 
Even/odd identities, 210 


Expanding logarithmic expressions, 381 


Exponential decay model, 396 
Exponential equations, solving, 386 
Exponential function(s), 358 

f with base a, 358 

graph of, 359 

natural, 362 

One-to-One Property of, 360 
Exponential growth model, 396 
Exponentiating, 389 
Expression, algebraic, 8 
Extracting square roots, 17 
Extraneous solution, 16, 22 
Extrapolation, linear, 48 


F 
Factor(s) 
damping, 175 
of an integer, 11 
scaling, 161 
Factoring, solving a quadratic equation 
by, 17 
Family of functions, 85 
Finding 
intercepts, 32 
an inverse function, 106 
nth roots of a complex number, 344 
Fixed cost, 46 
Fixed point, 235 
Focal chord 
latus rectum, 428 
of a parabola, 428 
Focus (foci) 
of an ellipse, 434 
of a hyperbola, 443 
of a parabola, 426 
Formula(s) 
change-of-base, 379 
for compound interest, 364 
Distance, 28 
in the complex plane, 332 
double-angle, 243, 257 
half-angle, 246 
Heron’s Area, 274, 309 
Midpoint, 30, 118 
in the complex plane, 333 
power-reducing, 245, 258 
product-to-sum, 247 
Quadratic, 17 
reduction, 238 
sum and difference, 236, 257 
sum-to-product, 247, 258 
Four ways to represent a function, 54 
Fractal, 347, 356 
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Fraction(s) 


addition of 
with like denominators, 11 
with unlike denominators, 11 
division of, 11 
equivalent, 11 
generate, 11 
multiplication of, 11 
operations of, 11 
properties of, 11 
tules of signs for, 11 
subtraction of 
with like denominators, 11 
with unlike denominators, 11 


Fractional parts of degrees 


minute, 125 
second, 125 


Frequency, 193 
Function(s), 53, 61 


algebraic, 358 
arccosine, 182 
arcsine, 180, 182 
arctangent, 182 
arithmetic combinations of, 94 
characteristics of, 53 
combinations of, 94 
common logarithmic, 370 
composition of, 96 
constant, 54, 70, 79 
continuous, 461 
cosecant, 133, 139, 150 
cosine, 133, 139, 150 
cotangent, 133, 139, 150 
cubic, 80 
decreasing, 70 
defined, 61 
difference of, 94 
domain of, 53, 61 
even, 73 
exponential, 358 
family of, 85 
four ways to represent, 54 
graph of, 67 
greatest integer, 81 
of half-angles, 243 
Heaviside, 120 
identity, 79 
implied domain of, 58, 61 
increasing, 70 
inverse, 102, 103 
cosine, 182 
finding, 106 
sine, 180, 182 
tangent, 182 
trigonometric, 182 
linear, 78 
logarithmic, 369 
of multiple angles, 243 
name of, 55, 61 
natural exponential, 362 
natural logarithmic, 373 
notation, 55, 61 
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odd, 73 
one-to-one, 105 
parent, 82 
period of, 135 
periodic, 135 
piecewise-defined, 56 
product of, 94 
quotient of, 94 
range of, 53, 61 
reciprocal, 80 
representation, 54 
secant, 133, 139, 150 
sine, 133, 139, 150 
square root, 80 
squaring, 79 
step, 81 
sum of, 94 
summary of terminology, 61 
tangent, 133, 139, 150 
transcendental, 358 
transformations of, 85 
nonrigid, 89 
rigid, 89 
trigonometric, 133, 139, 150 
undefined, 61 
value of, 55, 61 
Vertical Line Test for, 68 
zeros of, 69 
Fundamental Theorem 
of Algebra, 321 
of Arithmetic, 11 
Fundamental trigonometric identities, 
142, 210 


G 


Gaussian model, 396 
General form 
of the equation of a line, 48 
of a quadratic equation, 18 
Generate equivalent fractions, 11 
Generating equivalent equations, 15 
Graph, 31 
of cosecant function, 173, 176 
of cosine function, 163, 176 
of cotangent function, 172, 176 
of an equation, 31 
of an exponential function, 359 
of a function, 67 
intercepts of, 32 
of inverse cosine function, 182 
of an inverse function, 104 
of inverse sine function, 182 
of inverse tangent function, 182 
of a line, 40 
of a logarithmic function, 371 
point-plotting method, 31 
of a polar equation, 477 
reflecting, 87 
of secant function, 173, 176 
shifting, 85 
of sine function, 163, 176 
special polar, 481 


symmetry of, 33 
of tangent function, 170, 176 
Graphical tests for symmetry, 33 
Greatest integer function, 81 
Guidelines for verifying trigonometric 
identities, 217 


H 
Half-angle formulas, 246 
Half-angles, functions of, 243 
Half-life, 365 
Harmonic motion, simple, 193 
Heaviside function, 120 
Heron’s Area Formula, 274, 309 
Horizontal component of v, 282 
Horizontal line, 48 
Horizontal Line Test, 105 
Horizontal shifts, 85 
Horizontal shrink, 89 
of a trigonometric function, 162 
Horizontal stretch, 89 
of a trigonometric function, 162 
Horizontal translation, of a trigonometric 
function, 163 
Human memory model, 375 
Hyperbola, 443, 485 
asymptotes of, 445 
branches of, 443 
center of, 443 
classifying 
by discriminant, 457 
by general equation, 449 
conjugate axis of, 445 
eccentricity of, 447, 485 
foci of, 443 
standard form of the equation of, 444 
transverse axis of, 443 
vertices of, 443 
Hypocycloid, 504 
Hypotenuse of a right triangle, 139 


I 
i, imaginary unit, 314 
Identities 
cofunction, 210 
even/odd, 210 
Pythagorean, 142, 210 
quotient, 142, 210 
reciprocal, 142, 210 
trigonometric 
fundamental, 142, 210 
guidelines for verifying, 217 
Identity, 14, 217 
function, 79 
Imaginary axis of the complex plane, 329 
Imaginary number, 314 
pure, 314 
Imaginary part of a complex number, 314 
Imaginary unit 7, 314 
Implied domain, 58, 61 
Inclination of a line, 418 
and slope, 418, 500 


Inclusive or, 10 
Increasing function, 70 
Independent variable, 55, 61 
Inequality, 4 
double, 4 
symbol, 4 
Infinity 
negative, 5 
positive, 5 
Initial point, 278 
Initial side of an angle, 122 
Integer(s), 2 
divisors of, 11 
factors of, 11 
Intercept form of the equation of a line, 
50 
Intercepts, 32 
finding, 32 
Interest 
compound, formulas for, 364 
compounded n times per year, 363 
continuously compounded, 363 
Interpolation, linear, 48 
Interval(s), 5 
bounded, 5 
endpoints of, 5 
on the real number line, 5 
unbounded, 5 
using inequalities to represent, 5 
Invariant under rotation, 457 
Inverse 
additive, 9 
of a complex number, 315 
multiplicative, 9 
Inverse function, 102, 103 
cosine, 182 
finding, 106 
graph of, 104 
Horizontal Line Test for, 105 
sine, 180, 182 
tangent, 182 
Inverse Properties 
of logarithms, 370 
of natural logarithms, 373 
of trigonometric functions, 184 
Inverse trigonometric functions, 182 
Involute of a circle, 503 
Irrational number, 2 


K 
Kepler’s Laws, 488 
Key points of the graph of a 
trigonometric function, 160 
intercepts, 160 
maximum points, 160 
minimum points, 160 


L 


Latus rectum 

of an ellipse, 442 

of a parabola, 428 
Law of Cosines, 271, 308 
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alternative form, 271, 308 
standard form, 271, 308 
Law of Sines, 262, 308 
Law of Tangents, 308 
Law of Trichotomy, 7 
Lemniscate, 481 
Length 
of a circular arc, 126 
of a directed line segment, 278 
of a vector, 279 
Lift, 312 
Limacgon, 478, 481 
convex, 481 
dimpled, 481 
with inner loop, 481 
Line(s) in the plane 
angle between two, 419 
general form of the equation of, 48 
graph of, 40 
horizontal, 48 
inclination of, 418 
intercept form of the equation of, 50 
parallel, 45 
perpendicular, 45 
point-slope form of the equation of, 
44, 48 
secant, 72 
segment, directed, 278 
slope of, 40, 42 
slope-intercept form of the equation of, 
40, 48 
summary of equations, 48 
tangent, to a parabola, 428 
two-point form of the equation of, 
44, 48 
vertical, 40, 48 
Linear combination of vectors, 282 
Linear depreciation, 47 
Linear equation, 31 
general form, 48 
graph of, 40 
intercept form, 50 
in one variable, 14 
point-slope form, 44, 48 
slope-intercept form, 40, 48 
summary of, 48 
in two variables, 40 
two-point form, 44, 48 
Linear extrapolation, 48 
Linear Factorization Theorem, 321, 354 
Linear function, 78 
Linear interpolation, 48 
Linear speed, 126 
Local maximum, 71 
Local minimum, 71 
Locus, 425 
Logarithm(s) 
change-of-base formula, 379 
natural, properties of, 373, 380, 414 
inverse, 373 
one-to-one, 373 
power, 380, 414 


product, 380, 414 
quotient, 380, 414 
properties of, 370, 380, 414 
inverse, 370 
one-to-one, 370 
power, 380, 414 
product, 380, 414 
quotient, 380, 414 
Logarithmic equations, solving, 386 
Logarithmic expressions 
condensing, 381 
expanding, 381 
Logarithmic function, 369 
with base a, 369 
common, 370 
graph of, 371 
natural, 373 
Logarithmic model, 396 
Logistic 
curve, 401 
growth model, 396 


M 
Magnitude, 6 
of a directed line segment, 278 
of a vector, 279 
Major axis of an ellipse, 434 
Mandelbrot Set, 356 
Marginal cost, 46 
Maximum 
local, 71 
relative, 71 
Measure of an angle, 123 
degree, 125 
radian, 123 
Midpoint Formula, 30, 118 
in the complex plane, 333 
Midpoint of a line segment, 30 
Minimum 
local, 71 
relative, 71 
Minor axis of an ellipse, 434 
Minute, fractional part of a degree, 125 
Modulus (moduli) of a complex number, 
329, 336 
Multiple angles, functions of, 243 
Multiplication 
of complex numbers, 316, 338 
of fractions, 11 
scalar, of vectors, 280 
Multiplicative identity of a real number, 9 
Multiplicative inverse, 9 
of a real number, 9 


N 
Name of a function, 55, 61 
Natural base, 362 
Natural exponential function, 362 
Natural logarithm 
properties of, 373, 380, 414 
inverse, 373 
one-to-one, 373 
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power, 380, 414 
product, 380, 414 
quotient, 380, 414 
Natural logarithmic function, 373 
Natural numbers, 2 
Negation, properties of, 10 
Negative 
angle, 122 
infinity, 5 
number, principal square root of, 318 
of a vector, 280 
Newton’s Law of Cooling, 406 
Nonnegative number, 3 
Nonrigid transformations, 89 
Normally distributed, 400 
Notation, function, 55, 61 
nth root(s) 
of a complex number, 343, 344 
of unity, 344 
Number(s) 
complex, 314 
composite, 11 
imaginary, 314 
pure, 314 
irrational, 2 
natural, 2 
negative, principal square root of, 318 
nonnegative, 3 
prime, 11 
rational, 2 
real, 2 
whole, 2 
Numerator, 9 


0 
Oblique triangle, 262 

area of, 266 
Obtuse angle, 123 
Odd/even identities, 210 
Odd function, 73 

trigonometric, 135 
One cycle of a sine curve, 159 
One-to-one correspondence, 3 
One-to-one function, 105 
One-to-One Property 

of exponential functions, 360 

of logarithms, 370 

of natural logarithms, 373 
Operations of fractions, 11 
Opposite 

of a number, 10 

side of a right triangle, 139 
Order on the real number line, 4 
Ordered pair, 26 
Orientation of a curve, 462 
Origin, 3, 26 

of polar coordinate system, 471 

of the real number line, 3 

of the rectangular coordinate system, 

26 

symmetric with respect to, 33 

Orthogonal vectors, 293 
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P 
Parabola, 426, 485 
axis of, 426 
classifying 
by discriminant, 457 
by general equation, 449 
directrix of, 426 
eccentricity of, 485 
focal chord of, 428 
focus of, 426 
latus rectum of, 428 
reflective property of, 428 
standard form of the equation of, 426, 
501 
tangent line to, 428 
vertex of, 426 
Parallel lines, 45 
Parallelogram law for vector addition, 280 
Parameter, 461 
eliminating, 463 
Parametric equations, 461 
Parent functions, 82 
Perigee, 438 
Perihelion distance, 438, 490 
Period 
of a function, 135 
of sine and cosine functions, 162 
Periodic function, 135 
Perpendicular 
lines, 45 
vectors, 293 
Petal of a rose curve, 480 
Phase shift, 163 
Piecewise-defined function, 56 
Plane curve, 461 
orientation of, 462 
Plotting points 
in the Cartesian plane, 26 
on the real number line, 3 
Point(s) 
fixed, 235 
initial, 278 
locus of, 425 
solution, 31 
terminal, 278 
Point-plotting method of graphing, 31 
Point-slope form of the equation of a 
line, 44, 48 
Polar axis, 471 
Polar coordinate system, 471 
pole (origin) of, 471 
Polar coordinates, 471 
conversion to rectangular, 473 
tests for symmetry in, 478, 479 
Polar equation, graph of, 477 
Polar equations of conics, 485, 502 
Polar form of a complex number, 336 
Pole, 471 
Polynomial equation, second-degree, 17 
Positive 
angle, 122 


infinity, 5 
Power of a complex number, 342 
Power property 
of logarithms, 380, 414 
of natural logarithms, 380, 414 
Power-reducing formulas, 245, 258 
Prime 
factorization, 11 
number, 11 
Principal square root of a negative 
number, 318 
Product 
of functions, 94 
of trigonometric functions, 243 
of two complex numbers, 316, 338 
Product Property 
of logarithms, 380, 414 
of natural logarithms, 380, 414 
Product-to-sum formulas, 247 
Projection of a vector, 294 
Proof, 118 
Properties 
of absolute value(s), 6 
of the dot product, 291, 310 
of equality, 10 
of fractions, 11 
inverse, of trigonometric functions, 184 
of logarithms, 370, 380, 414 
inverse, 370 
one-to-one, 370 
power, 380, 414 
product, 380, 414 
quotient, 380, 414 
of natural logarithms, 373, 380, 414 
inverse, 373 
one-to-one, 373 
power, 380, 414 
product, 380, 414 
quotient, 380, 414 
of negation, 10 
one-to-one, exponential functions, 360 
reflective, of a parabola, 428 
of vector addition and scalar 
multiplication, 281 
of zero, 10 
Pure imaginary number, 314 
Pythagorean identities, 142, 210 
Pythagorean Theorem, 28, 206 


1] 
Quadrants, 26 
Quadratic equation, 17, 31 
complex solutions of, 318 
general form of, 18 
solving 
by completing the square, 17 
by extracting square roots, 17 
by factoring, 17 
using the Quadratic Formula, 17 
using the Square Root Principle, 
17 
Quadratic Formula, 17 


Quadratic type equations, 227 
Quick tests for symmetry in polar 
coordinates, 479 

Quotient 

difference, 60 

of functions, 94 

of two complex numbers, 317, 338 
Quotient identities, 142, 210 
Quotient Property 

of logarithms, 380, 414 

of natural logarithms, 380, 414 


R 
Radian, 123 

conversion to degrees, 125 
Radical equation, 22 
Radius of a circle, 35 
Range 

of the cosine function, 135 

of a function, 53, 61 

of the sine function, 135 
Rate, 46 
Rate of change, 46 

average, 72 
Ratio, 46 
Rational equation, 16 
Rational number, 2 
Rationalizing a denominator, 220 
Real axis of the complex plane, 329 
Real number(s), 2 

absolute value of, 6 

classifying, 2 

division of, 9 

subset of, 2 

subtraction of, 9 
Real number line, 3 

bounded intervals on, 5 

distance between two points on, 7 

interval on, 5 

order on, 4 

origin of, 3 

plotting on, 3 

unbounded intervals on, 5 
Real part of a complex number, 314 
Reciprocal function, 80 
Reciprocal identities, 142, 210 
Rectangular coordinate system, 26 
Rectangular coordinates, conversion to 

polar, 473 

Reduction formulas, 238 
Reference angle, 152 
Reflection, 87 

of a trigonometric function, 162 
Reflective property of a parabola, 428 
Relation, 53 
Relative maximum, 71 
Relative minimum, 71 
Repeated solution, 321 
Representation of functions, 54 
Resultant of vector addition, 280 
Right triangle 

adjacent side of, 139 
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definitions of trigonometric functions, 
139 
hypotenuse of, 139 
opposite side of, 139 
solving, 144, 190 
Rigid transformations, 89 
Root of a complex number, 343, 344 
Rose curve, 480, 481 
petal of, 480 
Rotation 
of axes, 453 
to eliminate an xy-term, 453 
invariants, 457 
Rules of signs for fractions, 11 


sy 
Scalar, 280 
Scalar multiplication of a vector, 280 
properties of, 281 
Scaling factor, 161 
Scatter plot, 27 
Secant function, 133, 139 
of any angle, 150 
graph of, 173, 176 
Secant line, 72 
Second, fractional part of a degree, 125 
Second-degree polynomial equation, 17 
Sector of a circle, 128 
area of, 128 
Shifting graphs, 85 
Shrink 
horizontal, 89 
vertical, 89 
Sigmoidal curve, 401 
Simple harmonic motion, 193 
frequency, 193 
Sine curve, 159 
amplitude of, 161 
one cycle of, 159 
Sine function, 133, 139 
of any angle, 150 
of common angles, 153 
domain of, 135 
graph of, 163, 176 
inverse, 180, 182 
period of, 162 
range of, 135 
of special angles, 141 
Sines, cosines, and tangents of special 
angles, 141 
Slope 
and inclination, 418, 500 
of a line, 40, 42 
Slope-intercept form of the equation of a 
line, 40, 48 
Solution(s), 31 
of an equation, 14, 31 
extraneous, 16, 22 
of a quadratic equation, complex, 318 
repeated, 321 
Solution point, 31 


Solving 
an equation, 14 
exponential and logarithmic 
equations, 386 
a quadratic equation 
by completing the square, 17 
by extracting square roots, 17 
by factoring, 17 
using the Quadratic Formula, 17 
using the Square Root Principle, 
17 
right triangles, 144, 190 
a trigonometric equation, 224 
Special angles 
cosines of, 141 
sines of, 141 
tangents of, 141 
Speed 
angular, 126 
linear, 126 
Square root(s) 
extracting, 17 
function, 80 
of a negative number, 318 
principal, of a negative number, 318 
Square Root Principle, 17 
Square of trigonometric functions, 243 
Squaring function, 79 
Standard form 
of a complex number, 314 
of the equation 
of a circle, 34, 35 
of an ellipse, 435 
of a hyperbola, 444 
of a parabola, 426, 501 
of the Law of Cosines, 271, 308 
Standard position 
of an angle, 122 
of a vector, 279 
Standard unit vector, 282 
Step function, 81 
Straight-line depreciation, 47 
Strategies for solving exponential and 
logarithmic equations, 386 
Stretch 
horizontal, 89 
vertical, 89 
Strophoid, 504 
Subsets, 2 
Substitution Principle, 8 
Subtraction 
of complex numbers, 315, 331 
of fractions 
with like denominators, 11 
with unlike denominators, 11 
of real numbers, 9 
Sum(s) 
of complex numbers, 315, 330 
of functions, 94 
of vectors, 280 
Sum and difference formulas, 236, 257 
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Summary 
of equations of lines, 48 
of function terminology, 61 
Sum-to-product formulas, 247, 258 
Supplementary angles, 124 
Symbol 
“approximately equal to,” 2 
inequality, 4 
Symmetry, 33 
algebraic tests for, 33 
graphical tests for, 33 
in polar coordinates, tests for, 478, 
479 
with respect to the origin, 33 
with respect to the x-axis, 33 
with respect to the y-axis, 33 


T 
Tangent function, 133, 139 
of any angle, 150 
of common angles, 153 
graph of, 170, 176 
inverse, 182 
of special angles, 141 
Tangent line to a parabola, 428 
Term 
of an algebraic expression, 8 
constant, 8 
variable, 8 
Terminal point, 278 
Terminal side of an angle, 122 
Test(s) 
Horizontal Line, 105 
for symmetry 
algebraic, 33 
graphical, 33 
in polar coordinates, 478, 479 
Vertical Line, 68 
Theorem 
of Algebra, Fundamental, 321 
of Arithmetic, Fundamental, 11 
DeMoivre’s, 342 
Linear Factorization, 321, 354 
Pythagorean, 28, 206 
Thrust, 312 
Transcendental function, 358 
Transformations of functions, 85 
nonrigid, 89 
rigid, 89 
Transverse axis of a hyperbola, 443 
Triangle 
area of, Heron’s Area Formula, 274, 
309 
oblique, 262 
area of, 266 
Trigonometric equations, solving, 224 
Trigonometric form of a complex 
number, 336 
argument of, 336 
modulus of, 329, 336 
Trigonometric functions, 133, 139, 150 
of any angle, 150 
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evaluating, 153 
cosecant, 133, 139, 150 
cosine, 133, 139, 150 
cotangent, 133, 139, 150 
even, 135 
horizontal shrink of, 162 
horizontal stretch of, 162 
horizontal translation of, 163 
inverse, 182 
inverse properties of, 184 
key points, 160 
intercepts, 160 
maximum points, 160 
minimum points, 160 
odd, 135 
product of, 243 
reflection of, 162 
right triangle definitions of, 139 
secant, 133, 139, 150 
sine, 133, 139, 150 
square of, 243 
tangent, 133, 139, 150 
unit circle definitions of, 133 
vertical shrink of, 161 
vertical stretch of, 161 
vertical translation of, 164 
Trigonometric identities 
cofunction, 210 
even/odd, 210 
fundamental, 142, 210 
guidelines for verifying, 217 
Pythagorean, 142, 210 
quotient, 142, 210 
reciprocal, 142, 210 
Trigonometric values of common angles, 
153 
Trigonometry, 122 
Two-point form of the equation of a line, 
44, 48 


U 
Unbounded intervals, 5 
Undefined, 61 
Unit circle, 132 
definitions of trigonometric functions, 
133 
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Unit vector, 279 
in the direction of v, 282 
standard, 282 

Unity, nth roots of, 344 


V 
Value of a function, 55, 61 
Variable, 8 
dependent, 55, 61 
independent, 55, 61 
term, 8 
Vector(s) 
addition of, 280 
parallelogram law for, 280 
properties of, 281 
resultant of, 280 
angle between two, 292, 310 
component form of, 279 
components of, 279, 294 
difference of, 280 
directed line segment representation 
of, 278 
direction angle of, 284 
dot product of, 291 
properties of, 291, 310 
equal, 279 
horizontal component of, 282 
length of, 279 
linear combination of, 282 
magnitude of, 279 
negative of, 280 
orthogonal, 293 
perpendicular, 293 
in the plane, 278 
projection of, 294 
resultant of, 280 
scalar multiplication of, 280 
properties of, 281 
standard position of, 279 
sum of, 280 
unit, 279 
in the direction of v, 282 
standard, 282 
v in the plane, 278 
vertical component of, 282 
zero, 279 


Vertex (vertices) 

of an angle, 122 

of an ellipse, 434 

of a hyperbola, 443 

of a parabola, 426 
Vertical asymptote(s) 

of a cotangent function, 172 

of a tangent function, 170 
Vertical component of v, 282 
Vertical line, 40, 48 
Vertical Line Test, 68 
Vertical shifts, 85 
Vertical shrink, 89 

of a trigonometric function, 161 
Vertical stretch, 89 

of a trigonometric function, 161 
Vertical translation, of a trigonometric 

function, 164 


Ww 
Whole numbers, 2 
Work, 296 


X 
x-axis, 26 
symmetric with respect to, 33 
x-coordinate, 26 
x-intercepts, finding, 32 


Y 
y-axis, 26 
symmetric with respect to, 33 
y-coordinate, 26 
y-intercepts, finding, 32 


Z 

Zero(s) 
of a function, 69, 324 
properties of, 10 
vector, 279 

Zero-Factor Property, 10 
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GRAPHS OF PARENT FUNCTIONS 


Linear Function Absolute Value Function Square Root Function 


fs) =x fe) = bl = { 


x, x20 
—x, x <0 


f@) = Vx 


Domain: (— 00, 0) Domain: (— ©, 00) Domain: [0, 0) 
Range (—©0, 00) Range: [0, 00) Range: [0, 00) 
Intercept: (0, 0) Intercept: (0, 0) Intercept: (0, 0) 
Increasing on (— 0, 00) Decreasing on (— 0°, 0) Increasing on (0, 00) 
Odd function Even function 

Origin symmetry y-axis symmetry Increasing on (0, 0) 


Greatest Integer Function Quadratic (Squaring) Function Cubic Function 


fx) = by f(x) =x f(x) = 2 


Domain: (— 00, 0) Domain: (—©, 00) Domain: (—©0, 00) 
Range: the set of integers Range: [0, 00) Range: (— 00, 00) 
x-intercepts: in the interval [0, 1) Intercept: (0, 0) Intercept: (0, 0) 
y-intercept: (0, 0) Decreasing on (— 0°, 0) Increasing on (— ©, 0c) 
Constant between each pair of Increasing on (0, 00) Odd function 

consecutive integers Even function Origin symmetry 
Jumps vertically one unit at y-axis symmetry 

each integer value Relative minimum or vertex: (0, 0) 


Copyright 2022 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppre 


d content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Editorial review has deemed that any suppre 


Rational (Reciprocal) Function 


Domain: (— ©, 0) U (0, &) 
Range: (—©°, 0) U (0, co) 
No intercepts 


Decreasing on (— 00, 0) and (0, 00) 


Odd function 

Origin symmetry 

Vertical asymptote: y-axis 
Horizontal asymptote: x-axis 


Sine Function 


f(x) = sinx 


Domain: (— ©, 00) 
Range: [—1, 1] 
Period: 27 
x-intercepts: (nz, 0) 
y-intercept: (0, 0) 
Odd function 
Origin symmetry 


Exponential Function 


f(x) =a, a> 1 


Domain: (—©0, 00) 
Range: (0, 00) 
Intercept: (0, 1) 
Increasing on (— ©, ©) 
for f(x) = a* 
Decreasing on (— 00, 00) 
for f(x) = a~* 
Horizontal asymptote: x-axis 
Continuous 


Cosine Function 


f(x) = cos x 


Domain: (— 00, 0) 
Range: [—1, 1] 
Period: 27 


: 1 
x-intercepts: (z + nt, 0) 


y-intercept: (0, 1) 
Even function 
y-axis symmetry 


Logarithmic Function 


f(x) = log,x, a> 1 


> xX 


Domain: (0, 0%) 

Range: (— 00, co) 

Intercept: (1, 0) 

Increasing on (0, ©) 

Vertical asymptote: y-axis 

Continuous 

Reflection of graph of f(x) = a* 
in the line y = x 


Tangent Function 
f(x) = tan x 


i 


za-----NIN yp ------- 7 
Sepcecew/qtesccanss 
=) 


Domain: all x # : + nt 


Range: (— 00, co) 
Period: 7 
x-intercepts: (nz, 0) 
y-intercept: (0, 0) 
Vertical asymptotes: 
_. 

x= > + nt 
Odd function 
Origin symmetry 
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Cosecant Function Secant Function Cotangent Function 


f(x) = ese x f(x) = sec x f(x) = cot x 


1 
y| FO) = sec x = 


if 
' 
' 
1 
' 
f 
' 
' 
1 
i 
a 
2 
1 
1 
' 
1 
i 
1 


Domain: all x # nz Domain: all x # ; + nn Domain: all x # nz 
R : (—00, -1] U[1, c° R : (— 00, CO 
ane ( Jul ) Range: (—00, —1]U[I, 00) ange: ( ) 
Period: 27 if Period: 2 
: Period: 27 
No intercepts a t: (0,1) : 7 
Vertical asymptotes: x = nz  Paaraeed ae a srutereeD is || 5 + nn, 0) 
: Vertical asymptotes: 
Odd function ‘ 
Oncin somme ao Vertical asymptotes: x = nz 
pun 8Y y age Odd function 
Even function Origin symmetry 
y-axis symmetry 


Inverse Sine Function Inverse Cosine Function Inverse Tangent Function 


f(x) = arcsin x f(x) = arccos x f(x) = arctan x 


Domain: [—1, 1] 
Range: [0, 7] 


; 1 
Intercept: (0, 0) y-intercept: (0 z Intercept: (0, 0) 
Odd function Horizontal asymptotes: 
Origin symmetry y= us 
2 
Odd function 


Origin symmetry 
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Definition of the Six Trigonometric Functions 
Right triangle definitions, where 0 < 0 < m/2 


opp csc 0 = HP 
hyp opp 
adj hyp 
ie sec 0 adi 
opp adj 
adj 


sin 9 = 


cos § = 


Adjacent 


tan 0 = cot 8 


Circular function definitions, where 0 is any angle 


sin 9 = csc 9 = 


cos 9 = sec 0 = 


tan 0 = cot 0 = 


wIS wie MIX 
MIke RIN SIS 


Double-Angle Formulas 
sin 2u = 2 sin u cos u 


: is cos 2u = cos? u — sin? u = 2cos?u — 1 = 1 — 2 sin? u 
Reciprocal Identities 
2 tan u 
1 tan 2u = 


sinu = COS U 1 — tan? u 
u 
Power-Reducing Formulas 


aie 1 — cos 2u 


‘ 5 2 
Quotient Identities 
7 1 + cos 2u 
sin u a al 
tanu = cot u 
cos u 1 — cos 2u 


ae Renee 
Pythagorean Identities pedals 
sin? u + cos? u = 1 Sum-to-Product Formulas 


1 + tan? u = sec? u 1 + cot? u = csc? u . _futy u 
sin v = 2 sin 5) cos 5 


Cofunction Identities 
‘esd (: + *) (: - *) 
smu sin v cos 2 sim 2 


sin u + 
, “wty u-v 
1 _ cos u + cos v = 2 cos cos 
sec 7H = csc u 2 


sin? u = 


. fu 
ose( 2 = u] = secu cos u — cosv = —2 snl 


Even/Odd Identities Product-to-Sum Formulas 


sin(—u) = —sinu cot(—u) = —cotu 


1 
sinusin vy = 7 leos(u v) — cos(u + v)] 
cos(—u) = cos u sec(—u) = sec u 


1 
tan(—u) = —tanu esc(—u) = —csc u COS U COS V = 5 Leos(u v) + cos(u + v)] 


Sum and Difference Formulas 


Ie. 
sin u COS V [sin(u + sin(u — v)] 
sin(u + v) = sinucos v + cosusinv 2 


cos(u + v) = cosucosv ¥ sinusiny 


: ie : 
, - cos usin v = 5Lsin(u sin(u — v)] 
anu + tan 
tan(u + v) = aera 
1 + tan u tan v 
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FORMULAS FROM GEOMETRY 


Triangle: . Sector of Circular Ring: 


h = asin@ Area = 0pw 
Area = Toh P= avers oes 
: w = width of ring, 


c? = a + b* — 2ab cos 6 (Law of Cosines) 6 in radians 


Right Triangle: Ellipse: 


Pythagorean Theorem Area = mab 


C=70+Ph 
. a+ b? 
Circumference ~ 27 a 


Equilateral Triangle: Cone: 


_ v3s 


h Volume = ah 


A = area of base 


Parallelogram: Right Circular Cone: 


2 
Area = bh Volume = ~~ 


Lateral Surface Area = ar/r? + h2 


Trapezoid: Frustum of Right Circular Cone: 
mr? + rR + R2)h eS 
3 


h 
Area = 3 (4 + b) Volume = 


Lateral Surface Area = ms(R + r) 


Circle: Right Circular Cylinder: Cs 
Area = mr? Volume = mr7h 


Circumference = 27r Lateral Surface Area = 27rh 


Sector of Circle: Sphere: 
Or? i 


Area = > Volume = aver 


s=r0 Surface Area = 4zr? 
@ in radians 


Circular Ring: Wedge: 
Area = m(R? — r?) A =Bsecé 
= 2mpw A = area of upper face, 


p = average radius, B = area of base 


w = width of ring 
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ALGEBRA 


Factors and Zeros of Polynomials: Given the polynomial p(x) = a,x" + a,_,x"~! +++ ++ ax + ao. If p(b) = 0, then b 
is a zero of p and a solution of the equation p(x) = 0. Furthermore, (x — D) is a factor of the polynomial. 


Fundamental Theorem of Algebra: If f(x) is a polynomial function of degree n, where n > 0, then f has at least one zero in 
the complex number system. 


—b+ /b? — 4ac 


Quadratic Formula: If p(x) = ax? + oa 


0 and b? — 4ac = 0, then the real zeros of p are x = 


Special Factors: Examples 

ax x? — 9 = (x — 3)(x + 3) 

a)(x? 8 — 8 = (x — 2)? + 2x + 4) 

alle? ~ av B44= (4 Yale — Yae+ YB) 

a)(x + a)(x? 4= (x JN (x V2) 02 + 2) 
J/2ax 4 a?)(x2 4 = (x? + 2x 

= (x — a)(x""! 4 1=(« - 1x4 

Pea G+ a? 1=(«+ IS - x 
a= (=a) 4 1= (38 — 102 + 1) 


= (x 


= (x 


=(x«4 


= (x 
a’) 
q- ' 


a’~'), for n odd 


ax"—2 


ax"—2 


a") 


xen 


Binomial Theorem: 
(x + a)? = x? 
(x — a)? = x? 
(x + a)? = x3 + 3ax? 2)3 
(x = 3ax* 1) 
= 4ax3 ? 


= 4ax3 a* 


n(n — 1) 
2! 
n(n — 1) 
2! 


Examples 
3)? 
5)? 


2ax 


2ax 


A./2x3 + 12x? 4 
16x? + 96x? 


8 /2x 


256x + 25 


: 5x* + 10x3 + 10x? + 5x 


ax-2 ++ +++ na"—'x + a" 


nax"~! 


n—2 


x” — nax"—! ax -+ na"—!x = a" 6x° + 15x* — 20x3 + 15x? 


Rational Zero Test: If p(x) = a,x" + a,_,x"~! ++ + + + a,x + ag has integer coefficients, then every rational zero of p is of 
the form x = r/s, where r is a factor of a, and s is a factor of a,,. 


Exponents and Radicals: 


a@&=1,a#0 


n/qm = qin a (2/a)” 
Yab = ar/b 


Conversion Table: 


1 centimeter ~ 0.394 inch 
1 meter ~ 39.370 inches 
= 3.281 feet 
1 kilometer ~ 0.621 mile 
1 liter ~ 0.264 gallon 
1 newton ~ 0.225 pound 


1 joule ~ 0.738 foot-pound 
1 gram ~ 0.035 ounce 
1 kilogram ~ 2.205 pounds 
1 inch = 2.54 centimeters 
1 foot = 30.48 centimeters 
= 0.305 meter 


1 mile ~ 1.609 kilometers 
1 gallon ~ 3.785 liters 
1 pound ~ 4.448 newtons 
1 foot-pound ~ 1.356 joules 
1 ounce ~ 28.350 grams 
1 pound ~ 0.454 kilogram 
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